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Introduction 





The theory of automorphic forms and L-functions for the group of n x n invert- 
ible real matrices (denoted GL(n, R)) with n > 3 is a relatively new subject. 
The current literature is rife with 1504- page papers requiring knowledge of a 
large breadth of modern mathematics making it difficult for a novice to begin 
working in the subject. The main aim of this book is to provide an essentially 
self-contained introduction to the subject that can be read by someone with a 
mathematical background consisting only of classical analysis, complex vari- 
able theory, and basic algebra — groups, rings, fields. Preparation in selected 
topics from advanced linear algebra (such as wedge products) and from the 
theory of differential forms would be helpful, but is not strictly necessary for 
a successful reading of the text. Any Lie or representation theory required is 
developed from first principles. 

This is alow definition text which means that it is not necessary for the reader 
to memorize a large number of definitions. While there are many definitions, 
they are repeated over and over again; in fact, the book is designed so that a 
reader can open to almost any page and understand the material at hand without 
having to backtrack and awkwardly hunt for definitions of symbols and terms. 

The philosophy ofthe exposition is to demonstrate the theory by simple, fully 
worked out examples. Thus, the book is restricted to the action of the discrete 
group $L (n, Z) (the group of invertible n x n matrices with integer coefficients) 
acting on GL(n, IR). The main themes are first developed for SL(2, Z) then 
repeated again for SL (3, Z), and yet again repeated in the more general case of 
SL(n, Z) with n 7 2 arbitrary. All of the proofs are carefully worked out over 
the real numbers R, but the knowledgeable reader will see that the proofs will 
generalize to any local field. In line with the philosophy of understanding by 
simple example, we have avoided the use of adeles, and as much as possible 
the theory of representations of Lie groups. This very explicit language appears 


xi 


xii Introduction 


particularly useful for analytic number theory where precise growth estimates 
of L-functions and automorphic forms play a major role. 

The theory of L-functions and automorphic forms is an old subject with roots 
going back to Gauss, Dirichlet, and Riemann. An L-function is a Dirichlet series 
oo an 
n=1 n* 
where the coefficients a,, n = 1,2,..., are interesting number theoretic func- 
tions. A simple example is where a, is the number of representations of n as a 
sum of two squares. If we knew a lot about this series as an analytic function of 
s then we would obtain deep knowledge about the statistical distribution of the 
values of a,. An automorphic form is a function that satisfies a certain differ- 
ential equation and also satisfies a group of periodicity relations. An example 
is given by the exponential function e?"^* which is periodic (i.e., it has the 
same value if we transform x — x + 1) and it satisfies the differential equa- 
tion L, erix = —477e"'* , [n this example the group of periodicity relations 
is just the infinite additive group of integers, denoted Z. Remarkably, a vast 
theory has been developed exposing the relationship between L-functions and 
automorphic forms associated to various infinite dimensional Lie groups such 

as GL(n, R). 

The choice of material covered is very much guided by the beautiful paper 
(Jacquet, 1981), titled Dirichlet series for the group GL(n), a presentation of 
which I heard in person in Bombay, 1979, where a classical outline of the theory 
of L-functions for the group G L (n, IR) is presented, but without any proofs. Our 
aim has been to fill in the gaps and to give detailed proofs. Another motivating 
factor has been the grand vision of Langlands' philosophy wherein L-functions 
are akin to elementary particles which can be combined in the same way as 
one combines representations of Lie groups. The entire book builds upon this 
underlying hidden theme which then explodes in the last chapter. 

In the appendix a set of Mathematica functions is presented. These have 
been designed to assist the reader to explore many of the concepts and results 
contained in the chapters that go before. The software can be downloaded by 
going to the website given in the appendix. 

This book could not have been written without the help I have received from 
many people. I am particularly grateful to Qiao Zhang for his painstaking read- 
ing of the entire manuscript. Hervé Jacquet, Daniel Bump, and Adrian Diaconu 
have provided invaluable help to me in clarifying many points in the theory. 
I would also like to express my deep gratitude to Xiaoqing Li, Elon Linden- 
strauss, Meera Thillainatesan, and Akshay Venkatesh for allowing me to include 
their original material as sections in the text. I would like to especially thank 


Introduction xiii 


Dan Bump, Kevin Broughan, Sol Friedberg, Jeff Hoffstein, Alex Kontorovich, 
Wenzhi Luo, Carlos Moreno, Yannan Qiu, Ian Florian Sprung, C. J. Mozzochi, 
Peter Sarnak, Freydoon Shahidi, Meera Thillainatesan, Qiao Zhang, Alberto 
Perelli and Steve Miller, for clarifying and improving various proofs, defini- 
tions, and historical remarks in the book. Finally, Kevin Broughan has provided 
an invaluable service to the mathematical community by creating computer 
code for many of the functions studied in this book. 


Dorian Goldfeld 
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Discrete group actions 


The genesis of analytic number theory formally began with the epoch making 
memoir of Riemann (1859) where he introduced the zeta function, 


oo 


t(5):2 Don, (UG) D, 


n=1 


and obtained its meromorphic continuation and functional equation 


x p (5 ) t(s) =a 0-9Pp (= *) ¢(1—s), T(s)= fea A 
u 


0 
Riemann showed that the Euler product representation 
[xe 
cs) -[[ (1 - =) 
p P 


together with precise knowledge of the analytic behavior of ¢ (s) could be used 
to obtain deep information on the distribution of prime numbers. 

One of Riemann's original proofs of the functional equation is based on the 
Poisson summation formula 


3 fe» 2y!M fay, 


nez nez 


where f is a function with rapid decay as y — oo and 


^ 99 H 
foy= f foar 
—0o 
is the Fourier transform of f . This is proved by expanding the periodic function 


F(x)= 0 f(x +n) 


nez 
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in a Fourier series. If f is an even function, the Poisson summation formula 
may be rewritten as 


oo oo » 1 A 
2 fay)-2y fay) - 50fO - FO), 
n=1 n=1 
from which it follows that for R(s) > 1, 
tG) i foy 2 2 =f" 3 fay Z 


-f x fy) eg 


1 0 F(0 
zs bi M foy) + faiyy'7) ^ : (4 PEL I 





sS l-s 


If f(y) and f(y) have sufficient decay as y — oo, then the integral above 
converges absolutely for all complex s and, therefore, defines an entire function 
of s. Let 


> vm dy 
f= f LON — 


denote the Mellin transform of f, then we see from the above integral rep- 
resentation and the fact that Ô (y) = f(—y)= f(y) (for an even function f) 
that 


OFO =a 3f - s). 


Choosing f(y) = e ? a function with the property that it is invariant under 
Fourier transform, we obtain Riemann’s original form of the functional equa- 
tion. This idea of introducing an arbitrary test function f in the proof of the 
functional equation first appeared in Tate’s thesis (Tate, 1950). 

A more profound understanding of the above proof did not emerge until 
much later. If we choose f(y) = e^? in the Poisson summation formula, then 
since f(y) = f(y), one observes that for y > 0, 


3 e 7» — > e 7 /y. 


n-—-—oo Psa 


This identity is at the heart of the functional equation of the Riemann zeta 
function, and is a known transformation formula for Jacobi’s theta function 


e 2nin?z 
(Ds yo es 


n-—-—oo 
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where z = x + iy with x € Rand y > 0. If iE 2] is a matrix with integer 


coefficients a, b, c, d satisfiying ad — bc = 1,c = 0 (mod 4), c Z 0, then the 
Poisson summation formula can be used to obtain the more general transfor- 
mation formula (Shimura, 1973) 





o (ZH) = cie oo. 


Here x. is the primitive character of order < 2 corresponding to the field exten- 


sion Q(c?)/Q, 


1 icd 44) 
EJ = 
COE adasi GodA: 


and (cz + d IE is the “principal determination” of the square root of cz + d, i.e., 
the one whose real part is > 0. 

It is now well understood that underlying the functional equation of the 
Riemann zeta function are the above transformation formulae for 0(z). These 
transformation formulae are induced from the action of a group of matrices 


i 2) on the upper half-plane h = (x + iy | x € R, y > 0} given by 
C 


az+b 


Z ; 
cz+d 





The concept of a group acting on a topological space appears to be absolutely 
fundamental in analytic number theory and should be the starting point for any 
serious investigations. 


1.1 Action of a group on a topological space 


Definition 1.1.1 Given a topological space X and a group G, we say that G 
acts continuously on X (on the left) if there exists a map o: G — Func(X — X) 
(functions from X to X), g go which satisfies: 


e xt gox isa continuous function of x for all g € G; 
*go(gox)—(g-g)ox, forall g, g' € G, x € X where - denotes the 

internal operation in the group G; 
*eox-—x, for all x e X and e = identity element in G. 


Example 1.1.2 Let G denote the additive group of integers Z. Then it is easy 
to verify that the group Z acts continuously on the real numbers IR with group 


4 Discrete group actions 


action o defined by 
nox:—n-x, 
for all n € Z, x € R. In this case e = 0. 


Example 1.1.3 Let G = GL(2, R)* denote the group of 2 x 2 matrices 
ir j| with a, b, c, d € IR and determinant ad — bc > 0. Let 


b := [x iy|x eR, y > 0] 





denote the upper half-plane. For g = ( 2) € GL(2, R)* and z € h define: 
az+b 
gozi= . 
cz - d 


Since 


az+b acz -- (ad --bc)x --bd | (ad — bc): y 
= ft 
cz+d lez + dp? lez + dl? 





it immediately follows that g o z € b. We leave as an exercise to the reader, the 
verification that o satisfies the additional axioms of a continuous action. One 
usually extends this action to the larger space h* = h U {oo}, by defining 


iE ;| a/c ifc#0, 
o œ = 
c d coo ifc=0. 
Assume that a group G acts continously on a topological space X. Two 


elements x1, X2 € X are said to be equivalent (mod G) if there exists g € G 
such that x» = g o xı. We define 


Gx := [gox|geG] 


to be the equivalence class or orbit of x, and let GVX denote the set of equiva- 
lence classes. 


Definition 1.1.4 Let a group G act continuously on a topological space X. 
We say a subset T C G is discrete if for any two compact subsets A, B C X, 
there are only finitely many g € T such that (g o A) ' B F $,where $ denotes 
the empty set. 
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Example 1.1.5 The discrete subgroup SL(2, Z). Let 


. J](a b 
Tr = SL(2, Z) := C 2) 
and let 
1 m 


be the subgroup of F which fixes oo. Note that l'; AT is just a set of coset 





a,b,c,d €Z, ad - b i]. 


representatives of the form C ) where for each pair of relatively prime 
c 


integers (c, d) = 1 we choose a unique a, b satisfying ad — bc = 1. This fol- 
lows immediately from the identity 


l m a b\  (a-cmc b+md 
0 1 c d) c d f 
The fact that SL(2, Z) is discrete will be deduced from the following lemma. 
Lemma 1.1.6 Fix real numbers O « r, 0 « 6 <1. Let R, denote the 
rectangle 
R, = {x + iy | —r<sx<r, 0<d<y<d"'}. 
Then for every € > 0, and any fixed set S of coset representatives for 


lo; NSLQ, Z), there are at most 4+ (4(r + 1)/€ô) elements g € S such that 
Im(g o z) > € holds for some z € R, 5. 


Proof Letg= C 2j: Then for z € R,.5, 
c 


mecie uet 
cy? + (cx + d}? 


if |c| > (ye) à. On the other hand, for |c| « (ye) < (8€)72, we have 
EDAM 
(cx +d)? 


if the following inequalities hold: 


«e 


ld] > |elr + (re^? > lelr + (6872. 
Consequently, Im(g o z) > € only if 


lc] < (8e)73 and |d| < (€6)-2(r + 1), 











and the total number of such pairs (not counting (c, d) = (0, +1), (Œ1, 0)) is at 
most 4(e8)-! (r + 1). 
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It follows from Lemma 1.1.6 that T = SL(2, Z) is a discrete subgroup of 
SL (2, IR). This is because: 


(1) it is enough to show that for any compact subset A C h there are only 
finitely many g € SL(2, Z) such that (g o A)' A Z $; 

(2) every compact subset of A C h is contained in a rectangle R,.; for some 
r>Oand0 <6 « 87; 

(3) ((ag) o R3) N R, = $, except for finitely many æ € Fæ, g € Tall. 


To prove (3), note that Lemma 1.1.6 implies that (g o R3) O R5 = $ except 
for finitely many g € l'';AT. Let S C l';; A denote this finite set of such ele- 
ments g. If g g S, then Lemma 1.1.6 tells us that it is because Im(gz) < ô for all 
z € R, s. SinceIm(ogz) = Im(gz) fora € Too, itis enough to show that for each 
g € S, there are only finitely many o € Fo such that ((ag) o R.s) N R, Fo. 
This last statement follows from the fact that g o R, s itself lies in some other 


1 
rectangle R, y, and every a € F% is of the form a = b ij (m € Z), so 


that 
ao Rpg = lx iy | —rtm<x<r'+m, 0«8 x81], 
which implies (o o Ry y) N R, = $ for |m| sufficiently large. 


Definition 1.1.7 Suppose the group G acts continuously on a connected topo- 
logical space X . A fundamental domain for GXX isa connected region D C X 
such that every x € X is equivalent (mod G) to a point in D and such that no 
two points in D are equivalent to each other. 


Example 1.1.8 A fundamental domain for the action of Z on R of 
Example 1.1.2 is given by 


Z\R = {0 <x <1|x € R}. 
The proof of this is left as an easy exercise for the reader. 


Example 1.1.9 A fundamental domain for SL(2, Z)\§ can be given as the 
region D C h where 


p-[; 


with congruent boundary points symmetric with respect to the imaginary axis. 


ETTER, 
— — e T 
geogr 
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Note that the vertical line V' :— [-i +iy | yz 55] is equivalent to the 
vertical line V :— {5 +iy | yx 843) under the transformation z œ> z+ 1. 
Furthermore, the arc A’ :— {z | — 1 < Re(z) <0, |z| = 1} is equivalent to 
the reflected arc A := {z | 0 < Re(z) < P |z| = 1}, under the transformation 
zt» —1/z. To show that D is a fundamental domain, we must prove: 


(1) For any z € h, there exists g € SL(2, Z) such that g oz € D; 
(2) If two distinct points z,z' € D are congruent (mod SL(2, Z)) then 


Re(z) = +4 and z' = z E 1, or |z| = 1 and z' = —1/z. 








We first prove (1). Fix z € B. It follows from Lemma 1.1.6 that for every 
€ > 0, there are at most finitely many g € SL(2, Z) such that g o z lies in the 
strip 


1 1 
D, :— fu | -5 < Re(w) < 7’ E< Into). 


Let B. denote the finite set of such g € SL(2, Z). Clearly, for sufficiently small 
€, the set B, contains at least one element. We will show that there is at least 
one g € B, such that g o z € D. Among these finitely many g € Be, choose one 


—1 
such that Im(g o z) is maximal in De. If |g o z| < 1, then for $ = P a) 
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1 1 
T= fi |) and any m eZ, 





Im(T” Sg o z) = m( 2 ) seo) 


= 2 Im(g o z). 
goz |g o z| 
This is a contradiction because we can always choose m so that T" Sg oz € De. 
So in fact, g o z must be in D. 


To complete the verification that D is a fundamental domain, it only remains 
to prove the assertion (2). Let z € D, g = 6 n) € SL(2, Z), and assume 
c 


that g o z € D. Without loss of generality, we may assume that 


y 
Im(g o z) = ie 4 dP > Im(2), 

(otherwise just interchange z and goz and use g7!). This implies that 
|cz + d| € 1 which implies that 1 > |cy| > Žie. This is clearly impossi- 
ble if |c| > 2. So we only have to consider the cases c = 0, +1. If c = 0 
then d = +1 and g is a translation by b. Since -i x Re(z), Re(g oz) < r 
this implies that either b = 0 and z = g o z or else b = +1 and Re(z) = ti 
while Re(g o z) — Ti. If c = 1, then |z 4- d| < 1 implies that d = 0 unless 
z = ei and d = 0, 1 or z = e"! and d = 0, —1. The case d = 0 implies 
that |z| < 1 which implies |z| = 1. Also, in this case, c = 1, d = 0, we 
must have b = —1 because ad — bc = 1. Then g oz =a — H, It follows that 
a = 0. If z = e?7'/3 and d = 1, then we must have a — b = 1. It follows that 
goeh — q— inm = a + ei. which implies that a = 0 or 1. A similar 
argument holds when z = e"'? and d = — 1. Finally, the case c = —1 can be 
reduced to the previous case c — 1 by reversing the signs of a, b, c, d. 














1.3 Iwasawa decomposition 


This monograph focusses on the general linear group GL(n, IR) with n > 2. 
This is the multiplicative group of all n x n matrices with coefficients in IR 
and non-zero determinant. We will show that every matrix in GL (n, R) can be 
written as an upper triangular matrix times an orthogonal matrix. This is called 
the Iwasawa decomposition (Iwasawa, 1949). 

The Iwasawa decomposition, in the special case of GL(2, IR), states that 
every g € GL(2, R) can be written in the form: 


|. fy x\fa B\/(d 0 
e at NG A (1.2.1) 
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where y > 0, x, d € R with d Æ 0 and 


i, ) «oc. m. 
y ô 


where 
O(n,R) = {ge GL, R)|g 8 1] 
is the orthogonal group. Here / denotes the identity matrix on G L (n, IR) and ‘g 


denotes the transpose of the matrix g. The matrix (; J in the decomposition 


(1.2.1) is actually uniquely determined. Furthermore, the matrices K E ) 





d +1 
and ( 0 2) are uniquely determined up to multiplication by ( 0 2 





Note that explicitly, 


oe. - Hs 2 |osrsm]. 





+ sint cost 


We shall shortly give a detailed proof of (1.2.1) for GL (n, IR) with n > 2. 
The decomposition (1.2.1) allows us to realize the upper half-plane 


b= {x+iy|xeR,y>0} 


as the set of two by two matrices of type 





y x 
TE i reR y>0), 
or by the isomorphism 
b = GL(2, R)/(O(2, R), Z2), (1.2.2) 
where 
d 0 
Lee E deR,dzo 
0 d 


is the center of GL(n, IR), and (O(2, R), Z2) denotes the group generated by 
O Q, R) and Z2. 

The isomorphism (1.2.2) is the starting point for generalizing the classical 
theory of modular forms on GL(2, IR) to GL (n, IR) with n > 2. Accordingly, 
we define the generalized upper half-plane b" associated to G L (n, R). 
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Definition 1.2.3 Letn > 2. The generalized upper half-plane 5" associated 
to GL(n, R) is defined to be the set of all n x n matrices of the form z = x - y 
where 


1 
1 x12 X3 c7 Xin Yn-1 
1 
1 rn MERE X2.n Yn-2 
x= , y= , 
1 
1 Xn—1l,n yı 
1 1 


with x; ERforl <i < j<nandy;>Oforl<i<n-1. 
To simplify later formulae and notation in this book, we will always express 
y in the form: 


y1y2°°* Yn-1 
Y1y2°°* Yn—2 


yı 
1 


with y; > O for 1 <i € n — 1. Note that this can always be done since y; + 0 
for\<i<n-1l. 


Explicitly, x is an upper triangular matrix with 1s on the diagonal and y 
is a diagonal matrix beginning with a 1 in the lowest right entry. Note that x 
is parameterized by n - (n — 1)/2 real variables x; ; and y is parameterized by 
n — 1 positive real variables y;. 


Example 1.2.4 The generalized upper half plane h? is the set of all matrices 
z= x y with 


1 x12 x13 yx» 00 
x—-[0 1 3], y=] 0 » OF, 
0 0 1 0 0 1 


where x15, X13, X23 € R, yi, y2 > 0. Explicitly, every z € p? can be written 
in the form 
yXiy2 Xi2Yi1 X13 
a= 0 yı X2,3 
0 0 1 


Remark 1.2.5 The generalized upper half-plane 5? does not have a com- 
plex structure. Thus h° is quite different from h*, which does have a complex 
structure. 
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Proposition 1.2.6 | Fix n > 2. Then we have the Iwasawa decomposition: 
GL(n, R) = b” - O(n, R)- Zn, 
i.e., every g € GL(n, R) may be expressed in the form 
g=z-k-d, (- denotes matrix multiplication) 


where z € b" is uniquely determined, k € O(n, R), and d € Z, is a non-zero 
diagonal matrix which lies in the center of GL(n, R). Further, k and d are also 
uniquely determined up to multiplication by +I where I is the identity matrix 
on GL(n, R). 





Remark Note that for every n = 1,2,3,..., we have Z, = R*. We shall, 
henceforth, write 


" X GL(n, R)/(O(n, R) - R”). 


Proof Let g € GL(n, R). Then g-'g is a positive definite non-singular 
matrix. We claim there exists u, £ € GL(n, R), where u is upper triangular with 
1s on the diagonal and £ is lower triangular with 1s on the diagonal, such that 


u-g-'g —£.d (1.2.7) 
with 


d= Ul ; di, ..., d, > 0. 
d, 


For example, consider n = 2, and g = (i a Then 


i a b a c a+b? ac- bd 
$:8—I, : = ' 24,45] 
c d b d acd bd ct^-Fd 


1 t 
If tu= 
we set u f 1 


1 t a+b? ac- bd | (* 0 

0 1 ac+bd cd] \x x)’ 
so that we may take t = (—ac — bd)/(c? + d°). More generally, the upper 
triangular matrix u will have n(n — 1)/2 free variables, and we will have to 


| then u satisfies (1.2.7) if 
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solve n(n — 1)/2 equations to satisfy (1.2.7). This system of linear equations 
has a unique solution because its matrix g - ‘g is non-singular. 

It immediately follows from (1.2.7) that u-!£d = g-'g = d-'£((u)^!, or 
equivalently 


£-d-'u u-d.'£ 
—— = —— — d. 
lower A upper A 


The above follows from the fact that a lower triangular matrix can only equal an 
upper triangular matrix if it is diagonal, and that this diagonal matrix must be 
d by comparing diagonal entries. The entries d; > 0 because g - 'g is positive 
definite. 

Consequently £d = d(‘u)~!. Substituting this into (1.2.7) gives 


for 


Hence aug - ('g -'u-'a) = I so that aug € O(n, R). Thus, we have expressed 
g in the form 


g = (au)! - (aug), 


from which the Iwasawa decomposition immediately follows after dividing and 


multiplying by the scalar d, : to arrange the bottom right entry of (au)! to 
be 1. 

It only remains to show the uniqueness of the Iwasawa decomposition. 
Suppose that zkd = z'K'd' with z, z' € b", k, K&' € O(n, R), d, d' € Z,. Then, 
since the only matrices in h” and O(n, IR) which lie in Z, are +7 where Z is the 
identity matrix, it follows that d^ = +d. Further, the only matrix inh” N O(n, R) 
is Z. Consequently z = z' and k = +k’. 























We shall now work out some important instances of the Iwasawa decompo- 
sition which will be useful later. 
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Proposition 1.2.8 Let I denote the identity matrix on G L(n, IR), and for every 
1<j <i <n, let E; j denote the matrix with a 1 at the (i, j)th position and 
zeros elsewhere. Then, for an arbitrary real number t, we have 


1 


1 eae t 
1 1 
(2402 (2-12 





I+tE j= (mod (O(n, R) - R*)), 


(+12 


i 5 zu xs 1 
where, in the above matrix, — occurs at position {j, j}, (t? + 1)2 occurs 
(24-102 


t 
1 
(202 





at position (i, i), all other diagonal entries are ones, occurs at position 


{j, i), and, otherwise, all other entries are zero. 
Proof Letg = I + tE; j. Then 
gg 2 U E ELE EE) S E EL; EE ZU +E. 


If we define a matrix u = I — (t/(? + D)Ej;, then u- g -'g-'u must be a 
diagonal matrix d. Setting d = a^! - (‘a)~!, we may directly compute: 


u-g-'e-lu-lI A TE Ud ae 
g:-g:u-— +t ii 24I id 


-1 


u =+ E 


t 
t2 + 1 Ji? 


1 
al- I+ (= — i) Ej; - (V? +1- Ty. 
t? +1 
Therefore, 


Eji. 


u'a =] + (-— = i) Ejj +(vV +1- 1)Eii + 


t? +1 
As in the proof of Proposition 1.2.6, we have g =u! .a™! 
(mod (O(n, R), R*)). 
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Proposition 1.2.9 Let n > 2, and let z = xy € b” have the form given in 


Definition 1.2.3. For i = 1,2, ...,n — 1, define 


1 


Qj = 


— © 


1 


to be the n x n identity matrix except for the ith and (i + 1)th rows where we 


have (1 2j on the diagonal. Then 


/ / 1 Fat 1 
1 x12 X3 c0 Xin 3132777 Yn-1 
1 f ar d 1 
|l X33 0° X25.n 3132 77 E) 
Wiz = : d 
1 1 
1 Xn—1,n yı 
1 1 


(mod (O (n, R)- R*)), where y, = yk except fork 2n —ic-1,n—i,n—i— 1, 
in which case 


E Yn-i / 2 . 2 2 
ud = FETTE, Yn—itt = Yn-itl ` y Xiii F Yri» 
Xiii T Yn-i 


and xy,, = x, , except for £ = i, i + 1, in which case 








2 
Xi—j iYi F Xi—j,i+1Xi,i+1 


2 2 
Xin T Yri 


/ = 1 ER 
Niji — Xi-jidl T Xi-jiXiiels  Xi—ji+ = 





for} =1,2,...,i—-2. 














Proof Brute force computation which is omitted. 


Proposition 1.2.10 The group GL(n, Z) acts on b”. 


Proof Recall the definition of a group acting on a topological space given in 
Definition 1.1.1. The fact that GL(n, Z) acts on GL (n, IR) follows immediately 
from the fact that G L(n, Z) acts on the left on G.L (n, IR) by matrix multiplication 
and that we have the realization b" = GL(n, R)/(O (n, R) - IR*), as a set of 
cosets, by the Iwasawa decomposition given in Proposition 1.2.6. 
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1.3 Siegel sets 


We would like to show that I" = GL(n, Z) acts discretely on the generalized 
upper half-plane 5" defined in Definition 1.2.3. This was already proved for 
n — 2 in Lemma 1.1.6, but the generalization to n > 2 requires more subtle 
arguments. In order to find an approximation to a fundamental domain for 
GL(n, Z)\b", we shall introduce for every t, u > 0 the Siegel set X, „. 


Definition 1.3.1 Leta, b > 0 be fixed. We define the Siegel set Xa.» C h” to 
be the set of all 


l Xi» Xia c0 Xn Y1327 77 Yn-A 
l X23 se X2.n Y1Y277* Ya2 
1 Xn—l,n yı 
1 1 


with |x;,;| < bforl <i < j< n,andy; >afor|<i<n—-1. 


Let T” = GL(n, Z) and r}, C I" denote the subgroup of upper triangular 
matrices with 1s on the diagonal. We have shown in Proposition 1.2.10 that I" 
acts on b". For g € I" and z € b”, we shall denote this action by g o z. The 
following proposition proves that the action is discrete and that 2,5 1 is a good 
approximation to a fundamental domain. di 


Proposition 1.3.2. Fix an integer n > 2. For any z € b” there are only finitely 
many g € T" such that g oz € X5 ,. Furthermore, 


1: 
QE 2:2) 


GL(n, R) = U goXg 


dis 
2 T2 
ger" 


(1.3.3) 


Remarks The bound SE is implicit in the work of Hermite, and a proof can 
be found in (Korkine and Zolotareff, 1873). The first part of Proposition 1.3.2 
is a well known theorem due to Siegel (1939). For the proof, we follow the 
exposition of Borel and Harish-Chandra (1962). 


Proof of Proposition 1.3.2 — In order to prove (1.3.3), it is enough to show that 


SL(n,R) — U go E” i (1.3.4) 
geSL(n,Z) 


where X7, denotes the subset of matrices £, „ - Zn which have determinant 1 


and o denotes the action of SL(n, Z) on 245 ,,. Note that every element in 27 ,, 
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is of the form 


l x12 %13 °°: XL dyiy2:-* Yn-A 
l x93 ce X2 dyiy2::* Ya-2 
1 Xn—l,n dyi 
1 d 


(1.3.5) 
where the determinant 


dyiy2::* Yn—1 
dyiya2::* Yn-2 
Det 


II 
A 


so that 


n-l -Mn 
d= (A x) : 
i=l 


In view of the Iwasawa decomposition of Proposition 1.2.6, we may identify 
X o, as the set of coset representatives SL (n, R)/SO(n, R), where SO(n, R) 
denotes the subgroup O(n, R) NA SL(n, R). 














In order to prove (1.3.4), we first introduce some basic notation. Let 
eı —(1,0,...,0, e6e»2(06,1,...,0, ..., e, = (0,0,..., 1, 


denote the canonical basis for R”. For 1 <i <n and any matrix g € 
GL(n, R), let e; - g denote the usual multiplication of a 1 x n matrix with 
an n x n matrix. For an arbitrary v = (v1, v2,..., Vn) € R”, define the norm: 





[|u|] = Jn + v? +--+- + v2. We now introduce a function 
$ : SL(n, R) > R^? 


from SL (n, R) to the positive real numbers. For all g = (gj, ;)1<i,j<n in SL(n, R) 
we define 





6(g) = Iles - gl = 921 822 + 82n 


Claim The function $ is well defined on the quotient space 
SL(n,R)/SO (n, R). 
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To verify the claim, note that for k € SO (n, R), and v € R”, we have 








lv -kll = V (v Dw ) 2 Vv-k-'k-'v 2 Vv -tv = vll. 


This immediately implies that $(gk) = $(2), i.e., the claim is true. 
Note that if z € X’, oo is of the form (1.3.5), then 


n—1 =la 
¢z)=d= (H n) . (1.3.6) 
i=l 


Now, if z € Xo, oo 1S fixed, then 
en: SL(n, Z)-z C (Zei Tec Ze, — {(0,0,..., 0)}) -z, (1.3.7) 


where - denotes matrix multiplication. The right-hand side of (1.3.7) consists 
of non-zero points of a lattice in IR". This implies that $ achieves a positive 
minimum on the coset SL (n, Z) - z. The key to the proof of Proposition 1.3.2 
will be the following lemma from which Proposition 1.3.2 follows immediately. 


Lemma 1.3.8 Let z € Xj ,. Then the minimum of ¢ on SL(n, Z)oz is 
achieved at a point of Ms ; 


Proof Itis enough to prove that the minimum of ¢ is achieved at a point of 
Da 2 because we can always translate by an upper triangular matrix 


l uio Ups coo Un 
l uza +++ Uza 
u = X : € SL(n, Z) 
1 Un—1,n 
1 


to arrange that the minimum of ¢ lies in &*, ,. This does not change the 


value of ¢ because of the identity $(u - z) = lle; :u-z|| = {len - z||. We shall 
use induction on n. We have already proved a stronger statement for n = 2 
in Example 1.1.9. Fix y € SL(n, Z) such that @(y o z) is minimized. We set 


yoz=x-ywith 


NIE 


1 x12 xia °°: Xii dyiy2::* Ya-A 
l x23 +++ X2 dyiy2:* Yn—2 
x= : , y= , 
1 Xn—l,n dy, 


1 d 
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with d — (ES Ly —!/" as before. We must show y= 2 fori =1,2,..., 
n — 1. The proof EIN in 3 steps. 


Stepl y > a 
I4 
This follows from the action of œ := 0 —1 | onyoz. Here In—2 


1 0 
denotes the identity (n — 2) x (n — 2)—matrix. First of all 


læ o y oz) = |len -œ o0 y ozl| = [len x + yl] = [Ceni + Xn—1,n€n) * yl 


= dy » T AD 


Since |x4 i14] € i we see that layz? < dy? + D. On the other hand, the 
assumption of minimality forces $(yz)? = d? < d? (y? T 1) . This implies that 


y x 2. 


0 
This follows immediately from the fact that e, - g = en. 


Step2 Letg e SL(n—1,Z),g= (t :) . Then ó(gyz) = (yz). 


Step3 y > 33 for i 22/3, cep nT, 

zed x 
d 
a suitable diagonal matrix. By induction, there exists g’ € SL(n — 1, Z) such 
that g' oz' = x’ - y' € E*, , C "^1, the Siegel set for GL(n — 1, R). This is 


Let us write y oz — ( ) with z’ € SL(n — 1, R) and d’ € Z,. i 


2172 
equivalent to the fact that 


aAn-1 
; n—2 
y E 
a, 
and 
3 
aji V3 for j=1,2,...,n— 2. (1.3.9) 
aj 2 
g 0 
Define g :— 0 1 € SL(n, Z). Then 


^ 0 z.d' x 'oz'.d' x " 
sovoz=($ J)«( MET 0 4) seht 
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‘dq! , 
where y" — bd 7 x = E ij . The inequalities (1.3.9) applied to 


Y1Y2 7: Ya ad 


n y'd' A E 
y = ( = m 
0 d yid 


d 


imply that y; > 45 for i = 2,3,...,n — 1. Step 2 insures that multiplying by 











g on the left does not change the value of $(yz). Step 1 gives y; > 48. 





1.4 Haar measure 


Let n > 2. The discrete subgroup SL(n, Z) acts on SL(n, IR) by left multipli- 
cation. The quotient space SL(n, Z)\SL(n, IR) turns out to be of fundamental 
importance in number theory. Now, we turn our attention to a theory of inte- 
gration on this quotient space. 

We briefly review the theory of Haar measure and integration on locally 
compact Hausdorff topological groups. Good references for this material are 
(Halmos, 1974), (Lang, 1969), (Hewitt and Ross, 1979). Excellent introductary 
books on matrix groups and elementary Lie theory are (Curtis, 1984), (Baker, 
2002), (Lang, 2002). 

Recall that a topological group G is a topological space G where G is also 
a group and the map 


(g,h) e g- h™! 


of G x G onto G is continuous in both variables. Here - again denotes the 
internal group operation and A^! denotes the inverse of the element h. The 
assumption that G is locally compact means that every point has a compact 
neighborhood. Recall that G is termed Hausdorff provided every pair of distinct 
elements in G lie in disjoint open sets. 


Example 1.4.1 The general linear group GL(n, R) is a locally compact 
Hausdorff topological group. 


Let gl(n, IR) denote the Lie algebra of GL(n, IR). Viewed as a set, gl(n, IR) 
is just the set of all n x n matrices with coefficients in IR. We assign a topology 
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to gl(n, IR) by identifying every matrix 


£11 81,2 ^ gim 

$21 82,2 °° 82m 
$-— : Y 

n1 n2 -^^* Enn 


with a point 
2 
(81,15 2,25. £100 £25 £22» -+ -> £2 o £y) E R”. 


This identification is a one-to—one correspondence. One checks that gl(r, IR) is 
alocally compact Hausdorff topological space under the usual Euclidean topol- 
ogy on RR", The determinant function Det : gl(n, IR) > Ris clearly continuous. 
It follows that 


GL(n, R) = gl(n, R) — Det (0) 


must be an open set since {0} is closed. Also, the operations of addition and 
multiplication of matrices in gl(n, IR) are continuous maps from 


gl(n, IR) x gl(n, IR) > gl(n, R). 
The inverse map 
Inv : GL(n, R) > GL(n, R), 


given by Inv(g) = g^! forall g € GL(n, R), is also continuous since each entry 
of g^! is a polynomial in the entries of g divided by Det(g). Thus, GL(n, R) 
is a topological subspace of gl(n, IR) and we may view GL(n, R) x GL(n, R) 
as the product space. Since the multiplication and inversion maps: G L(n, R) x 
GL(n, R) > GL(n, R)are continuous, it follows that G L (n, IR) is atopological 
group. 

By a left Haar measure on a locally compact Hausdorff topological group 
G, we mean a positive Borel measure (Halmos, 1974) 














u : (measurable subsets of G} > RT, 


which is left invariant under the action of G on G via left multiplication. This 
means that for every measurable set E C G and every g € G, we have 


IgE) = WE). 


Ina similar manner, one may define aright Haar measure. If every left invariant 
Haar measure on G is also a right invariant Haar measure, then we say that G 
is unimodular. 
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Given a left invariant Haar measure u on G, one may define (in the usual 
manner) a differential one-form d u(g), and for compactly supported functions 
f:G — Can integral 


y f(g) dule), 
G 


which is characterized by the fact that 


I dug) = iE) 
E 


for every measurable set E. We shall also refer to dj(g) as a Haar measure. 
The fundamental theorem in the subject is due to Haar. 


Theorem 1.4.2 (Haar) Let G be a locally compact Hausdorff topological 
group. Then there exists a left Haar measure on G. Further, any two such Haar 
measures must be positive real multiples of each other. 


We shall not need this general existence theorem, because in the situations 
we are interested in, we can explicitly construct the Haar measure and Haar 
integral. For unimodular groups, the uniqueness of Haar measure follows easily 
from Fubini's theorem. The proof goes as follows. Assume we have two Haar 
measures u, v on G, which are both left and right invariant. Let ^ : G > C be 
a compactly supported function satisfying 


f h(e)du(g) = 1. 
Then for an arbitrary compactly supported function f : G — C, 
$ TE | h(g dp? Í flg)dv(g) 
G G G 
E f / hg f Godv(du 
GJG 
- f f hete - #') dv(e) due’) 
G JG 
z | | hg ( - g dug) dv(g) 
GJG 
= f / h(g" - gf (e) du(g) dv(g) 
GJG 
2 Í f h(g7 - gf (g)dv(g)du(g) 
GJG 
=e f f(g')du(g’) 
G 


where c = fg h(g )dv(g). 
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Proposition 1.4.3 Forn = 1,2,..., let 


PIA po EE Bin 
$214 82,2 -'* 82m 
g=]. . € GL(n, R), 
$€nl1 n2 ^^^ gnn 
where 81.1, 81,2, +--+ £14 82,1, <- -> 8n,n We n real variables. Define 
I] 427; 
1xi, jn 


du(g):— (wedge product of differential one-forms) 


Det(g) ' 


where dg; j; denotes the usual differential one-form on R and Det(g) denotes 
the determinant of the matrix g. Then du(g) is the unique left-right invariant 
Haar measure on G L(n, R). 


Proof Every matrix in GL (n, IR) may be expressed as a product of a diagonal 
matrix in Z, and matrices of the form X,,; (with 1 < r, s < n) where X, s denotes 
the matrix with the real number x, s at position r, s, and, otherwise, has 1s on 
the diagonal and zeros off the diagonal. It is easy to see that 


du(g) = du(ag) 
for a € Z,. To complete the proof, it is, therefore, enough to check that 
dux, s 3 g) = dug : Žr s) = dug), 


for all 1 < r,s < n. We check the left invariance and leave the right invariance 
to the reader. 
It follows from the definition that in the case r Z s, 


1zi, jen 1<j<n 


ixr 


I] dgi,j ( II d(g,. j ntt vo) 





d Xy s^" = 
IG. s - 8) Det($,., - g)" 


First of all, 
Det($,., - g) = Det(ã, s) - Det(g) = Det(g) 


because Det(X, s) = 1. 
Second, for any 1 < j <n, 


I] dgi,j | A 48s,; — 0 
Isi j<n 


ir 
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because gs, ; also occurs in the product I| dgi; | anddg,,; ^dg;; = 0. 
l<i<j<n 
ixr 











Consequently, the measure is invariant under left multiplication by x; s. 





On the other hand, if r — s, then 


II dgi,j ( II (Xy. = tec) 





1<i,j<n Isjsn 
d rs ^ - 
Ms: g) Det(x,, - g)" 
HG Dagon 
= du(g). 


1.5 Invariant measure on coset spaces 


This monograph focusses on the coset space 
GL(n, R)/(O (n, R) - R”). 


We need to establish explicit invariant measures on this space. The basic prin- 
ciple which allows us to define invariant measures on coset spaces, in general, 
is given in the following theorem. 


Theorem 1.5.1 Let G bea locally compact Hausdorff topological group, and 
let H bea compact closed subgroup of G. Let u be a Haar measure on G , and let 
v be a Haar measure on H , normalized so that (m dv(h) — 1. Then there exists 
a unique (up to scalar multiple) quotient measure jt on G/H. Furthermore 


i fadus I ( Í fedvd)) ARERI, 
G G/H \JH 


for all integrable functions f : G — C. 


Proof  Foraproof see (Halmos, 1974). We indicate, however, why the formula 
in Theorem 1.5.1 holds. First of all note that if f : G — C, is an integrable 
function on G, and if we define a new function, f” : G > C, by the recipe 


fP(g):— f f(eh)dv(h), 


then f” (gh) = f” (g) for all h € H. Thus, f" is well defined on the coset 
space G/H. We write f” (g) = f" (gH), to stress that f” is a function on 
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the coset space. For any measurable subset E C G/H, we may easily choose 
a measurable function óg : G — C so that 


1 ifgH E, 


5 = ô” (6H) = 
E(g) = ôg (gH) l if eH g E. 


We may then define an H -invariant quotient measure ñ satisfying: 
ÕE) = f ôE (8) du(g) = Í bp (gH)di(gH), 
G G/H 


and 


f f()du(g) = Í f" (gH) dji(gH), 
G G/H 











for all integrable functions f : G — C. 





Remarks There is an analogous version of Theorem 1.5.1 for left coset spaces 
HG. Note that we are not assuming that H is a normal subgroup of G. Thus 
G/H (respectively H\G) may not be a group. 


Example 1.5.2 (Left invariant measure on GL (n, R)/(O (n, R) - IR*)) 


For n 7 2, we now explicitly construct a left invariant measure on the 
generalized upper half-plane b" = GL(n, R)/(O (n, IR) - IR*). Returning to the 
Iwasawa decomposition (Proposition 1.2.6), every z € b” has a representation 
in the form z — xy with 


1 x12 xi3 °°: Xin Yiy2°** Ya-1 
l x23 °°: X2.n Yy132: 77 Yn-2 
x= : , y => , 
1 Xn—l,n yı 
1 1 


with x;; e Rfor 1 <i < j < nand y; > Oforl <i € n — 1. Let d*z denote 
the left invariant measure on 5". Then d*z has the property that 


d'(gz) = d*z 


for all g € GL(n, R). 
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Proposition 1.5.3 The left invariant G L(n, IR)-measure d*z on h" can be 
given explicitly by the formula 


d*z — d*x d*y 
where 
n—1 
d*x = I] dxi,j, d* y = I] jenn Oa dyk. (1.5.4) 
l<i<j<n k=1 





For example, for n = 2, with z = 3 we have d*z — eu , while for 
n —3 with 
Yiy2 X1,2y1 Xi, 
z= 0 yı X23 |> 
0 0 1 
we have 
dyidy; 


d*z = dx 2dx1,3dX2,3 





Quy? 


Proof We sketch the proof. The group GL(n, R) is generated by diagonal 
matrices, upper triangular matrices with 1s on the diagonal, and the Weyl group 
W, which consists of all n x n matrices with exactly one 1 in each row and 
column and zeros everywhere else. For example, 


"=f 1) E 


1 0 0 1 0 0 0 1 0 
W; = 0 1 0],[0.0 1],|[1 00], 

0.0 1 0 1 0 0.0 1 

0 1 0 0.0 1 0.0 1 

0.0 1],.[1 0 OF,70 1 0 

1 0 0 0 1 0 1 0 0 


Note that the Wey] group W, has order n! and is simply the symmetric group on 
n symbols. It is clear that d*(gz) = d*z if g is an upper triangular matrix with 
Is on the diagonal. This is because the measures dx;,; (with 1 <i < j < n)are 
all invariant under translation. It is clear that the differential d*z is Z,,-invariant 
where Z, = R* denotes the center of G L (n, IR). So, without loss of generality, 
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we may define a diagonal matrix a with its lower-right entry to be one: 


d102*** Og—| 
d102*** d,—2 


az 
a 
1 
Then 
az = axy = (axa |): ay 
1 An—1X1,2 AOn—10g—2X13 >° An-1°° 01 Xin 
1 An—2X2,3 Uc 08g 2771 X2. 
1 Q1 Xn-1,n 


1 


Q1Y1 77 * Gn 1 Yn-1 


aiyi 


n—l 
Thus d*(axa-!) = (T d d* x. It easily follows that 
k=1 


d*(az) = d'(axa | - ay) = d*z. 


It remains to check the invariance of d*z under the Weyl group W,. Now, if 
w € W, and 


di 


is a diagonal matrix, then wdw™! is again a diagonal matrix whose diagonal 
entries are a permutation of (di, d5,...,d,). The Weyl group is generated 
by the transpositions w; (i = 1,2,...n — 1) given in Proposition 1.2.9 which 
interchange (transpose) d; and d;,, when d is conjugated by w;. After a tedious 
calculation using Proposition 1.2.9 one checks that d*(w;z) = d*z. 
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1.6 Volume of SL(n, Z)\SL(n, R)/SO (n, R) 


Following earlier work of Minkowski, Siegel (1936) showed that the volume 
of 


SL(n, Z)\SL(n, R)/SO(n, R) € SL(n, ZAGL(n, R)/(O(n, R) - R*) 
= SL(n, Z)\h", 


can be given in terms of 
£Q)- £3) £(n) 


where ¢ (s) is the Riemann zeta function. The fact that the special values (taken 
at integral points) of the Riemann zeta function appear in the formula for the 
volume is remarkable. Later, Weil (1946) found another method to prove such 
results based on a direct application of the Poisson summation formula. A vast 
generalization of Siegel's computation of fundamental domains for the case of 
arithmetic subgroups acting on Chevalley groups was obtained by Langlands 
(1966). See also (Terras, 1988) for interesting discussions on the history of this 
subject. 
The main aim of this section is to explicitly compute the volume 


d*z, 
SL(,Z)NSL(,R)/SO(n,R) 
where d*z is the left-invariant measure given in Proposition 1.5.3. We follow 


the exposition of Garret (2002). 


Theorem 1.6.1 Letn > 2. As in Proposition 1.5.3, fix 


n—1 
d*z = I] dxi,j I] jo dy 
k=1 


l<i<j<n 


to be the left SL(n, R)-invariant measure on 5b" = SL(n, R)/S O(n, R). Then 


z £ 
Í ran TT Oo, 
SL(n,Z)\" Vol(S*-!) 


1-2 
where 


2/7)! 


Vol(S*!) = T £72) 





oo 
denotes the volume of the (£ — 1)-dimensional sphere S! and &(£) = 3 n 
n-l 


denotes the Riemann zeta function. 
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Proof for the case of SL(2, IR) We first prove the theorem for SL (2, IR). The 
more general result will follow by induction. Let K — SO(2, IR) denote the 
maximal compact subgroup of SL(2, IR). We use the Iwasawa decomposition 
which says that 


a | [1x y2 0 
SL(2,R)/K = fz- D a | M 


Let f : R2/K — C be an arbitrary smooth compactly supported function. 
Then, by definition, f ((u, v) - k) = f ((u, v)) forall (u, v) € R? andallk € K. 
We can define a function F : SL(2,R)/K — C by letting 





rer, voc]. 


F(): M f(m.n).2. 


(m,n)ez2 
a b 
Ify — cd € SL X(Z), then 


F(y)2 Y f (m. (S 2) 7) 


(m,n)ez? 


= » f ((ma + nc, mb + nd). z) 
(m,n)eZ2 


= F(z). 


Thus, F(z) is SL(2, Z)-invariant. 
Note that we may express 


{(m, n) e Z2} = (0,0) U L .(0,D-y | 0<£EZ, y eT4NSLQ, 2). 
(1.6.2) 


where 


rez}. 


[is i) 


We now integrate F over rABA. where b? = SL(2, R)/K, T = SL(Q, Z), 
and dxdy/y? is the invariant measure on B? given in Proposition 1.5.3. It 
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immediately follows from (1.6.2) that 





dxdy 7 
[ Fo SP. /(0,0) - VW) 
TAB? 
dxd 
+D X [f reonyyF? 
£20 y Erv AT rip? y 
2 dxd 
= fOD vag wh e23^ f F(e00,1)-2) 2. 


£0 
Do? 





The factor 2 occurs because (a ze ) acts trivially on h?. We easily observe 


that 


E 3s: 30.9 E 
f(&0, 1)-z) =f (o 1). ( i 5) =f ((o. £y )). 


It follows, after making the elementary transformations 
PLS yey” 


that 





dxd f 
I FOTP = f(0,0)- VIND +O) i f(O, y) ydy. (1.6.3) 
rW? 0 


Now, the function f((u, v)) is invariant under multiplication by k € K on the 


i — cos 0 
right. Since ( e ph 


] € K, we see that 
cos 0 sin@ ) 


f (0, y)) = f(Q cos 8, y sin8)) 


for any 0 < 0 < 27. Consequently 


oo 1 2x oo 
j f(O, y)) ydy = zm f f(O cos0, y sin)) dé ydy 
0 T Jo 0 


ES f f(u, v)) dudv 
20 
R2 


oe 
zT (0, 0)). (1.6.4) 
JT 
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Here f denotes the Fourier transform of f in R2. If we now combine (1.6.3) 
and (1.6.4), we obtain 


2 
= f(0, 0) - Vol Vb?) + É e AO fio, 0). (1.6.5) 





dxd 
f Fe) Z 
Ty? 


To complete the proof, we make use of the Poisson summation formula (see 
appendix) which states that for any z € "Ed R) 


Y fF (mn): (2!) 


(m,n)ez? 





F()-— Y; f((m,nx) 


(nez: = Das 


Y. Ann Ca!) 


(m,n)EZ? 


2 


since z = e 7 T ) and Det(z) = 1. We now repeat all our computations 
y 


with the roles of f and f reversed. Since the group I is stable under transpose- 
inverse, one easily sees (from the Poisson summation formula above), by letting 


zt ('z)7!, that the integral 
dxd 
f Fe) 2 


TP? 





is unchanged if we replace f by f ; 
Also, since f(x) = f(—x), the formula (1.6.5) now becomes 





dxdy , 2 ze ) 
z yb f (0, 0)) - Vo(IDAb^) + —— f (0, 0). (1.6.6) 
TW? 
If we combine (1.6.5) and (1.6.6) and solve for the volume, we obtain 


^ 2t (2 
(/«0, 0)) — f«0, 0))) - volI"WV6^) = (£0, 0)) — FCO, 0) - zo A 


Since f is arbitrary, we can choose f so that f((0,0)) — ÊO, 0)) Æ 0. It 
follows that 


Vol(T A5?) = ao = a 


Proof for the case of SL(n,R) We shall now complete the proof of 
Theorem 1.6.1 using induction on n. 




















The proof of Theorem 1.6.1 requires two preliminary lemmas which we 
straightaway state and prove. For n > 2, let U, (R) (respectively U,(Z)) denote 
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the group of all matrices of the form 


with u; € R (respectively, u; € Z), fori = 1,2,...,n — 1. 


Lemma 1.6.7 Let n > 2 and fix an element y € SL(n — 1, Z). Consider 
the action of U,(Z) on IR"! given by left matrix multiplication of U,(Z) on 


v a - Un (R). Then a fundamental domain for this action is given by the 


0 1 
set of all matrices 
E 3 me 
0 1 D disci 
with 0 € uj < lforl-zi <n-—1.In particular, 


um (7. 1) oo = GARI. 


Proof of Lemma 1.6.7 Let m bea column vector with (mj, m2, ..., m, 1) as 
entries. Then one easily checks that 


La m\ (Y | (Y (Ina y im 

1 1) 1 1 , 
where /,,_; denotes the (n — 1) x (n — 1) identity matrix. It follows that 
U Ge Jj (' ) ~ aD 
mez^-i l 1 | 

_ U Y d hei y mX (ha AR 

7 1 1 1 
meZzh-i 


(Y Iı (ZAR) y^m 
Ed UNI p 


mezn-i 


y 
( :) - U,(R). 


Itis also clear that the above union is over non-overlapping sets. This is because 
y Zn = Z"! for y € SL(n — 1, Z). 














The second lemma we need is a generalization of the identity (1.6.4). 
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Lemma 1.6.8 Let n > 2 and let f : IR" — C be a smooth function, with 
sufficient decay at oo, which satisfies f (u1, ..., Un) = f(vi, ..., Un) whenever 
cpu? = v? +++. +02. Then 


u? + 
a ™ dt = ——— wey Xn) dX, +--+ dx, 
[ (e 0,00"! dt es ff. As) day dx 
£0) 
Vol($^-1)' 


where 


UVT)” 
r (n/2) 





Vol(S"-!) = 


denotes the volume of the (n — 1)-dimensional sphere S". 

Proof of Lemma 1.6.5 For n > 2 consider the spherical coordinates: 
xı —t-sin0, ,---sinO5sin6Oj, 
X?-—t-sinO0, ,---sinO5cos6j, 


x3 = t - SinO, ,--- sin 63 cos 62, (1.6.9) 


Xn—-1 = f- sin 0„—1 cosÓ, », 
Xn =t-cosd,_1, 
with 
0-«t «oo, 0x60, « 2, 0x0;«m,(l«jz«n). 
Clearly A +--+ x2 = t°. One may also show that the invariant measure on 
the sphere $"-1 is given by 
du(8) = [| Gino; ae; 


l<j<n 
and that dxjdx2---dx, = t"-!dt du(0). Then the volume of the unit sphere, 
Vol(S"~!), is given by 
M 2( V/T)" 
Vol(S"~') = du(0) = , 
ol($"-!) [m HO) = TG 


Since f is a rotationally invariant function, it follows that 





1 
fO,...,0,.0= wars f f(%1, ..., Xn) dul) 
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with x1, ..., x, given by (1.6.9). Consequently 


oo fl 1 oo i 
'(0,...,0, 007 dt = ———— Seo XU du(8)dt 
i f( ) TrA Í | Pm dpt 


1 
ESL ois Xn) dxi ++ d. 
em du E 














We now return to the proof of Theorem 1.6.1. Let K, = SO(n, IR) denote 
the maximal compact subgroup of SL (n, IR). In this case, the Iwasawa decom- 
position (Proposition 1.2.6) says that every z € SL(n, R)/K,, is of the form 
z — xy with 


l xi2 Xj3 ce Xin 
1 X93 ce X2 
x= : 
1 Xn—l,n 
1 
(1.6.10) 
y1Y2:77 Yn-1t 
Yi y2°+* Yn—2t 
y= ; 
yit 
t 
—l/n 


n—1 . 
with t = Det(y)- '/" = (T yr 
j=1 


In analogy to the previous proof for SL(2, IR) we let f : R’/K, — C be an 
arbitrary smooth compactly supported function. We shall also define a function 


F : SL(n, R)/K, — C by letting 


F(z):— NS f(m-z). 


meZ” 


As before, the function F(z) will be invariant under left multiplication by 
SL(n, Z). 
Let 


* 
Rea IN" 1) estem 
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denote the set of all n x n matrices in SL(n, Z) with last row (0,0, ...,0, 1). 
Let T, = SL(n, Z). Then we have as before: 


F@=fO+ >> YS fllen-y +2), 
O0<teZ  yeP,NTs 
where f(0) denotes f((0, 0,...,0)) and e, = (0,0,...,0, 1). 
We now integrate F (z) over a fundamental domain for I’, A5". It follows that 


l F(z)d*z = f (0) - Vol(T, N65") + 25 if f(le,-z)d*z. (1.6.11) 


T," 60 p 


The factor 2 occurs because —7, (J, = n x n identity matrix) acts trivially on 
b". The computation of the integral above requires some preparations. 
We may express z € b” in the form 


y1y2: +> Yn-af 
Y1Y2 7: * Yn-2t 


1 1 
tai. laa tni laa 
Zu. EN * 1 M " 
p t 


yit 
t 


where x and f are given by (1.6.10). It follows that 


1 XL 1 xi» X13 co Xini O 
1 X2.n l] x35 +++ Xn O 
pr 
1 Xn—1,n 1 0 
1 1 


yY132:** Yn-1 tT 


X132: Yn-2 tT 





yı TL 
1 
1 Xin 
1 X2.n à 
Z . z £x da 
1 t] 
1 Xn—l,n 
1 


(1.6.12) 
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where 


l x2 x13 ce X1,n-1 


l X03 c Xma 


1 Xn—2,n-1 
1 


y1Y2:7* Yn-A nd 
yiy2:- Yn-2- £n 
yi (98 


Now z' represents the Iwasawa coordinate for $L(n — 1, R)/SO(n — 1, R) = 
5"-!, and the Haar measure d*z' can be computed using Proposition 1.5.3 and 
is given by 


n—2 

* o —k(n—1—k)-1 

d'z — | | dxi, j l | cá dYk+1- 
l<i<j<n—1 k=1 


If we compare this with 


d'z — I] dX;, j LH xa». 


Ixi«jzn k=1 
n—2 
—(k4-1)n—1—&)-1 
= II; [Ix dyk, 
l<i<j<n k=0 
we see that 
* * TI n dyi 
d*z = d*z | | dxjnt" —. (1.6.13) 
ja A 


Here, the product of differentials is understood as a wedge product satisfying 
the usual rule: du ^ du = 0, given by the theory of differential forms. Since 


n—i 


jm rn I] y TSI, 
i-2 
we see that 
dt n—ldy 


= +2, 
t n yı 





where Q is a differential form involving dy; for each j = 2, 3,..., n — 1, but 
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not involving dy;. It follows from (1.6.13) that 
n-l 
*5 0 n * 7 n dt 
d*z = MEI z J [@xin Ps (1.6.14) 


j=l 


We also note that, by (1.6.12), we have 
(9I 
flen-z) =f (ie . ( ES J) = f(£t e,). (1.6.15) 


The last thing we need to do is to construct a fundamental domain for the 
action of P, on D". Every p € P, can be written in the form 


p= (’ 4 (with y € SL(n — 1, Z), be Z" .. 


By (1.6.12), we may express z € b" in the form 


Xin 


1 
ex Dee! J i| 9 eget. 


Xn—l,n 


NR yz y-utb . Fic ba 
px 1 tJ? 


from which one deduces from Lemma 1.6.7 that 


It follows that 


P,Nb" = SL(n — 1, Z)\b""! x (R/Z)"T! x (0, oo), 


With these preliminaries, we can now continue the calculation of (1.6.11). 
It follows from (1.6.14), (1.6.15), and Lemma 1.6.8 that 


25 f f (£e, - z) d'z 
0B Np 


x = De J de 


£-0 
n—1\h"! 


n—1 





oo 
dt 
dX jn [ feo 
0 


j=l 


P NCC 


(R/Zy^! 


dt 
f(te)t" e 


— 


2n - 
b(n) Vol(Pn—1\5" n. 
t=0 
FO 
Vol(S^-!)' 


2n n—l 
= —— 6(n) Vol(Pn1\b ) (1.6.16) 
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Here, we used the facts that 


f d*z' = Vol(P, 1 V5"), f IRR =1. 
Dart Rz- I 
Combining (1.6.11) and (1.6.16) gives 
2n £(n) Vol(T,.1 N97) 
(n — 1)Vol(S"-1) 





f F(z)d*z = f(0)- Vo, \b”) + f0)- 
Ta \b” 
(1.6.17) 


As before, we make use of the Poisson summation formula 
F@= fm- D=} fa a’), 
mez" meZ” 


which holds for Det(z) = 1. Since the group I, is stable under transpose— 
inverse, we can repeat all our computations with the roles of f and Î reversed, 
and the integral 


Í F(z)d*z 
MU 
again remains unchanged. The formula (1.6.17) now becomes 
2n £ (n) Vol(T i Apt 
(n — 1)Vol(S"-) 
2n ¢(n) Vol(T, 1 N61) 
(n— D)VolS"-!) ` 





f(0) - Vol(D, 6^) + f(0) - 


= f(0) - Vor, V5) + f(0) - 





Taking f so that f(0) Z f(0), we obtain 
2n £(n) Vol(Ta-1 N77) 
(n — 1)Vol(S"-!) 


Theorem 1.6.1 immediately follows from this by induction. 


Vol(T,\6") = 

















GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


IwasawaForm IwasawaX Matrix IwasawaX Variables 
IwasawaY Matrix IwasawaY Variables IwasawaQ 

MakeX Matrix MakeX Variables Make Y Matrix 

MakeY Variables MakeZMatrix MakeZ Variables 
VolumeFormDiagonal VolumeFormHn VolumeFormUnimodular 


VolumeHn Wedge d. 
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Invariant differential operators 


It has been shown in the previous chapter that discrete group actions can give 
rise to functional equations associated to important number theoretic objects 
such as the Riemann zeta function. Thus, there is great motivation for studying 
discrete group actions from all points of view. Let us explore this situation in 
one of the simplest cases. Consider the additive group of integers Z acting on 
the real line R by translation as in Example 1.1.2. The quotient space Z\R is just 
the circle S1. One may study S! by considering the space of all possible smooth 
functions f: $! — C. These are the periodic functions that arise in classical 
Fourier theory. The Fourier theorem says that every smooth periodic function 
f :S! — C can be written as a linear combination 


f(x) =~ yiae™ 


nez 


where 
1 . 
An = feo dx, 
0 


for all n € Z. In other words, the basic periodic functions, ein with n €Z, 
form a basis for the space £? (Z\R). It is clear that a deeper understanding of 
this space is an important question in number theory. We shall approach this 
question from the viewpoint of differential operators and obtain a fresh and 
illuminating perspective thereby. 

A basis for the space £? (ZAR) may be easily described by using the Laplace 
operator xm. One sees that the basic periodic functions e7”'"* (with n € Z) are 
all eigenfunctions of this operator with eigenvalue —4z'?7?, i.e., 

d 2ninx 


— e =—4n7n? -e 
dx? 


2zinx 
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Consequently, the space £? (ZAR) can be realized as the space generated by 
the eigenfunctions of the Laplacian. What we have pointed out here is a simple 
example of spectral theory. Good references for spectral theory are (Aupetit, 
1991), (Arveson, 2002). 

In the higher-dimensional setting, we shall investigate smooth functions 
invariant under discrete group actions by studying invariant differential opera- 
tors. These are operators that do not change under discrete group actions. For 
example, the classical Laplace operator ra does not change under the action 
X ++ x + n for any fixed integer n. It is not so obvious that the operator 


2 2 
x e n pe. 
əx? ay? 
is invariant under the discrete group actions 


az+b 


Z , 
cz+d 





with E É ) € GL(2, R). The main aim of this chapter is to develop a general 
C 


theory of invariant differential operators and the best framework to do this in 
is the setting of elementary Lie theory. For introductary texts on differential 
operators, see (Boothby, 1986), (Munkres, 1991). The classic reference on Lie 
groups and Lie algebras is (Bourbaki, 1998b), but see also (Bump, 2004). In 
order to give a self-contained exposition, we begin with some basic definitions. 


2.1 Lie algebras 


Definition 2.1.1 A7 associative algebra A over a field K is a vector space 
A over K with an associative product o, which satisfies for all a, b, c € A, the 
following conditions: 
e aob is uniquely defined and a o b € A, 
e ao(boc) — (aob)oc, (associative law) 
e (a-b)oc—-aoc-- boc, 

co(a+b)=coa+cob, (distributive law). 


Note that in a vector space we can either add vectors or multiply them by 
scalars (elements of A). The associative product gives a way of multiplying 
vectors themselves. 


Example Let R be the field of real numbers and let 


A= M(n, R) 
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denote the set of n x n matrices with coefficients in IR. Then A = M(n, R) is 
an associative algebra over IR where o denotes matrix multiplication. A basis 
for the vector space A over R is given by the set of n? vectors Ej, j where E; ; 
denotes the matrix with a 1 at position [i, j} and zeros everywhere else. 


Definition 2.1.2 A Lie algebra L over a field K is a vector space L over K 
together with a bilinear map |, ] (pronounced bracket), of L into itself, which 
satisfies for all a, b, c € L: 

* [a, b] is uniquely defined and [a, b] € L; 

e [a, b+ yc] = Bla,b] + yla.c]; VB,y €K; 

* [a, a] = €; 

e [a,b] = —[b,a], (skew symmetry); 

* [a, [b, c]] + [b, [c, a] + [c, [a, b]] = 0, (Jacobi identity). 


Example Every associative algebra A (with associative product o) can be 
made into a Lie algebra (denoted Lie(A)) by defining a bracket on A: 


[a,b] 2 aob —boa, Va,be A. 
This is easily proved since [a, 5] is clearly bilinear, [a, a] = 0 and 
[[a, b], c] + [[5. c], a] + IIe, a], b] 
—(aob—boa)oc—co(aob—boa) 
+(boc—cob)oa—ao(boc—cob) 


+(coa—aoc)ob—bo(coa—aoc). 


We now show that it is also possible to go in the other direction. Namely, 
given a Lie algebra L, we show how to construct an associative algebra U (L) 
(called the universal enveloping algebra) where 


L C Lie(U(L)). 


In order to construct the universal enveloping algebra, we remind the reader of 
some basic concepts and notation in the theory of vector spaces. Let V denote 


a vector space over a field K with basis vectors vi, V2, ... Then we may write 
Va Gi Kvi. 

Similarly, if W is another vector space with basis vectors wi, w2, ... such that 

wi; € V fori = 1,2,..., then we may form the vector space 


VoW 
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(defined over K) with basis vectors v1, W1, V2, W2, ... Similarly, we can also 
define higher direct sums 


® Ve 
? 


of a set of linearly independent vector spaces V;. We shall also consider the 
tensor product V & W which is the vector space with basis vectors 


vi@w;, G=1,2,...,7=1,2,...) 


and the higher tensor products & V (fork = 0,1, 2, 3,...) where @° V =K 
and for k > 1, @* V denotes the vector space with basis vectors 


Vi, B vise @ Vi, 


where i; = 1,2,... for 1 x j < k. If L is a Lie algebra, then when we take 
direct sums or tensor products of L the convention is to forget the Lie bracket 
and simply consider L as a vector space. 


Definition 2.1.3 Let L be a Lie algebra with bracket [, |. Define 
Oe gk 
TL)= 6 @L, 
k=0 


and define I(L) to be the two-sided ideal of T (L) generated by all the ten- 
sors (linear combinations of tensor products), X & Y — Y & X — [X,Y], with 
X,Y € L. The universal enveloping algebra U (L) of L is defined to be 


U(L) = TQD/I(L) 
with an associative multiplication o given by 


no&=n@éE (mod /(L)). 


Example 2.1.4 Let L = M(3,R), the Lie algebra of 3 x 3 matrices with 
coefficients in R and with Lie bracket 


[X,Y]=X-Y-Y-X 


where - denotes matrix multiplication. We shall now exhibit two examples of 
multiplication o in U (L). First: 


0 0 1 0 
o0oi&{0 0 0 (mod I(L)). 
0 0.0 0 


oor 


0 
0 
0 


ooo 


0 1 0 1 0 
of 0 0 OJ =] 0 0 
0 0 0 0 0 
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The second example is: 


oor 


Il 
am Po E iE 


oor OOF 


ooo 
M 
O 
ooo 
ooo 
l 
ooo 
oor 
ooo 
[9] 

Core 
ooo 


0 
0 | (mod /(L)) 
0 


(mod 1(L)) 


coo coo coo 


—— © OC oc 
Core 
ooo occ 


The latter example shows that in general 
XoY—-YoxX=xX-Y-—Y-xX (mod ID), 


which is easily proved. 





2.2 Universal enveloping algebra of gl(n, R) 


The group G L(n, IR) is a Lie group and there is a standard procedure to pass 
from a Lie group to a Lie algebra. We shall not need this construction because 
the Lie algebra of GL(n, IR) is very simply described. Let gl(n, IR) be the Lie 
algebra of GL(n, IR). Then gl(n, R) is the additive vector space (over IR) of all 
n x n matrices with coefficients in IR with Lie bracket given by 


læ, B]=a-B-B-a 


for all o, B € gl(n, IR), and where - denotes matrix multiplication. We shall 
find an explicit realization of the universal enveloping algebra of gl(n, IR) as an 
algebra of differential operators. We shall consider the space S consisting of 
smooth (infinitely differentiable) functions F : GL(n, IR) — C. 


Definition 2.2.1 Let a € gl(n, IR) and F € S. Then we define a differential 
operator D, acting on F by the rule: 


a a 
DaF(g) :— ar 8 P) xis gi FA Ea) - 
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Remark Recall that exp(ta) = I + bora (ta) /k!, where J denotes the 
identity matrix on gl(n, IR). Since we are differentiating with respect to t and 
then setting t = 0, only the first two terms in the Taylor series for exp(ta) 
matter. 


The differential operator D, satisfies the usual properties of a derivation: 


Da (F(g): G(g)) = Da F (8) - G(g) + F(2)- DaG(g), (product rule), 
DaF (G(g)) = (Da F)(G(g)) - DaG(g), (chain rule), 


for all F, G € S, and g € GL(n, R). 


Example 2.2.2 Let ge 2 F (g) :22a 4- a? +b+d+ d, 
C 
e- (n l). Then we have 


d 
_ 9 a b 1 t _ 9 a at+b 
bra s i Urat 222) 


ð 
zc (2a a! e at Eb ere d E (ere ay] 


à 4- c -3cd?. 








t=0 


t=0 


The differential operators D, with o € gl(n, IR) generate an associative alge- 
bra D" defined over R. Then every element of D" is a linear combination 
(with coefficients in R) of differential operators Dy, o Dg, o +++ o Do, with 
01,02, ..., Œk € gl(n, R), where o denotes multiplication in D", which is 
explicitly given by composition (repeated iteration) of differential operators. 


Proposition 2.2.3 Fix n > 2. Let Dy, Dg € D" with a, B € gl(n, IR). Then 


Dog = Da + Dg, 
Dy, o Dg -—— Dg o Dy, = Dio, p; 


where [a, 8] = a- B — B - a, denotes the Lie bracket in gl(n, R), i.e., - denotes 
matrix multiplication. 


SISS 


function F (g), defined on GL(n, R), can ik thought of as a function of n? 
real variables g; ; with 1 <i € n,1 x j x n. It immediately follows from the 
chain rule for functions of several real variables and Definition 2.2.1 that 


D,F(g) = Y (0 uj co FG. (2.2.4) 


i,j=l 
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Here, (g - æ); ; denotes the i, j entry of the matrix g - o. It immediately follows 
from (2.2.4) that Da+g = D, + Dg. If we now apply Dg to the above expression 
(2.2.4), we see that 


n 


D] ð 
Dgo Da F(g)= Yo o [SY : a Fere pp] 





i,j=l ij 1=0 
Z aF 
= MCI m 
ij=l Sij 
= 3? F 
v (g - Br, p (8 Dij > = 
De, : ! 0gij0gr. y 
Consequently, 
` aF 
(Dg o Da — Dao Dp)F(8) = 5 (8: (B -0 = a Bins 5 — 
i,j=l Lj 
= DipaiF (8), 











which completes the proof of the proposition. 





Proposition 2.2.3 shows that the ring of differential operators D” is a real- 
ization of the universal enveloping algebra of the Lie algebra gl(n, IR). 


Corollary 2.2.5 If D4oDg-—DgoDg for a,B €gl(n,R), then 
Dag = Dga- 


Proof It follows from Proposition 2.2.3 that 





0= D, Oo Dg = Dg o D, = Du-.p—B-a = Da.g — Dg. 











Define 


1 


Proposition 2.2.6 For n> 2, let f:GL(n,R) > C be a smooth function 
which is left invariant by GL(n, Z), and right invariant by the center Z,. Then 
for all D € T", Df is also left invariant by GL(n, Z), right invariant by Z,, 
and right invariant by the element à,. 


Proof It is enough to consider the case when 


D = Da, o Do, © +++ 0 Da, 
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with m > 1, anda; € gl(n, IR) fori = 1,2,..., m. Since f is left invariant by 
GL(n, Z), i.e., f(y - g) = f(g) for all g € GL(n, R), it immediately follows 
from Definition 2.2.1 that 








ð ð 0 
D Eco eye C10 +++ +h Am 
Hrs) Oty Ot» Otm f(vse ) 11 —0,..., tm= 
= ð 9 à 1104 - fg Om 
^ 8t; Oty 5, / (8¢ ) n=0,...,tm=0 
= Df (8). 


Similarly, let 5 € Z,. Then ôg = gô for all g € GL(n, R). It follows, as 
above, that 

















90 ə 0 
D 6) = ——..--- —— 8elii t Hin Om 
fle ) at Ot» 45,7 (8 i ) t=0,...,tm= 
E E eee ee 
LI... q m&m $ 
ðt Ot» Otm f (se ) t4 —0,..., fj = 
— ð à à ty ++ dm 
Sapam ape! ee ) E 
= Df(g). 


Finally, we must show that Df is right invariant by ô. Note that for all 
8 € GL(n, R), 


(DEGI - 8 - 81) + 81) = (Df) - 8) = (Dfe) = DCf(g) 
= D(f (ô - 8:01). 
because à; € O(n, R)N GL(n, Z). Thus, (DfXeı - 81) = D(f(gi)) with 


gı = 6, - g - ô. The proposition follows because the map g —> g; is an iso- 
morphism of 5". 














The associative algebra D" can also be made into a Lie algebra by defining 
a bracket [D, D'] = D o D' — D'o D for all D, D’ e D". There is a useful 
identity given in the next proposition. 


Proposition 2.2.7 Forn > 2, leto, p € gl(n, IR) and D € D". Then 
[D4, Dg o D] = [Ds, Dg] o D + Dg o [Da D]. 
Proof Wehave[D,, Dgo D] = D; o Dg o D — Dg o D o D,.Onthe other 


hand, [Dy, Dg]o D+ Dg o [Dy, D] = (Do o Dg — Dgo Da)o D + Dgo 
(D, o D — D o Da). It is obvious that these expressions are the same. 
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2.3 Thecenter of the universal enveloping algebra 
of gl(n, IR) 


Let n > 2. We now consider the center D” of D". Every D € D” satisfies 
D o D' = D' o D forall D’ e D". 


Proposition 2.3.1 Letn > 2 and let D € D” lie in the center of D". Then D 
is well defined on the space of smooth functions 


f:GL(n, Z)\GL(n, R)/ (O(n, R)Z,) > C, 


DFY -g+k-5) = Df(g), 
for all g € GL(n, R), y € GL(n, Z),6 € Z,, and k € O(n, R). 


Proof Proposition 2.2.6 proves Proposition 2.3.1 for the left action of 
GL(n, Z) and the right action by the center Z,. It only remains to show that 
(Df)(g - k) = Df(g) fork € O(n, R) and g € GL(n, R). 

Fix the function f, the differential operator D € D”,the matrix 
g € GL(n, R), and, in addition, fix a matrix h € gl(n, IR) which satisfies 
h +'h = 0. Given f, D, g, h, we define a function ($5, D,g,n = $) : R — C as 
follows: 


pu) := D( f(g - exp(uh))) — (Df)(g - exp(uh)). 


Clearly $(0) = 0. We will now show that d$ /du = 0, which implies by ele- 
mentary calculus that $(u) is identically zero. The proof that $'(u) = 0 goes as 
follows: 


Heke 38 
ew = zouo] . 


9 
= © (D(F -exptu + D + M) — Of Y(s « exp + 1) - W)))| 


ot t=0 

9 
= a; (D(F expluh) - exp(eh)) — (DF)(g - expluh) -exp(eh)))| 
= (D o Di)(f(g + expluh))) — (Du o D) f X + expluh)) 
= 0, 


because Do D, = Dj, o D. 
It follows, as explained before, that $(u) = 0. Now, the elements exp(uh) 
with h +h = 0 generate O(n, R)* (the elements of the orthogonal group with 
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positive determinant). This is because Det(exp(uh)) > 0 and 
exp(uh) - ‘(exp(uh)) = exp(u(h + ‘h)) = I, 
the identity matrix. Consequently, 
0 = (u) = D( f(g - expuh))) — (Df)(g - exp(uh)) 
= D(f(g)) — (Df)(g - expuh)). 


Thus, Df is invariant on the right by O (n, R)*. On the other hand, we already 
know by Proposition 2.2.6 that Df is invariant on the right by the special 
element 5, of determinant — 1. It follows that Df must be right-invariant by 
the entire orthogonal group O(n, IR). This proves the proposition. 














Wenow show how to explicitly construct certain differential operators (called 
Casimir operators) that lie in 2", the center of the universal enveloping algebra 
ofgl(n, IR). Forl <i <n,1< j x nlet E; j € gl(n, R) denote the matrix with 
a 1 at the i, jth component and zeros elsewhere. Then, computing the bracket 
of two such elements, we easily see that 


[Ej j, Ey j] = Ej. j d Ej. y = Ev, j y Ei j (2.3.2) 
= ôr j E; j — ôi, p Ej j, 
1 ifi=j 


where à;,; = _ às Kronecker's delta function. 
O otherwise, 


Proposition 2.3.3 Letn > 2and E; j (with 1 <i, j < n) be as above. Define 
D; j = De; with Dg,, given by Definition 2.2.1. Then for 2 < m < n, the 
differential operator (Casimir operator) 


n n n 
> X yes y Dii 0 Diigo :: O Dimi 
i=lis=l  im=l 
lies in D”, the center of the universal enveloping algebra of gl(n, R). 


Proof Let 
n n n 
D=} 3 uy Dano Danno = o Dipi: 
ijzli»-l1 im=1 


It is enough to show that [D, s, D] = 0 for all integers 1<r<n,l<s <n. 
We shall give the proof for m = 2. The case of general m follows by induction. 
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It follows from Proposition 2.2.7, (2.3.2) and Proposition 2.2.3 that 


[D;. So D] ay Y (LD;. So Di, i] o Diy, iy + Di, i2 o [D s, Diil) 


y= Iy 1 


= 25 » (b 11,8 D, i, Es ô, i4 Dii, s) o Di, ii + Di, i, © o (ôi,,s Dri, m Sri Dina)) 


i= Lps 


n n 
— J D, i o Di, n J Di, ; o D.i + ) Di, ; o Dri E : D.i, o Di, 
i2=1 ij-l i;-l iIn=1 


= 0. 














Example 2.3.4 (The Casimir operator for gl(2,IR)) We use the notation 
of Proposition 2.3.3 in the case n = 2, and let z = e 2 € GL(2, R). By 


Definition 2.2.1 we have the following explicit differential operators acting on 
smooth functions f :? > C. 


u a y x y x 1 0 
parer z r(( )«G us 9) 














AD 
= yg, FO) 

piafeyi sz r(( We? ale o)) i-o 
-é(( 9). 
= =f) 

som z(e 1 2), 





NH. yctix x 
E M 
— - (C EN )L 


ð 
= yz IO 
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saei ye 0 1)) 
E GG 2) 
-aQ 1) 


0 
= y f). 





t=0 





t=0 





t=0 


Warning Although f:h* > C satisfies f(z-k)= f(z) for all 
k € O(2,R) - Z2, it is not the case that D; jf is well defined on b? for 
1 <i, j x 2. For example, although Dj.» = D»; = yd/0x, it is not true that 
D21 0 Dio = (ya/dx). 

We compute the second order differential operators as follows. 


_ 9 ð yx 14150 1450 
Do DufG 7 a= A (o i) ( 0 J ( 0 1 























t1—0, 520 
M x 14 f 4 f 4 fito D 
B Ot} Ot» 0 1 0 1 11-0, 2=0 
_ aa C fio) 1) 
Oti Ot» 0 1 1120, 55-0 
ð 
= (> s ee ). 
0 1 b 
D D = i 
129 Doi f(z) B = (CQ jJ i i [o 2 pec 
SCR dq uis 
» 5 lc fit 14 —0, n=0 
B IPS yc xti "moe 
i = 1 + filo t;=0, t=0 
y d (niz--n)y 
à a nR) * T n(ndd2ndn) 
~ At Oh 
0 1 t1—0, 15-0 
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| 9 à Jogo eet 
Dio Diae) 7 gs #((} eG JE )) 


_ 0 ə f Dir as X+try ) 
ath ato to 1 


(tti+t2+n )y 
= xU uns f zu Ron xm l 
Oty Oty 0 1 


32 
Syra 





11-0, 155,20 





t1—0, t520 








11-0, 5520 


ð 
D22 0 D22 f(z) = b+» =) f). 


The Casimir operator is then given by 


9? a? 
DiioDii + D120 D21 + D21 0 Dio + D220 D22 = 2y? 3y + 2y? ax 
The following proposition is the basic result in the subject. As pointed out in 


(Borel, 2001), it was first proved by Capelli (1890). 


Proposition 2.3.5 Every differential operator which lies in D” (the center of 
the universal enveloping algebra of gl(n, R)) can be expressed as a polynomial 
(with coefficients in IR) in the Casimir operators defined in Example 2.3.4. 
Furthermore, 3)" is a polynomial algebra of rank n — 1. 


2.4 Eigenfunctions of invariant differential operators 


We would like to construct an eigenfunction of all differential operators 
D € D”, where D” denotes the center of the universal enveloping algebra of 
gl(n, IR). Here gl(n, IR) is the Lie algebra of GL(n, R), i.e., the vector space 
of all n x n matrices with coefficients in IR. We would like the eigenfunction 
f to be a smooth function f:5" — C, where b" = GL(n, R)/(O (n, R) - R*). 
Then, we say f is an eigenfunction of D € D", if there exists a complex number 
Àp such that 


Df(z) 2 Xpf(z) 
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for all z € b". Let z = x - y € b" where 


1 xi» X13 c Xia Y1Y2:7 7 Ya-1 
1 x23 X2.n y1y2:7* Yn-2 
x= . : p Y= ] , 
1 Xn—1,n yı 


with x; j e Rfor1 <i < j < nandy; >Oforl<i<n-1. 

We shall now define the important /,—function, which is a generalization 
of the imaginary part function (raised to a complex power 5) on the classical 
upper half-plane. It will be shown that the /,—function is an eigenfunction 
of D”. 


Definition 2.4.1 Forn 22,s —(51,55,..., $4.1) € C", andz=x- yeh", 
as above, we define the function, I; : 5" — C, by the condition: 


n—ln-l 


1,6): DIT I. 


i=l j=l 
where 
ij ifi+j<n, 
bij = ; e S 
(n—i)ín—]Jj) fitj=n. 


The coefficients b;,; are incorporated into the definition because they make 
later formulae simpler. Note that since 7,(z) is defined on the generalized upper 
half-plane, b", it must satisfy 


H(z:k-a) = 1;(z) 
for all k € O(n, R), a e R*. 


Example 2.4.2 (Eigenfunction for GL(2, IR)) In this example, we may take 
z= ic 3 s € C, and /,(z) = y?. Then, we have shown in Example 2.3.4 
8? a? 
that A = y? | — + — | isa generator of $?. Clearly, 
əx? 3y? 


Al,(z) = s(s — 1s). 
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Proposition 2.4.3 Let n > 2, and let I,(z) be as given in Definition 2.4.1. 
Define Dj. ; = Dg,, where E; j € gl(n, R) is the matrix with a 1 at the i, jth 


component and zeros elsewhere. Then for 1 < i, j € n, and k =1,2,..., we 
have 
p IE aoc) ifi=j 
d otherwise, 


where Dt j = Dijo: o Dij denotes composition of differential operators 
iterated k times. 


Proof Note that the function /,(z) satisfies J;(x - y) = I;(y) for all x, y ofthe 
form 


1 x12 xao Xin yiy2°** Ya-1 
l x23 X2.n y1Y2:** Yn-2 
x= Yo cT , 
1 Xn—l,n yı 
1 1 


with x; j e Rfor1 <i < j < nandy; > Oforl <i <n — 1. It easily follows 
that D; jIs(x - y) = Di jls(y). Ifi < j, then by Definition 2.2.1, we have 





ð 
I) =0 


ð 
Di, jls) = 3: UO + ty $ EnD) = Y1y2** Yni a 
= Lj 


Ifi = j, then 


0 
Di ils(y) = a: UO + ty: ED 


Yn-i LR L(y) 
- (ox yi =i £ RS ) 
= Sn—-i* Iy). 


In a similar manner, 


"EG 
D* I, = — I; 2 tE j,i | = k I, x 
rls) (=) s (y e) ep = aQ 


Ifi > j, then the argument is more complicated. We make use of Proposition 
1.2.8. It follows as before that 





à 
Dij) = Lo d +E), P 


where 7 is the identity matrix. By Proposition 1.2.8, 7 + t E; ; is a matrix with 
either 1, (f? + 1)2 , or (t? + 1)73 on the diagonal. When you take the derivative 
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of any of these with respect to t and then set t = 0 you must get zero as an 
answer. So the only contribution comes from the off diagonal entry t /(t? + 1)2 1 
Consequently 














ð 
Di jO) Yung OD 5 0. 
Jot 


GL{n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


ApplyCasimirOperator GetCasimirOperator IFun. 


3 


Automorphic forms and L-functions for 
SLQ, Z) 


The spectral theory of non-holomorphic automorphic forms formally began 
with Maass (1949). His book (Maass, 1964) has been a source of inspiration 
to many. Some other references for this material are (Hejhal, 1976), (Venkov, 
1981), (Sarnak, 1990), (Terras, 1985), (Iwaniec-Kowalski, 2004). 

Maass gave examples of non-holomorphic forms for congruence subgroups 
of SL(2, Z) and took the very modern viewpoint, originally due to Hecke (1936), 
that automorphicity should be equivalent to the existence of functional equa- 
tions for the associated L-functions. This is the famous converse theorem given 
in Section 3.15, and is a central theme of this entire book. The first converse 
theorem was proved by Hamburger (1921) and states that any Dirichlet series 
satisfying the functional equation of the Riemann zeta function ¢ (s) (and suit- 
able regularity criteria) must actually be a multiple of ¢ (s). 

Hyperbolic Fourier expansions of automorphic forms were first introduced 
in (Neunhóffer, 1973). In (Siegel, 1980), the hyperbolic Fourier expansion of 
GL(2) Eisenstein series is used to obtain the functional equation of certain 
Hecke L-functions of real quadratic fields with Gróssencharakter (Hecke, 1920). 
When this is combined with the converse theorem, it gives explicit examples 
of Maass forms. These ideas are worked out in Sections 3.2 and 3.15. 

Another important theme of this chapter is the theory of Hecke opera- 
tors (Hecke, 1937a,b). We follow the beautiful exposition of Shimura (1971), 
but reduce the key computations to the Hermite and Smith normal forms 
(Cohen, 1993), a method which easily generalizes to SL(n, Z) with n > 2. 
The Hecke operators map automorphic forms to automorphic forms. Hecke 
proved the remarkable theorem that if an automorphic form is an eigenfunction 
of all the Hecke operators then its associated L-function has an Euler product 
expansion. 

Finally, the chapter concludes with the Selberg spectral decomposition 
(Selberg, 1956) which has played such a pivotal role in modern number theory. 
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3.1 Eisenstein series 


"Kc 


be the upper half-plane associated to GL (2, R), i.e., 5? = GL(2, R)/(O(2, R) - 
IR*). It is clear that for s € C and z € h, the function /,(z) = y? is an eigen- 


Let 





x eR, v=o} 


function of the hyperbolic Laplacian A = —y? ( 2 F =), with eigenvalue 


s(1 — s). If R(s) > h, the function /,(z) is neither automorphic for SL(2, Z) 
nor is it square integrable with respect to the GL*(2, IR) invariant measure 
dxdy/ y? (over the standard fundamental domain SL(2, Z)\h given in Exam- 
ple 1.1.9). The fact that A is an invariant differential operator does imply that 


Al;(gz) = s(1— s)I5(gz) (3.1.1) 


for any g € GL* (2, R). An automorphic function for SL(2, Z) is a smooth 
function f : SL(2, Z)5? — C. One way to construct an automorphic function 
for SL(2, Z) which is also an eigenfunction of the Laplacian A is to average 
over the group. Since /,(oz) = 7,(z) for any 


l m 
Seius 


and Igo is an infinite group, it is necessary to factor out by this subgroup. The 
cosets l''5NSL(2, Z) are determined by the bottom row of a representative 


tela) =e aloe v) pisse 


Each relatively prime pair (c, d) determines a coset. 





nez]. 


Definition 3.1.2 Letz € h*, (s) > 1. We define the Eisenstein series: 


I(yz) 1 y 
EG): >), E x. 
oe inus 2 2 E jez + d|” 








Proposition 3.1.3 The Eisenstein series E(z, s) converges absolutely and 
uniformly on compact sets for z € h? and R(s) > 1. It is real analytic in z and 
complex analytic in s. 

In addition, we have the following: 
(1) Lete > 0. Foro = W(s) > 1 +€ > 1, there exists a constant c(€) such that 


|E(z, s) - y' | < c(e)y *, for y z 1. 
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(2) E (£5, s) = EG. s) for all (i 2) € SL, Z). 
(3) AE(z, s) = s(1 — s)E (z, s). 


Proof First of all, for y > 1, we have 


o 


1 
|EG,5)— y'| < ye EU 





(=I © lz4- 2 


(cl 


Since the set {|z + (r/c) - m|| me Z; 1 <r <c, (r, c) = 1) forms a set of 
points spaced by (1/c), we may majorize each term so that 


£x x+ +m|<¢+1 
c 


for some integer £. There are at most $(c) such terms for each £. It follows 
that 





$c) 1 
|E(z, s)-yl|zy x T2 yy 
NIS 4 
S La 2283 y 


£—0 


v F du ) 
2y9? ————— BE 
SOU RUES O dc GaSe 


« ee 





The second statement of Proposition 3.1.3 follows easily from the fact that for 
every y € SLQ, Z), we have y(TS,NSLQ, Z)) = (T5, SL Q, Z)). The third 
statement is an easy consequence of (3.1.1) and the definition of E(z, s). 














We now determine the Fourier expansion of the Eisenstein series. This 
requires some computations involving Ramanujan sums whose definitions and 
theory we briefly review. 


Definition 3.1.4 For fixed integers n, c with c > 1, the Ramanujan sum is 
the exponential sum 


S(n3c) = Y ere, 


rl 
(r,c)=1 
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The Ramanujan sum can be explicitly evaluated using the Moebius function 
u(n) which is defined by the conditions: 


wl) = 1, (3.1.5) 
S uie ifn—l S 
e P ifn >1, s 


or equivalently by the Ps 


c u(n) 
im -2 m 2 


n=1 





Proposition 3.1.7 We have 
Sinz) = Y] tu (5 ): 
£|n,£|c 
and for (s) > 1, 





Y S(n;c) oin) 
fen xb ts) 
where o;(n) = 2 aln d is the divisor function. 


Proof Using the properties (3.1.5), (3.1.6) of the Moebius function, we sift 
out those integers r relatively prime to c as follows: 


Smo =} e S ud) 
r=1 d|c,d|r 


E 


— p» ud) bu erint 


d|c r-l 
r MO d) 


= EO u(d) X e2nints 


d|c 
C 
= -u(d) = tuz). 
PEP à 


2ri” 


q m 
Here, we have use the fact that the sum 7 e^" « is zero unless q |n, in which 


m=1 
case It 1s q. 


For the second part of the proposition, we calculate 


Sn; c) P uim) "ENT 
yeah Fa) = bed LC 


£|n,£|c 








It is easily verified that all the above sums converge absolutely for 
9i(s) > 1. 
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y 


Theorem 3.1.8 Let N(s) > 1 and z = C 


X : : : 
j € h?. The Eisenstein series 


E(z, s) has the Fourier expansion 





EE les g IK 2xinx 
E(z, s) = y! + ó(s)y rar -zs (In|? K, 1 2x |nlyye 
where 

7 T (s — $) ¿Qs — 1) 
NOCET Fae 
a(n) = 3d, 
d|n 
and 


] f? d 
Koes ene Ts. 
0 


Proof First note that 


EREC, 5) = CQ)! +Y Y ——— 


4-0 dez I€2 : dps 


1 =0 
If we let ôn 0 = á and d = mc + r, it follows that 
0 nz0O, 


1 
ts) I E(z, s)e ?"i"* dx 
0 


—2mninx 


= ¢(2s)y* n,o + x 5 sf dx 


r=1 meZ 4 aT 


Idm 


cena 
= £(2s)y"dy,0 + x yey ‘ie Pe i 


r=1 meZ 


—2mninx 


E £ 2ninr y'e 
= tOs)ylyo- Y e Yo et / P RUN I 
DFDE | Gy 
2*5) 


Since 


m c|n 
x 2 c Jn, 
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it is clear that 


—2ninxy 


1 oo 
, e 
2 E(z, s)e ?"""* dx = t (2s)y ôn 0 + 61 (y? / ——— dx, 
&( »[ (z, s) x & )y 0 1-251) (x2 1) 


with the understanding that o,_2,(0) = ¢(1 — 2s). The proof of the theorem 


now immediately follows from the well-known Fourier transform: 


ER: 
ri e Tixy Jr if y= 0, 





" (3.1.9) 


— d 
2 S s s-i 
"er PESK, Orly) ify £0. 


We may — prove (3.1.9) as follows. 


gone e" 2zixy du 
"9 Gre Dé EN Lr 
—oo 
d 
N e "uw “ef e ? op 2mixy dx — u 
0 —oo u 
9o z2y) 1 du 
= «| e" «quw 3 —, 
0 u 


is its own Fourier transform. 








=r x? 








since e 





Theorem 3.1.10 Letz € b? and s € C with R(s) > 1. The Eisenstein series 
E(z, s) and the function $(s) appearing in the constant term of the Fourier 
expansion of E (z, s) can be continued to meromorphic functions on C satisfying 
the functional equations: 


(1) $) -s)= l; 
(2) E(z,s)= ġ(s)E(z, 1— s). 


The modified function E*(z,s) — n 5L(s)tQs)E(z,s) is regular except 
for simple poles at s -— 0,1 and satisfies the functional equation 
E*(z, s) = E*(z, 1 — s). Furthermore the residue of the pole at s = 1 is given 
by 


Res E(z, s) = — 


for all z € &?. 


3.2 Hyperbolic Fourier expansion of Eisenstein series 
In this section we use the classical upper half-plane model for h*. Thus 
z —x-iy with y > 0, x € R, and the action of (i 2 € SL(2, R) onz 
is given by (az + b)/(cz + d). 


60 Automorphic forms and L-functions for SL(2, Z) 


ó 
matrix is termed hyperbolic. Set D — (o -- 8)? — 4. Then, a point w € C is 
termed fixed under p if (aw + 8)/(y w + ô) = w. It is easily seen that p has 
exactly two real fixed points 


a—8-- A/D ; ao—8—4/D 
=n, o = — 


2y 2y 
1 


—ow be € ; 
i a) Then kok | = ( E is a diagonal 


matrix with action on z € b? given by e?z. Since conjugation preserves the trace, 
we see that € + €^! = a + ô. Consequently, € = yw’ + ô = (a+ 8 — /D)/2 
is a unit in the quadratic field Q(/D). We shall assume that it is a fundamental 
unit, i.e., every unit in Q(V D) is, up to +1, an integral power of € > 0. The 
Eisenstein series E(k ^ !z, s) is invariant under z — €7z. This is because 


Let o — E d € SLQ, Z) with trace |o + ô| > 2 and y > 0. Such a 


Now, define k = ( 





E(«~!z, s) = E(pk-lz, s) = E(k! (e?z), s). 
Therefore, on the positive imaginary axis (i.e., choosing z = iv), the Eisenstein 


series (2s) - E(«~!z, s) (for (s) > 1) has a Fourier expansion 


t(s) - Ee Gv), s) = Y b.) vr, (3.2.1) 


nez 


with 





bye oe zx dv 
Wi ecc. Í TOPE iv), s) v fe 
2loge Jı v 


A direct computation shows that 





25)- E" dv) s) = a ; 
eee UD 2 ((co’ + dv? + (cw + d)" 
{c,d} A{0,0} 


The reason for multiplying by ¢ (2s) on the left is to have the sum go over all 
c,d € Z({c, d)  {0, 0}) and not just coprime pairs of c, d. Thus, 


e. 


— zin $ 
loge v S - gi dv 
——— U loge 
v?+1 v’ 
p! 


B 


v». 


p 


p! 








(0 — y E 
by(s)= rA 2. N(B) 








where the sum goes over all non-zero B = cw + d, f! = co! +d with c,d 
€ Z and {c,d} Æ {0, 0}. These elements £ lie in an ideal b where w — c 
= N(b) A/D, and where N denotes the norm from Q(4/D) to Q. The above 
integral can be further simplified by using an idea of Hecke. For an algebraic 
integer B € Q(V/D), let (8) denote the principal ideal generated by B. Two 
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integers 61, £5 € Q(/D) satisfy (81) = (£85) if and only if 6; = €" 85 for some 
integer m. Consequently 









































(N(6)/D)° _ |B | Be 
ins) = DNB [s 
OSE q(5)40 B 
ENT d 
F TW dv 
v _ ain 
nee loge 
| (N(6)VD)° aee Chee 
^  2loge 2, Nib) Bp’ 
EE — (50 
comen B^ 
í 7 : dv 
v zin 
x »3» ( 2 ) U lose 
v^4-1 v 
MEL an D 
zi oo 2 
_ (NC) Dy Y? v^ p E v ) wee dv 
2loge — 050 p' v+1 
su ste 
Es ? )r( ) (N (b / Dy 
7 r(s) 2loge 
x ve E N(By^. 
eio | P 








For a principal ideal (8) of Q(./D), we define the Hecke gróssencharakter 





v((B) = B ; 
and for an ideal b, we define the the Hecke L-function 
Las, y= M gp o A (3.22) 








6|(B)40 


It now immediately follows from (3.2.1) that 


s . zin ES zin 
E*(« (iv), s)— (NV D) p» r ( =) r ( =) 


2m loge 47 2 2 











x Ly(s, Y”) vee, (3.2.3) 
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where E*(z, s) =m ^L (s)c(2s)E(, s) = E*(z, 1 — s). The expansion (3.2.3) 
is termed the hyperbolic Fourier expansion of the Eisenstein series. An imme- 
diate consequence of this expansion is the following proposition. 


Proposition 3.2.4 Let K = Q(/D) bea real quadratic field with ring of inte- 
gers O(K). For an ideal b in O(K), let Ly (s, V") denote the Hecke L-function 
with gróssencharakter given in (3.2.2). Then Lẹ (s, Y”) has a meromorphic 
continuation to all s with at most a simple pole at s — 1, and satisfies the 
functional equation 


NQ)VDY . (5 — ise V. [St tese 
sie (222) rf Ey FY uem 


= A1 — s). 














3.3 Maass forms 


We shall study the vector space £L?(SL(2, Z)N5?) (defined over C) which 
is the completion of the subspace consisting of all smooth functions 
f : SLQ, Z)\b* — C satisfying the £? condition 
dxdy 
z < œ 
y 





FOP 
SL(2,Z)\b? 
The space £?(SL(2, Z)\b7) is actually a Hilbert space with inner product given 
by 
dxdy 
y? 





vam ff rexo 
SLQ,Z)N? 
for all f, g € C'(SLQ, Z)N5?). This inner product was first introduced by 
Petersson. 


Definition 3.3.1 Let v € C. A Maass form of type v for SL(2, Z) is a non- 
zero function f € C'(SLQ, Z)\b*) which satisfies: 

e f(yz)=f(), forally € SLQ,Z), z = b T ) e 5^; 

* Af 2v —-»f; 

e fo f (dx — 0. 

Proposition 3.3.2 Let f bea Maass form of type v for SL(2, Z). Then v(1 — v) 
is real and > 0. 


Proof The proof is based on the fact that the eigenvalues of a symmetric 
operator on a Hilbert space are real. We have by Green's theorem (integration 
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by parts) that 
vl — vf, f) — (Af, f) 
3? a? —— 

=e a (È J Z) ro) -FO dsdy 
SL(2,Z)\b2 

Ü af 2 af 2 

= Ii (2 4 Joe 
SL(2,Z)\2 


The positivity of (f, f) and the inner integral above implies that v(1 — v) is 
real and non-negative. 














Proposition 3.3.3 | A Maass form of type 0 or 1 for SL(2, Z) must be a constant 
function. 


Proof Let f be a Maass form of type O or 1. Then f(z) is a harmonic 
function because Af = 0. Furthermore, since f is a Maass form it is bounded 
as §(z) — oo. The only harmonic functions on SL(2, Z)\b? which are bounded 
at infinity are the constant functions. 














3.4 Whittaker expansions and multiplicity one for 
GL(Q, R) 
Let f be a Maass form of type v for SL(2, Z), as in Definition 3.3.1. Since the 
element i ) is in SL(2, Z) it follows that a Maass form f(z) satisfies 


y x _ 1 1 y x _ y xt 
(Ge en YG De 1) 
Thus f(z) is a periodic function of x and must have a Fourier expansion of type 
fG) = 9 Anoe”. (34.1) 
meZ 
Define W,,(z) = Ay Oyen, Then W,,(z) satisfies the following two 


conditions: 


AW (Z) = v(1 = v)W,(z), 


l u REN 2ximu 
Win (5 J z) = W,(z)e ; 


We call such a function a Whittaker function of type v associated to the additive 
character e?*/"* , Recall that an additive character y : R — U , where U denotes 
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the unit circle, is characterized by the fact that w(x + x’) = v(x)v (x^), for all 
x, x' € R. Formally, we have the following definition. 


Definition 3.4.2 A Whittaker function of type v associated to an additive 
character y :ÀR— U is a smooth non-zero function W : b? — C which 
satisfies the following two conditions: 


AW (z) = v(1 — v)W (z), 
lu 
W C 3 2) = W(z)W(u). 


Remark 3.4.3 A Whittaker function W (z), of type v and character y, can 
always be written in the form 


W(z) = Ayo): VG) 


where A,,(y) is a function of y only. This is because the function W (z)/ y(x) is 
invariant under translations x — x + u for any u € R and, hence, must be the 
constant function for any fixed y. 


Whittaker functions can be constructed explicitly. We know that the func- 
tion /,(z) = y" satisfies AJ,(z) = v(1 — v)I,(z), which is the first condition a 
Whittaker function must satisfy. In order to impose the second condition, we 
need the following simple lemma. 


Lemma 3.4.4 Leth : R — C bea smooth L! function. Let w be an additive 
character of R. Then the function H (x) :— JS h(uı + x)y(—u;) du, satisfies 


H(u + x) = pw) 
forallu € R. 


Proof Just make the change of variables u; + u — u; in the integral for 
H (u +x). 














Now, Al,(yz) = v(1 — v), (yz) for any y € GL(2,IR) because A is an 
invariant differential operator. It follows from this and Lemma 3.4.4 that the 
function 


we ni f n(( ED y) a) vodu 


oo y i 
- f) w(—u) du 


v 


Te um 
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must be a Whittaker function of type v associated to y. Actually, we may use 
-1 
any matrix in GL*(2, R) instead of i I in the integral on the right-hand 


side of (3.4.5). All that is required is that the integral converges absolutely, 
which happens in our case provided 3i(v) > i 

The GL(2) theory of Whittaker functions is considerably simplified because 
the one Whittaker function which we can construct, W (z, v, yr), can be evaluated 
exactly in terms of classical Bessel functions. Unfortunately, we are not able to 
obtain such explicit realizations for Whittaker functions on GL(n) if n > 3, and 
this will lead to considerable complications in the development of the theory in 
the higher-rank case. 


Proposition 3.4.6 | Let ,,(u) = e?'"" , and let W (z, v, Wm) be the Whittaker 
function (3.4.5). Then we have 


1 
Gump ? 


Wz, voa) = V2 RI 27y K, iQnIm|y) - 7", 
where 
if d 
oe; [ ore & 
0 


is the classical K -Bessel function. 
Proof It follows from Remark 3.4.3 and (3.4.5) that 


WG, v, Ym) = W(y, v, Ym) er 


where 


oo 


W(y, V, w= f (>) e ^im du 


—o0o0 


oo ur 
eg Tiuym 


l-v 
= du. 
7 a 4 by ^" 


—oo 


Note that we made the transformation u +> y - u to identify the above integrals. 
The result now follows from (3.1.9). 
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Definition 3.4.7 Let f : 5? — C be a smooth function. We say that f is of 
polynomial growth at oo if for fixed x € R and z — f t € B?, we have 
f(z) is bounded by a fixed polynomial in y as y > oo. We say f is of rapid 
decay if for any fixed N > 1, |y" f(z)) > Oas y > oo. Similarly, we say f is 
of rapid growth if for any fixed N > 1, |y" f(z)) > œ as y > oo. 


We will now state and prove the multiplicity one theorem for Whittaker 
functions on GL(2, IR). This theorem is a cornerstone of the entire theory 
and provides the basis for the Fourier-Whittaker expansions given in the next 
section. 


Theorem 3.4.8 (Multiplicity one) Let W(z) be an SL(2, Z)-Whittaker 
function of type v + 0,1, associated to an additive character wy, which has 
rapid decay at oo. Then 


V(z) = aW(z, v, Y) 
for some a € C with W (z, v, Y) given by (3.4.5). If = 1 is trivial, thena = 0. 


Proof Let W(z) = W(y)y (x) be a Whittaker function of type v associated to 
V. We may assume that w(x) = e?" i"* for some m € Z, because every additive 
character is of this form. It follows from Definition 3.4.2 that the differential 
equation 


x a? 9? T md 
2mimx\ __ 2 2ximxX __ 2ximx 
A(U(y)e^"!n = —y (zz t Z) (Ye) = vl — v)w(y)e 
implies that Y (y) satisfies the differential equation 
ï= 
w"(y) — (aw - S) W(y) — 0. (3.4.9) 
y 


By the classical theory of differential equations, (3.4.9) will have exactly two 
linearly independent solutions over C. 

If y = lis trivial, then m = 0. Assume v Æ L. Then there are precisely two 
solutions, to the above differential equation, namely: y", y^". Thus 


W(y) = ay" + by" 


for certain complex constants a,b. The assumption that W(y) is of 
rapid decay imples that a = b = 0. Similarly, if m — 0 and v= P then 
VO) = ay? + by? log y and a = b — 0 as before. 

If v(1 — v) = 0, then the equation becomes V"(y) = 4z?m^W(y), which 
has the general solution Y(y) = ae-?""* + be?™™™ for complex constants 


a, b € C, but this case does not come up in our theorem. 
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For v(1 — v) Z0, m z 0, the differential equation (3.4.9) has pre- 
cisely two smooth solutions (see (Whittaker and Watson, 1935)), namely: 


A/ 2n |m|y - K, 1 |m|y), A/2n |m|y - IL, 1Qz [m|y), where 
ye 


oo 1 
bs y cy 


A kT +v +1) 


and 





m Ia(y)— hO) = 1 f gre) t" gr 
0 


K,(y) = 
o) 2 sin mv 2 t 


are classical Bessel functions which have the following asymptotic behavior: 


1 
lim /¥ I)e? = ——, 
Jim. VY IG NY 


T 
lim Koe = | =. 
Jim VIKO eq 
The assumption that Y(y) has polynomial growth at oo forces 


VO) -avV2x|mly- K, 1QzImly), — (ae C) 











which gives us multiplicity one. 





3.5 Fourier-Whittaker expansions on GL(2, R) 


We shall now show that every non-constant Maass form for SL(2, Z) can be 
expressed as an infinite sum of Whittaker functions of type (3.4.5). 


Proposition 3.5.1 Let f be anon—constant Maass form of type v for SL(2, Z). 
Then for z € b? we have the Whittaker expansion 


E 2zinx 
fG) 2 Ma 2xy- K, 4QxInly)- e 
nz 
for complex coefficients an (n € Z). 


Proof Recall (3.4.1) which says that the fact that f(z) is periodic in x implies 
that f has a Fourier expansion of type 


fa = a AGE T 


nez 


Since Af = v(1 — v)f it follows that 


ACA, eT) = v(1— v) A, Qe?" 
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Consequently, A,(y)e?""* must be a Whittaker function of type v associ- 
ated to e?"'"*, The assumption that f is not the constant function implies, by 
Proposition 3.3.3, that v Æ 0, 1. Since a Maass form f is an £? function, i.e., 


dxdy 
z < œ 
y 





FOP 
SL(2,Z)\b? 
it easily follows that A„(y)e?™™!”* must have polynomial growth at oo. The proof 


of Proposition 3.5.1 is now an immediate consequence of the multiplicity one 
Theorem 3.4.8. 














3.6 Ramanujan-Petersson conjecture 


Ramanujan had great interest in the Fourier coefficients of the A function, 
which is defined by the product 


A(z) = e? Ta — e2tinzy 2d _ 5 r(nje 
n=1 n-l 
for z =x + iy with x € R, y > 0. One may easily compute that 
tT) = 1, c(2) = —24, 1(3) = 252, t(4) = —1472, t(5) = 4830, 
T(6) = —6048, 1(7) = —16744, t(8) = 84480, ... 
and Ramanujan conjectured that 
t(n) < n? d(n) 


forall n = 1,2,3,... The A function is a cusp form of weight 12 for SL (2, Z). 
This means that 





az+b e 12 
a(S) + A(z) 


for all o : € SL(2, Z). Petersson generalized Ramanujan's conjecture to 
č 


holomorphic cusp forms f of weight k which satisfy 


az+b\ | k 
(=) = (cz dY fG) 





for all e jj € SL(2, Z). Petersson conjectured that the nth Fourier coef- 
c 


ficient of a weight k cusp form is bounded by O (n^ 9? d(n)) . This explains 
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the H in Ramanujan's conjecture. We remark that Petersson's conjecture has 
been proved by Deligne for all holomorphic cusp forms (of even integral weight) 
associated to congruence subgroups of $L (2, Z). Deligne’s proof is based on the 
very deep fact that the coefficients of holomorphic cusp forms can be expressed 
in terms of the number of points on certain varieties defined over certain finite 
fields, and that optimal error terms for the number of points on a variety over a 
finite field are a consequence of the Riemann hypothesis (proved by Deligne) 
for such varieties. 

Non-constant Maass forms for SL(2,Z) can be thought of as non- 
holomorphic automorphic functions of weight zero. One might be tempted, 
by analogy with the classical theory of holomorphic modular forms, to make 
a Petersson type conjecture about the growth of the Fourier coefficients in the 
Fourier-Whittaker expansion in Proposition 3.5.1. Remarkably, all evidence 
points to the truth of such a conjecture. 

We have shown in Proposition 3.5.1 that every non-constant SL(2, Z)- 
Maass form of type v has a Fourier expansion of type 


£2) = any. K,_1(2|nly)- e", (3.6.1) 
nz 
We now state the famous Ramanujan-Petersson conjecture for Maass forms. 
Conjecture — 3.6.2 (Ramanujan-Petersson) The | Fourier-Whittaker 


coefficients a, (n € Z, n #0), occurring in the expansion (3.6.1), satisfy the 
growth condition 


lan| = O (d(n) 


where d(n) = Y aj, | denotes the number of divisors of n, and the O—constant 
depends only on the Petersson norm of f. 


It is not hard to show that the nth Fourier-Whittaker coefficient of a non— 
constant Maass form for SL(2, Z) is bounded by ./|”|. 


Proposition 3.6.3 Let f(z) be a non-constant Maass form of type v for 
SL(2, Z), normalized to have Petersson norm equal to 1, i.e., 


f= I f ap T = i 


SL(2,Z)\b? 


Then the Fourier-Whittaker coefficients a, (n € Z, n #0), occurring in the 
expansion (3.6.1), satisfy the growth condition 


la,| = O, (Inl). 
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Proof It follows from Proposition 3.5.1 that for any fixed Y > 0, and any 
fixed n Æ 0, 


Pu dxdy De dy 
2 = 2 2 
Í Í OP = 22x 3 asl | IK, 167] y 


y my 27 |m|Y 


oo 
d 
» «P f IK, 0) x (3.6.4) 
2; 


7 |n|Y 


Now, it is a simple consequence of Lemma 1.1.6 that 


gt d dxd 
f [ vor S2 2o yot I Lf c — = OY). 
y JO y y 

SL(2,Z)\b2 








If we now choose Y = |n|~! and combine this estimate with (3.6.4) the propo- 
sition immediately follows. 














3.7 Selberg eigenvalue conjecture 


A non-constant Maass form f of type v for SL(2, Z) satisfies the partial dif- 
ferential equation Af(z) = v(1 — v) f(z). It is, therefore, an eigenfunction of 
the Laplace operator A with eigenvalue A = v(1 — v). It follows from Propo- 
sitions 3.3.2, 3.3.3 that A > 0. The question arises as to how small à can be? 
Selberg proved that A > i for SL(2, Z), and conjectured that the smallest eigen- 
value is greater or equal to 1 for Maass forms associated to any congruence 
subgroup of SL(2, Z). Recall that a congruence subgroup F of SL(2, Z) is 
a subgroup which contains the so-called principal congruence subgroup of 
level N: 


ra» - [( h) esre D| 6 = (4 J (moa v}, 


for some integer N > 1. A Maass form of type v for I is a smooth non-zero 
function f : 5? — C which is automorphic for I, i.e., f (yz) = f(z) for all 
y €T, z € b?, is square integrable on a fundamental domain l'V5?, all constant 
terms in Fourier expansions at cusps (which are rational numbers or oo) vanish, 
and satisfies Af = v(1 — v)f. 


Conjecture 3.7.1 (Selberg) Let f bea Maass form of type v for a congruence 


subgroup T C SL(2, Z). Then v(1 — v) > 1. or equivalently, R(v) = 5. 
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We shall now prove this conjecture for SL(2, Z) with a much better lower 
bound than 1 . It should be remarked that the eigenvalue 7 z can occur for con- 
gruence SUBE RASS (see (3.15.1)). 


Theorem 3.7.2 (M-F Vigneras) Let f be a Maass form of type v for 
SL(, Z). Then v(1 — v) > 37? /2. 


Proof Let D=SL(2, Z)\b? be the standard fundamental domain (see 
Example 1.1.9) for the action of SL(2, Z) on b?. We also let D* denote the 
transform by z — —1/z of D. Now, f is a Maass form of type v with Fourier- 
Whittaker expansion given by (3.6.1): 


no a 2ny - K, 1QnIn|y)- QUU. 
nz 


Set à = v(1 — v). Then we calculate 


























——. dxd ar |? 
apt = [faro ToT? = JF (EEG Je xdy 
» Ox ay 
DUD* DUD* 
af |? ? 5 aep 
E 3 ax| PP m Sž dxdy 
DUD* a4 


oo 

[Solan ante |y kc enr ay 
B nz 

2 


1 


3 ff dxd 
af [roe Z a 
v3 


IV 
AI 


QI 


> Uf). 


Hence, it follows that A > 3z? /2. 














3.8 Finite dimensionality of the eigenspaces 


Let G,, denote subspace of all f € Z^(SL(2, Z) 5?) which are Maass forms of 
type v with A = v(1 — v). 


Theorem 3.8.1 (Maass) For any à > 0, the space ©, is finite dimensional. 


Remark We already know that the space Go is one-dimensional and just 
contains the constant functions. 
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Proof  ByProposition3.5.1, every f € ©, hasaFourier-Whittaker expansion 
of type 


fG)- Xa, 27y - K, @r|n|y): popa* (3.8.2) 
nz 


with A = v(1 — v). If the dimension of G, were infinite, it would be possible, 
for every integer no > 1, to construct a non-zero finite linear combination of 
Maass forms of type v which had a Fourier—Whittaker expansion of the form 
(3.8.2) where a, = 0 for all |n| < no. To complete the proof of Theorem 3.8.1 
it is enough to prove the following lemma. 














Lemma 3.8.3 Assume that the function 


f= Vo an /2rry - K,_1 2x|nlye"™ 


|n|>no 


is a Maass form of type v for SL(2, Z). Then, if no is sufficiently large, it follows 
that f(z) = 0 for all z € &?. 


Proof | Without loss of generality, we may assume that the Petersson norm 
(f, f) = 1. We have 





T 
ie l low 
SEN, 
2 
2xinx dxdy 
ipa 2ny-K, rja ype] — 
In|7 no a 
V3 od 
2 
oo 
2 dy 
22 Jie n| 27y: K,_1(2x|nly)| EU 
In|»0 AB 
2 
oo d 
2ay 
«Y fie anl? |K,_s2|nly)| P (3.8.4) 
|n|>no 8 


We now make use of Proposition 3.6.3 which says that a, is bounded by ./|n]. 
We also make use of the well-known asymptotic formula 


lim J¥ Ke! = V 


for the K —Bessel function. It immediately follows from these remarks and 
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(3.8.4) that 


l« ye fim. etn E ok » Inje~2V3z I" « e no, 


niet 5 Inn 











which is a contradition for no sufficiently large. 





3.9 Even and odd Maass forms 


We introduce the operator T_; which maps Maass forms to Maass forms. It is 
defined as follows. Let f be a Maass form of type v for SL(2, Z). Then we 


ral ert c) 


The notation T. , is used at this stage to conform to standard notation for Hecke 
operators which will be defined later in this book. Note that (T. .;)? is the identity 
transformation, so that the eigenvalues of T_; can only be +1. 

Since the Laplace operator A = —y?((82/8x?) + (92/8y?)) is invariant 
under the transformation x > —x, it is easy to see that T. , maps Maass forms 
of type v to Maass forms of type v. 





Definition 3.9.1 A Maass form f of type v for SL(2, Z) is said to be even if 
T_1f = f. Itis said to be odd if T , f = — f. 


Proposition 3.9.2 Let f bea Maass form of type v for SL(2, Z) with Fourier- 
Whittaker expansion 


fG) = $ a(n)/2ry - K, Qalay) e, 
nz 


as in Proposition 3.5.1. Then a(n) — a(—n) if f is an even Maass form and 
a(n) — —a(—n) if f is an odd Maass form. 


Proof We have 
a(n)y2ny - K, 1QnIn|ly) = f foa 


a(-nyy2xy - K, 1Qz|nly) = f foe ax 


= T (T.i f (2e 77" dx, 
0 











after making the transformation x — —.x. The result immediately follows. 
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Finally, we remark that if f is an arbitrary Maass form of type v for SL (2, Z), 
then 


1 : 1 
f@= 5Lf@+ Taf] + 3L 0 -Ta f] 


where 5 [FO + T. 4f(z)] is an even Maass form and 5 [f@ — T. 5f(z)] is 
an odd Maass form. 


3.10 Hecke operators 


We shall first define Hecke operators in a quite general setting, and then return 
to the specific case of £? (SLQ, Z)\b*). 

Let G be a group which acts continuously on a topological space X as in 
Definition 1.1.1. Let I C G be a discrete subgroup of G as in Definition 1.1.4. 
Assume the quotient space I'VX has a left l -invariant measure dx and define 
the C-vector space: 


L(r\X)= |; :T\X >C | / | f(x)? dx < co}. (3.10.1) 
TAX 


The commensurator of I’, denoted Cc (I), defined by 


Cg (D) := {g EG | (g !Tg) NT has finite index in both T and g rg] 7 
(3.10.2) 


is of fundamental importance in the theory of Hecke operators. Here, for exam- 
ple, g^! l'g denotes the set of all elements of the form g^! yg with y € T and we 
have identities of type I - I = T. This notation and its obvious generalizations 
are used in all that follows. 

For every fixed g € Ca (I), the group T can be expressed as a disjoint union 
of right cosets 


a 


De eH (eas oan (3.10.3) 
i=1 


where d is the index of (g~'Tg)NT in T. Note also that (3.10.3) may be 
rewritten as g !l'gT' = LJ; g ! P9; which is equivalent to 


d 
Pel = |] rg8;. (3.10.4) 


i-l 
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Definition 3.10.5 (Hecke operators) Let a group G act continuously on 
a topological space X and let I’ be a discrete subgroup of G as in Defini- 
tion 1.1.4. Foreachg € CG(T),with CG() given by (3.10.2), we define a Hecke 
operator 


T; : L T\X) > LTX) 


by the formula 
d 
TFD = J f (abis), 
i=1 


for all f € C(TAX), x € X and &, (i = 1,2,...,d) given by (3.10.4). 


In order for T, to be well defined, we just need to check that 
T,Cf) € L? (T\X). Now, for every y € T, 


d 
Tf (yx) = D> f(gdiyx). 
i=l 
But ó;y = jôc) for some permutation c of {1,2,...,d} and some 
8; € (g | l'g) NT. Also, note that gd;y = g9/05( = 97 gós( for some other 
6” € T. It follows that 


d d 
T, (f (yx) = Y f (8 28s ox) = Y f(g8ix) = T GG). 
i=l i=l 
so T, is well defined. 

We also consider for any integer m, the multiple mT,, which acts on 
fe L?T\X) by the canonical formula (mT) f (x)) = m - T,Cf (x)). In this 


manner, one constructs the Hecke ring of all formal sums ` m;T,, with 
keZ 
my € Z. 


We now define a way of multiplying Hecke operators so that the product 
of two Hecke operators is a sum of other Hecke operators. For g, h € C(I), 
consider the coset decompositions 


Tel = U Ta;, TAT = U T£;, (3.10.6) 
i Jj 


as in (3.10.4). Then 


Tgr) CAD = Tere =| rege [I we Dp Tar. 
J ij 


TwcrgrAr Twr crglhr 
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One may then define, for g, h € Cc; (T), the product of the Hecke operators, 
T,T,, by the formula 
TeTn= M mg hw). (3.10.7) 
Tur c rgPAr 
where m(g, h, w) denotes the number of i, j such that Ta; 8; = Fw with oj, Bj 
given by (3.10.6). One checks that this multiplication law is associative. 


Definition 3.10.8 (The Hecke ring) Let a group G act continuously on a 
topological space X and let be a discrete subgroup of G as in Definition 1.1.4. 
Fix any semigroup A such that T C ^ C Cg(T). The Hecke ring Rra is 
defined to be the set of all formal sums 


» Ck Ts, 
k 


withcy € Z, gk € A. The multiplication law in this ring is induced from (3.10.7). 


Definition 3.10.9 (Antiautomorphism) By an antiautomorphism of a 
group G we mean a map g — g* (for g € G) satisfying (gh)* = h*g* for 
all g, h EG. 


The following theorem is of supreme importance in the theory of auto- 
morphic forms. It is the key to understanding Euler products in the theory of 
L-functions. 


Theorem 3.10.10 (Commutativity of the Hecke ring) Let pA be the 
Hecke ring as in Definition 3.10.8. If there exists an antiautomorphism g — g* 
of Ca (T) such that U* = F and (TCgD)* = UT for every g € A, then Rr,{ is 
a commutative ring. 


Proof Let g € A. Since (UgD)* = Tgr, it immediately follows that if we 
decompose l'gT' into either left or right cosets of I’, then the number of left 
cosets must be the same as the number of right cosets. Let ræ C l'aI' be aright 
coset and let 8T' C Tgr bea left coset. Then œ € gl = Ppl. Consequently 
o = yy! with y, y' € T. Then y^!o = By’ must be both a left and right coset 
representative. It easily follows that there exists a common set of representatives 


{a;} such that 
Pel 2 [ Jro; =| Jor. 
Similarly, for any other h € A, we have 
rar =|] rg; 2L J8jr 
J J 


for some set of common representatives {A ;}. 
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Now, by our assumptions about the antiautomorphism * we immedi- 
ately see that (C'gD)* = 'g*T and (TAT)* = PA*F. We also know that 
DglAT = UJ, Pwl which implies that (P?PAD)* = T grAr. It follows that 


(PAD) - (Ugh) = (CHT) - Cg*T) = ('gPAD)* = |J Tur. 


This tells us that 
To- Th = X my Tur, 
w 
Ta- To = X m, Tur, 
w 
with the same components w but with possibly different integers my, m’,,. To 
complete the proof, we must prove that m,, = m;,. But 


#{i, j | Po; Bj T 2 rwr] 


»=#{i,j | Tei; S Tw] = 
eet) ete ee #{u e TwT/T | Fu c rur] 





Similarly, 
Q0  #{i, j | Teer 2 rwr) 


"w= gfu erwr/r | Tu c rwr] 





It only remains to show that 
#{i, j |Top) 2 rwr] 2 #{i, j | PBjo; 2 rwr]. (3.10.11) 


Now Tgr =("gl)*=UTa* and PAP = (TADY =U Pp; =U Bil. 
Therefore, we have 


Tgr): (TAT) = |_] raž pr. 
ij 


So (3.10.11) will follow if 
& [i j | To? 8jT 2 Twr] = #{i, j | TBjo;D 2 TwT]. (3.10.12) 


Clearly, (3.10.12) holds, as one easily sees by applying the antiautomor- 
phism x. 














3.11 Hermite and Smith normal forms 


We have seen in the previous Section 3.10 that Hecke operators are defined by 
expressing a double coset as a union of right cosets. In the classical literature, if 
two matrices are in the same right coset then they are said to be right equivalent, 
while if they are in the same double coset, then they are said to be equivalent. 
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Hermite found a canonical or normal form for right or left equivalent matrices 
while Smith found a normal form for equivalent matrices. The Hermite and 
Smith normal forms play such an important role in Hecke theory that we have 
decided to give a self-contained exposition at this point. 


Theorem 3.11.1 (Hermite normal form) For n > 2, let A be annxn 
matrix with integer coefficients and Det(A) > 0. Then there exists a unique 
upper triangular matrix B € GL(n, Z) which is left equivalent to A, (i.e., 
B=yAwith y € SL(n, Z)) such that the diagonal entries of B are positive 
and each element above the main diagonal lies in a prescribed complete set of 
residues modulo the diagonal element below it. 


Note that B takes the form: 


di 0251 O31 +++ GO) Ant 
dy 032 +++ Uria — 052 
di / 5 An-13 On 3 


da Qn n—-1 


where each a, ; satisfies 0 < o, ; < dy. 


Proof We first prove that every matrix in GL(n, Z), with n > 1, is left equiva- 
lent to an upper triangular matrix. The result is obvious if n — 1. We proceed by 
induction on n. Let '(a1, a5, ..., an) denote the first column of A. Either every 
a; = 0, (i = 1,2,..., n) or some element is non-zero. Suppose the latter and set 
ô Æ 0 to be the greatest common divisor of the elements a;, (i = 1,2,..., n). 
Then there exist coprime integers y1, y», ... , y, such that 3 aiyi = ô. Thus, 


i=1 


there exists a matrix y’ € SL(n, Z) with first row (y1, yo, ..., Yn) such that the 
matrix y’A has 6 in the (1, 1) position and all the remaining elements of the 
first column are multiples of ô. By successively multiplying y’A on the left by 
matrices which have 1s on the diagonal, zeros everywhere else except for one 
element in the first row one may easily show that there exists y € SL(n, Z) 
such that y A takes the form 


oom 
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where A’ isan (n — 1) x (n — 1) matrix. By induction, we may bring A’ to upper 


1 
triangular form by left multiplication by ( ) with M € SL(n — 1, Z). 


M 
This proves that A is left equivalent to an upper triangular matrix T. It is clear 
that we can make the diagonal elements of T positive by multiplying on the 
left by a suitable diagonal matrix with entries +1. Let T" denote this upper 
triangular matrix with positive diagonal entries. 

In order to make each element of T’ above the main diagonal lie in a pre- 
scribed complete set of residues modulo the diagonal element which lies below 
it, we repeatedly multiply T” on the left by matrices of the form J + mj j Ej ; 
(with suitable integers m; j) where 7 is the n x n identity matrix and E; j is the 
n x n matrix with zeros everywhere except at the (i, j) position where there is 
a 1. For example, if t; j is the (j, i) entry of T’ and d; is the ith diagonal entry 
of T’, then (/ + mi; Ei, ;j)T' has a new (j, i) entry which is ¢;,; + d; - mi, j. 

We leave the proof of the uniqueness of the Hermite normal form to the 
reader. 

















Theorem 3.11.2 (Smith normal form) Forn > 2, let A beann x n integer 
matrix with Det(A) > 0. Then there exists a unique diagonal matrix D of the 
form 


d, 


d» 
di 


where 0 < di|d», d5|d3, ..., d, .1|d4, and A = yı Dyz for yi, y; € SL(n, Z). 


Proof We may assume that A contains a non-zero element which may be 
brought to the (n, n) position by suitable row and column interchanges. As 
in the proof of Theorem 3.11.1, this element may be replaced by the greatest 
common divisor of the last column and the last row, and will divide every 
element of the last row and column. By further elementary row and column 
operations, we may obtain a new matrix B where every element of B (except 
at the (n, n) position) in the last row and column is zero. Thus 


0 
B' 0 

B- ; (3.11.3) 
0 
O O > O Dan 


where b, ,, Æ 0 and B’ is an (n — 1) x (n — 1) matrix. 
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Suppose that the submatrix B’ contains an element b;, ; which is not divisible 
by bn,n. If we add column j to column n, then the new column n will be of the 
form 


t 
(51,5, 02,5, Dij, o Dna js Dua). 


We may then repeat the previous process and replace b,,, with a proper 
divisor of itself. Continuing in this manner, we obtain a matrix B of the form 
(3.11.3) which is equivalent to A and where b, ,, divides every element of the 
matrix B'. 

The entire previous process can then be repeated on B'. Continuing induc- 
tively, we prove our theorem. Again, we leave the proof of uniqueness to the 
reader. 














3.12 Hecke operators for £L*(SL(2, Z)NB?) 


We shall now work out the theory of Hecke operators for L? (SLQ, Z) kf. In 
this case let 


G = GL(2, R), T =SL(2,Z), X-GLQ,R)/((OQ, R)- R*) = b°. 


non, 0 


For integers no, nı > 1, itis easily seen that the matrix ( 0 
no 


) € Cg (T). 


Let A denote the semigroup generated by the matrices M 0 J 
no 


(no, nı = 1) and the modular group I. In this situation, we have the antiau- 
tomorphism 


gg, ged, 


where 'g denotes the transpose of the matrix g. Since diagonal matrices are 
always invariant under transposition, one immediately sees that the conditions 
of Theorem 3.10.10 are satisfied so that the Hecke ring Rr, a is commutative. 


Lemma 3.12.1 Fixn > 1. Define the set, 


v i) 


Then one has the disjoint partition 


mom; 0 u 
U r( i ae = [i Te, (3.12.2) 


mem,-—n o €S$, 





ad —n, ob «d. 
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Proof Itis easy to see that the decomposition is disjoint, because if 


C 296 27 2) 


then we must have t = 0, and, therefore, r = u = 1,5 = 0. 

Next, by Theorem 3.11.2, every element on the right-hand side of (3.12.2) 
can be put into Smith normal form, so must occur as an element on the left-hand 
side of (3.12.2). Similarly, by Theorem 3.11.1, every element on the left-hand 
side of (3.12.2) can be put into Hermite normal form, so must occur as an 
element on the right-hand side of (3.12.2). This proves the equality of the two 
sides of (3.12.2). 














Now, two double cosets are either the same or totally disjoint and different. 
Thus a union of double cosets can be viewed as an element in the Hecke ring 
as in Definition 3.10.8. It follows that for each integer n > 1, we have a Hecke 
operator T, acting on the space of square integrable automorphic forms f(z) 
with z € h?. The action is given by the formula 


1 b 
nfG- -z Be: (= ) (3.12.3) 


ad=n 
O<b<d 





Clearly, T; is just the identity operator. Note that we have introduced the nor- 
malizing factor of 1/4/n to simplify later formulae. 
The C-vector space £°(T\b?) has a natural inner product (called the 
Petersson inner product), denoted ( , ), and defined by 
dxdy 
; 





(fg) = Í i fos 
DAD? 





for all f, g € L?(T\b?), where a denotes the left invariant measure as given 
in Proposition 1.5.3. 


Theorem 3.12.4 (Hecke operators are self-adjoint) The Hecke operators 
Tn, (n = 1,2, ...) defined in (3.12.5) satisfy 


(Ts f, 8) = (f, Tn), 
for all f, g € £T N&?). 
Proof Lemma 3.12.1 says that 


U Mrd 2.) = Ure. 


mam;-n o€S, 
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Since the left union above is invariant on the right by any o € T, it follows that 
for any 01, o2 ET : 


mom 0 

U Tr ie p= U rogo. 

s 0 mo 

mgm =n AESn 

Further, since diagonal matrices are invariant under transposition, we see that 
mom 0 

GS panes r= |]r o'a- o. 

3 0 mo 

mgm =n o€S$, 


But the action of the Hecke operator is independent of the choice of right coset 
decomposition. Consequently 











(T, f, 8) = = I E fente oen aS 
TAB? 
1 dxd 
== [FOL eer ao) = (3.12.5) 


aes, 


TW? 
after making the change of variables z > B gl. gr. 


0 cd 7 0 1 
We shall now choose o; = t o) and o; = o7" = = ae A 


simple computation shows that for a = E 2 


1 b 
et tao = nS a) 


: ; a b i : 
Since the action of ( 0 A on z € b? is the same as the action of 


(1/ad) L A we immediately get that 








1 
Ta 2 g (o; gl oi 'z) = T,9(z). 
aESy 


Plugging this into (3.12.5) completes the proof of the theorem. 














Theorem 3.12.6 The Hecke operators T,,(n — 1,2,...) as defined in 


(3.12.3) commute with each other, commute with the operator T. ., in Definition 


2 


3.9.1, and commute with the Laplacian A = —y (4 + =) . Furthermore 


T_, commutes with A. 
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Proof We have already pointed out at the very beginning of this section that 
matrix transposition satisfies the conditions of Theorem 3.10.10 which implies 
that the Hecke operators commute with each other, i.e., 


TT, = Lalis Vm,n > 1. 





That the Hecke operators also commute with T_; and A, and T_; and A com- 
mute with each other is a fairly straightforward calculation which we leave to 
the reader. 














By standard methods in functional analysis, it follows from Theorems 3.12.4 
and 3.12.6 that the space Z?(TV5?) may be simultaneously diagonaliazed by 
the set of operators 7 :— ÍT, |n=—1, n=1,2,... } {A}. We may, there- 
fore, consider Maass forms f which are simultaneous eigenfunctions of 7. If 
Af = v(1 — v)f,then f will be a Maass form of type v as in Definition 3.3.1. 
It will be even or odd depending on whether 7T; f = f or T-ıf ——f asin 
Definition 3.9.1. Further, there will exist real numbers A,, such that 


T,f — sf, (3.12.7) 
for all n = 1,2,... 
Theorem 3.12.8 (Muliplicativity of the Fourier coefficients) Consider 


fz) = X a(n) 2zy- K,_1(2x|nly) : erin, 
n#0 


a Maass form of type v, as in Proposition 3.5.1, which is an eigenfunction 
of all the Hecke operators, i.e., (3.12.7) holds. If a) = 0, then f vanishes 
identically. Assume f + 0, and it is normalized so that a(1) = 1. Then 


T,f =a(n)- f, Vn —1,2,... 
Furthermore, we have the following multiplicativity relations: 


a(m)a(n) = a(mn), if (m, n) = 1, 


a(m)a(n) = Y? a(“), 


d|(m,n) 
r+ly __ r r—1 
a(p ^ )-—a(p)a(p') - a(p ), 
for all primes p, and all integers r > 1. 


Proof It follows from Proposition 3.5.1 that 


f= » a(M)A 21 y - K, 1Qz|MI|y)- e2tiMx 
MO 3 
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It is convenient to rewrite (3.12.3) in the form 


LG Y f (=) 


bd=n 
O<a<b 





It follows that 


Tr f(z) = X am) y po E: NEUE 2). NL 


M+0 bd=n 0xa«b 





The sum over 0 <a < b is zero unless b|M, in which case the sum is b. 
Consequently, if we let M = bm’, and afterwards m = dm’, then we see that 





2ndb T 
T,f(z)— aom ) E g y. K,_ i (2a |m |dyye?7 t" x 
m'#0 


! bd=n 
2zimx 
-Y«(T "us Ky, Qnlmly)e 
m0 20 
mn animx 
= DY a(S). amy KL QxImp em. 
d? 
mz d|m,d|n 


Since T, f = 4, f , it immediately follows that 
mn 
anam) = >> a(> =): (3.12.9) 
d|(m,n) 


For m — 1, the identity (3.12.9) gives 
a(n) = A,a(l) (3.12.10) 


for all values of n. Consequently, if a(1) = 0 the Maass form f would have to 
vanish identically. Thus, we may assume that if f 4 0, then it is normalized 
so that a(1) = 1. In this case, the identity (3.12.10) shows that A,, = a(n). The 
other claims of Theorem 3.12.8 follow easily. 














3.13 L-functions associated to Maass forms 
Let 


fC) = Y ato /2ry - K, 2rlnly) e? (3.13.1) 
n#0 


be a non-zero Maass form of type v for SL(2, Z) which is an eigenfunction of 
all the Hecke operators T,, (n = 1, 2, ...) given by (3.12.3), and in addition, is 
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also an eigenfunction of T. , given in Section 3.9. Assume f is normalized so 
that a(1) — 1. 
We have shown in Theorem 3.12.8 that 
T, f — a(n)- f 
and that the eigenvalues a(n) satisfy multiplicative relations. It follows from 
the bound a(n) = O(./n) given in Proposition 3.6.3 that for R(s) > 3. the 


oo 
series $^ a(n)n™ converges absolutely. Theorem 3.12.8 tells us that the Fourier 


n=1 
coefficients a(n) are multiplicative and satisfy a(m)a(n) = a(mn)if (m, n) = 1. 
Consequently, we may write 


Y any - I (5: o) . 


es 
n=1 p £—0 p 





Let us evaluate a typical factor 











v alp’) 
brs) = ) a 
0 P 
We compute (with the convention that a(p~') = 0) 
a(p) Sa(p)a(p) — a alph +a p’) 
p p(s) = P» pis ā 2 pes 


= p(s) — 1+ p p(s), 


and, therefore, 


pps) = (1 —alp)p™ +p). 


It immediately follows that 


ac^ = | [0 -appa - Bp (3.13.2) 
n=1 P 


-[[a-a0»*?-4»?y*. 
P 


where for each prime p, we have a, - By = 1, oy + By = a(p). 
Thus, the Dirichlet series (3.13.2) has an Euler product which is very similar 
to the Euler product 
oo 
»n-[[n-»» 
n=1 p 
of the Riemann zeta function, the major difference being that there are two 
Euler factors for each prime instead of one. We shall show that (3.13.2) also 
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satisfies a functional equation s — 1 — s. It is natural, therefore, to make the 
following definition. 


Definition 3.13.3 Let s € C with R(s) > 3, and let f(z) be a Maass form 
given by (3.13.1). We define the L-function L p(s) (termed the L-function 
associated to f ) by the absolutely convergent series 


oo 


Ly(s)= 9 a0. (3.13.4) 


n=1 


We now show that the L—function, L p(s), satisfies a functional equation 
s — 1— s. The only additional complication is the fact that there are two 
distinct functional equations depending on whether f is an even or odd Maass 
form as defined in Section 3.9. 


Proposition 3.13.5 Let f be a Maass form of type v for SL(2, Z). Then the 
L-function, L f(s), (given in Definition 3.13.3) has a holomorphic continuation 
to all s € C and satisfies the functional equation 


ste—it+y steti-v 
A f(s) <r 3 )e( T Jer 


= (IX - Aj - 5), 





where e = 0 if f is even (Tı f = f)ande = lif f is odd (T. if = —f). 


Proof | We follow the line of reasoning in Riemann’s original proof of the 
functional equation for ¢ (s), which is to set x = 0 and take the Mellin transform 
in y of f(z). We shall need the well-known transform 


oo 
] &aoy3-rer pre gp) 
0 d y 2 2 


which is valid for X (s — v) > —1. 
If f is an even Maass form, the computation goes as follows. For R(s) > 1, 
the following integrals converge absolutely. 


y dy s dy 
T )) y F =2 f} any 27y + K, 1m |n|y) y s 
0 0 ~ 


= 2r)" Lp (s + J K, 
0 


D ax s+v l+s—v 
=2 2x "( 5 )r( 5 Jue). 
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y 
0 


-1 


On the other hand, since f (( ,itfollows 


Fu 


O\\.. : 
1 is invariant under y — y 


that 


s 
sS 
ZEN 
e «e 
eis 
SS 
< 
[= 

<< 


(3.13.7) 


s 
AEN 
e 
TS 
L 
~ 
Y 
zi 
=< 
LA 
~= | 


Since f ((; ni has exponential decay in y as y — oo, the above integral 


is easily seen to converge for all s € C, and thus defines an entire function. It 
is also invariant under the transformation s +> —s. This gives the functional 
equation for even Maass forms. 

We now consider the case when f is an odd Maass form. The above argu- 
ment does not work because by Proposition 3.9.2, you would have a, = —a_n, 
and, therefore, $^ a, - |n| * = 0 which implies by the calculation (3.13.6) 


nz 
f y 0 dy — 
CoO 


To get around this difficulty, we consider 


a E y x minx 
U(E DAGE mme 


nz 


—2ziY an. 2m y K, iQ |nly): e 
nz 


that 


2zinx 


Hence, 





(Zo 2zy K, a Qni In|y)- dee) 


nz 


= 2niY ap:n: /2ny- K,_12z\|nly). 
nz 


x=0 
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It follows as in (3.13.6), that 











oo 
oe d 
|= (Xs. any K, Cane") y2 
0 ax nz x=0 » 
1 E 
iis r(2)r( — -)ue 1), 6.13.8) 


Now, because f is automorphic, we have: 
y x i 0 —1 y x 
(G DE 9G 0) 
y —X 
Z x?+y? x? +y? 


9 [| A o m 
mo ax! (( 0 D )) 
ee ae. DE x 
zm uir .)) 

d 39fffy* © 
2x m 


Here, if we let f (C T )) = f(y, x, z, w), then £ f = f9199, Tt then 
z w 
follows as in (3.13.7) that 


ED 
a Gad ME 
z f a (@ 5 br-»] 2 (3.13.9) 


The functional equation for odd Maass forms is an immediate consequence of 
(3.13.8) and (3.13.9). 


Consequently 


x! 1) 
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3.14 L-functions associated to Eisenstein series 


Let w € C with R(w) > 1. The Eisenstein series 


1 y 
E , => , 
G w) 2 y» lez + d|?» 


c,deZz 
(c,d)=1 





defined in Definition 3.1.2 has the Fourier—Whittaker expansion 
EG, w) = y" + é(u)y ^" 


2ig'"-3 | 
+ — 91 oy ()|n|* 1 2x |n|y - K 1Qzt|n|y)e?""*, 
FG») 22 ; 


given in Theorem 3.1.8. Then E(z, w) is an even automorphic form, i.e., it is 
invariant under the transformation x > —x. In an analogous manner to Defi- 
nition 3.13.3, we may define the L-function associated to an Eisenstein series. 


Definition 3.14.1 We define the L-function associated to the Eisenstein 


series E(z, w) to be 


oo 

En 

Lewa) = X O1- (N): n" 3^7, 
n=1 


The following elementary computation shows that L z(. (s) is just a product 
of two Riemann zeta functions at shifted arguments. 


1 
O1-2w(n) n^ 2° 


[r9 oo 
gà va = Xa 3 may 


1 d|n d=1 m=1 


=¢(s+w—)¢(s—w+35). 


Me 


Lgs ws) = 


E 
ll 
= 


M 


E 
ll 


Consequently, if we define 





s4w-1 sS-w-—l 
Ag(swy(S):—m« 7? gis (==) t(s+w-— 1) 
oe) fs w+} : 
(me 2 ¿(s w+ 5) 


t) etu- Bee 








ll 
d 
5 
ve 
an 
+ 
wl] s 
| 
NI 
Se 
F] 
mn 
| 
wy] s 
+ 
NI 
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then the functional equation, 


ar (7): =O nap (i n (1 — s), 


of the Riemann zeta function immediately implies that 
A gw) (5) = A Ee wl s). 


Note that this matches perfectly the functional equation of an even Maass form 
of type w (as in Proposition 3.13.5) as it should be. 

We shall now show directly that the Eisenstein series is an eigenfunction 
of all the Hecke operators. This explains why the L-function associated to the 
Eisenstein series has an Euler product. 


Proposition 3.14.2 The Eisenstein series E(z, s) is an eigenfunction of all 
the Hecke operators. For n 7 1, let T, denote the Hecke operator (3.12.3). 
Then 


T,E(z,s) = n'ai (n) - EC, s). 


Proof Forn > 1, let 


n-[C 2) 


Then the set S, given in Lemma 3.12.1 is just a set of coset representatives for 
Di AT, If R is any set of coset representatives for l';; AT; then naturally R S, is 
a set of coset representatives for loo \In. On the other hand, S,R is also a set 
of coset representatives for .\I",. It follows that 


5 E(az, s) 


ELF NUR 


TEI XO Siozy 


yero M eer WT, 





ad - bcn]. 


T, E(z,s) = 


al- 


ai- 


1 


DEO 5 o Syz) 


VMPo\l1 a €Poo NI, 
1 n\s 
-—— Ye (=) E(z,s) 
/n PIE d 


= n°~201_25(n)E(z, s). 
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3.15 Converse theorems for SL(2, Z) 


We have shown that the L—function associated to a Maass form for S L(2, Z) is 
an entire function which satisfies a simple functional equation (see Proposition 
3.13.5). The converse theorem of Maass—Hecke states that if a Dirichlet series is 
entire and bounded in vertical strips and satisfies the same functional equation 
as the L-function of a Maass form on SL(2, Z), then it must be an L-function 
coming from a Maass form for SL(2, Z). 

Now, L-functions have been studied by number theorists for a long time, and 
many different L—functions satisfying all sorts of functional equations have been 
discovered. Surprisingly, not a single L-function has been found which satisfies 
exactly the right functional equation associated to a Maass form on SL(2, Z). 
The closest examples known are the Hecke L—functions with gróssencharakter 
of real quadratic fields discussed in Section 3.2. If we compare the functional 
equation of the L—function of an even Maass form given in Proposition 3.13.5: 


—1 Ties 
Nux) p (==) r (==) Lg(s) S Ag(1— 5) 


with the functional equation of the Hecke L-function with gróssencharakter 
given in Proposition 3.2.4: 


" AN Bur ee s+ e à 
A6) = (=) T 2 r 5 Lels, y^) 


= AMI s). (3.15.1) 














with A = N(b)4/D, we see that the two functional equations would match 
up if v= } + gi 
out, however, that the functional equation (3.15.1) does match the functional 
equation of a Maass form $ for a congruence subgroup of SL(2, Z) and Ady = 
(i + dix) - by. The converse theorem for congruence subgroups of SL(2, Z) 
was first discovered by A. Weil. It requires a family of functional equations 
(for twists of the original L-function by Dirichlet characters) instead of just 
one functional equation. This is because a congruence subgroup of SL(2, Z), 
considered as a finitely generated group will, in general, be generated by several 
(more than 2) matrices. Weil's converse theorem can be used to prove that the 
Hecke L-function Ly (s, V/") is, in fact, associated to the Maass form $ of type 
Pe 
We now state and prove the converse theorem for Maass forms for SL(2, Z). 
In order to simplify the exposition, we define what it means for a function of a 


complex variable to be EBV (entire and bounded in vertical strips). 





and A — 1. Unfortunately, A can never equal 1. It turns 
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Definition 3.15.2 A function f : C — C is said to be EBV (entire and 
bounded on vertical strips) if 


* f(s) is holomorphic for all s € C. 

e For fixed A < B, there exists c > O such that | f (s)) < c for A < &(s) x B. 
oo 

Theorem 3.15.3 (Hecke-Maass converse theorem) Let L(s) = X` (a(n)/n^) 


n=l 
(with a(n) € C) be a given Dirichlet series which converges absolutely for R(s) 
sufficiently large. Assume that for fixed v € C, L(s) satisfies the functional 
equation 





seite 


A'(s):2x "T ( 5 5 L(s) (CD A"(1 — s), 


with e = 0 (respectively e = 1), where A" (s) is EBV. Then 


$ amry- K, 2r In ye 
n#0 


must be an even (respectively odd) Maass form of type v for SL(2, Z), where 
we have defined a(n) = (—1YX - a(—n) for n < 0. 
Proof Forz € b?, define f(z) = X a(n)/2zy - K,_1(2|n|y)e7"!"*, which 


nz 2 
by our assumptions is an absolutely convergent series. Then clearly 


Af(z) = vd — v) fC), 


because the Whittaker function ./27yK,,_ 1 (27 y)e?”'* is an eigenfunction of 
A with eigenvalue v(1 — v). We also get for free the fact that f(z) is periodic 


in x. This implies that 
1 1 
ACG ave: 


Since SL(2, Z) is generated by the two matrices 

1 1 0 —1 

0 1/' 1 0 
it follows that all that is left to be done to prove the converse theorem is to check 
that 

y x u 0 —1 y x 
(G DE 9G 1) 
zu uns 
= PAIE AAY ; 3.15.4 
f 0 h ( ) 


In order to accomplish this, we need a lemma. 
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Lemma 3.15.5 Let F :b? — C be a smooth eigenfunction of the Laplacian 
A with eigenvalue x, i.e., AF = àF. Assume that 


"(G5 1) = s: (6 1) 


Then F (z) is identically zero on p. 


= 0. (3.15.6) 





x=0 


Proof Since AF = AF it follows that F is real analytic. Thus, it has a power 
series expansion in x of the form F(z) = be" b,(y)x". The eigenfunction 
equation implies that 


0 = AF(z)—AF(z) 


=X [= +2) + Dy bna) — yj) — Abro)”. 
n=0 


Now, the initial conditions (3.15.6) tell us that bo(y) = bi (y) = 0, and it imme- 


diately follows from the recurrence relation 


yb!) + Abr) 
(n + DG + 2)y? 





bn42(y) mE 


that b, (y) = 0 for all integers n > 0. 
Lemma 3.15.5 implies that we can prove (3.15.4) if the function 


men D- E) 


satisfies the initial conditions (3.15.6). These can be written 


EAE em 
HG JEEE Dew em 


First note that if f is even (i.e., a(n) = a(—n)), then it is enough to show that 
(3.15.7) holds. This is due to the fact that 


e 1)) =E inaw 2ny - K,_1@r|n|y) = 0, 


-2 Of y! OY 
ex y) 


In an analogous manner, if f is odd, it is enough to prove (3.15.8). 


and similarly 
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We shall prove (3.15.7), (3.15.8) for even and odd f, respectively, using the 
Mellin inversion formulae 


= ri " dy 
iss f w 2 (3.15.9) 
A y 
1 o -rioo 
hy) = — f h(s)y^ ds. (3.15.10) 
27i i 


These formulae hold for any smooth function h : R* — C and any fixed real 
c provided h(s) is EBV. 

We apply (3.15.7), (3.15.8) with h(s) = A"(s). It follows from our previous 
calculations that we have the Mellin transform pair: 


org Af id 
A(s) = I (=) ro] y 2E 
0 x x—0 y 


o-Fioo 
ð £ 1 » D. dy 
—] fo me | A'(s)y? "^ —. (3.15.11) 
Ox x=0  2mi J y 


The functional equation, 
A" (s) = (-D'A"(1 — s), 


combined with (3.15.11) immediately prove (3.15.7) and (3.15.8) for even and 
odd f, respectively. This completes the proof of the converse Theorem 3.15.3. 














3.16 The Selberg spectral decomposition 


Our main goal of this section is the Selberg spectral decomposition for $ L (2, Z) 
which states that 


L (SL(2, DNW?) = C 6 £A (SL(2, D\H7) e Leon (SLC, Z)N?), 


where (C is the one-dimensional space of constant functions, 
Pus (S LQ, Z)N»?) represents the Hilbert space of square integrable 
functions on B? whose constant term is zero, and L2, (SLQ, ZW?) repre- 
sents all square integrable functions on h* which are representable as integrals 

. . . . 2 2 
of the Eisenstein series. The reason for the terminology £s. Lcont 
the classical definition of cusp form, introduced by Hecke, requires that 


is because 
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the constant term in the Fourier expansion around any cusp (a real number 
equivalent to oo under the discrete group) be zero, and also because the 
Eisenstein series is in the continuous spectrum of the Laplace operator. The 
latter means that AE(z, s) = s(1 — s)E(z, s), or that s(1 — s) is an eigenvalue 
of A for any complex number s. 

Let n;(2), (j =1,2,...) be an orthonormal basis of Maass forms for 
SL(2, Z). We may assume as in Theorem 3.12.8 that each 5; is an eigen- 
function of all the Hecke operators, so that its L-function has an Euler product. 
We shall also adopt the convention that 


3 
no(z) — 4 —. 
T 


is the constant function of norm 1. The Selberg spectral decomposition is given 
in the following theorem. 


Theorem 3.16.1 (Selberg spectral decomposition) Let f € L?(SL(2, Z)\b?). 
Then we have 





d 1 5 tioo 
f= thane) + us f FEE EG s ds, 
j=0 OE S 
where 
: —~ dxdy 
(n= [f ro E 


SL(2,Z)\b? 
denotes the Petersson inner product on £? (S LQ, Z)\b*) s 


We shall not give a complete proof of this theorem, but will only sketch one 
of the key ideas of the proof which is contained in the following proposition. 


Proposition 3.16.2 Let f(z) € C^ (SLQ, Z)N5?) be orthogonal to the 
constant function, i.e., 


dxdy 
y 





(51) = I fE) 0. 


SL(2,Z)\b? 


Assume that f is of sufficiently rapid decay so that the inner product 


(f, EG, 5)) = f / fG)EG, s) 2 
SL(2,Z)\b2 
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converges absolutely for R(s) > 1. Then 
1-Hioo 
f@ = foz) + i f (f, E(x, s) EC, s) ds, 
i—ioo 
where fo(z) is automorphic for SL(2, Z) with constant term in its Fourier 
1 


2 


expansion equal to zero, i.e., f fo(z) dx = 0 or fo € Ces. 
0 


Proof The main idea of the proof is based on Mellin inversion. Recall that if 
h(y) is a smooth complex valued function for y > 0 then the Mellin transform 
of h is 


" ee d 
Oe I hoy 2*. 
0 y 


The transform is well defined provided there exists c € IR such that the integral 
converges absolutely for (s) > c, and in this case, h(s)is analytic for X(s) > c. 
The inverse transform is given by 
ct+ioo 
1 2 
hO = y f keys 
Ti 
c—ioo 
The proof of Proposition 3.16.2 consists of two steps. In the first step it is 
shown that the inner product ( f, E(x, s)) is the Mellin transform of the constant 
term of f(z). In the second step, it is shown that the constant term of 
iti oo 
1 


— (f, E(x, s) EG, s) ds 
Ari 


[^ 
2-100 


is the inverse Mellin transform of ( f, E (x, s)) which brings you back precisely 
to the constant term of f(z). Thus, 


1-ioo 
1 
f@- ini / (f, E(x, s))E(z, s) ds 
zi 
1-ioo 
is automorphic with constant term equal to zero. 
Step 1 Let 
So H 
f(z) a 5 An (y)? 


n-—-—oo 
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denote the Fourier expansion of f. Recall that for z € 5?, I;(z) = y?, and o 
denotes the action of SL(2, Z) on b?. Since the function f and the measure 
dxdy/ y? are invariant under the action o, it follows that for 9t(s) > 1, 


E 





(3.16.3) 


y€Poo\SL(2,Z) 2 


vB so ff ro D shes) 


SLQ,ZNB? 


1 
=; 2. I fec) f 
y eV \SL(2,Z) 


yo (so. Zw?) 


coal c ,dxdy 
Py =F 
0 Jo X 
oo ,dy 
= Ao(y)y > 
0 y 


= Ao(s — 1). 





The assumption that f is orthogonal to the constant function implies that the 
residue at s = 1 of (f, E(x, 5)) is zero. Further, E(z, s) = E*(z, s)/¢(2s) which 
implies (by the fact that ¢(1 + it) Æ 0 for real t) that Ao(s — 1) is holomorphic 
for R(s) > i The functional equation (Theorem 3.1.10) of the Eisenstein series 
tells us that 


(f, EG, 8)) = o(s) f, EG, 1 — 8), 


or equivalently that 


Ao(s — 1) = $(s)Àg(—5). 
Ao(—s) = $(1 — 5) Ao(s — 1). (3.16.4) 


Step 2 By Mellin inversion it follows that for c > 1, 
1 c-Hioo 
A) ns f As- Dyas. 
2zi 
c—ioo 
Since Ao(s — 1) is holomorphic for R(s) > 1, this implies that we may shift 


the above line of integration to R(s) = 2 It "allows from the transformation 
s — 1 — s that 


5 +i00 1-Hioo 
1 - 1 E 
A0) = z i Ag(s — Dy ds = = i Ao(—s) yds. 


toa Ioa 
5-100 5-100 
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If we now make use of the functional equation (3.16.4), we easily obtain 
1-ioo 
1 A =ý 
AO) = s / Ao(—s)0" + $()y 7) ds. (3.16.5) 


ie = 
2-100 


But for (s) = 3 we have Ão(—s) = Áo($ — 1), and by (3.16.3), we have 
Áo($ — 1) = (f, E(x, s). 


Plugging this into (3.16.5) completes the proof of the theorem. 














GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


EisensteinFourierCoefficient EisensteinSeriesTerm HeckeCoefficientSum 
HeckeEigenvalues HeckeMultiplicativeSplit HeckeOperator 
HermiteFormLower HermiteFormUpper SmithForm 
SmithElementaryDivisors SmithInvariantFactors Whittaker 


WhittakerStar. 


4 


Existence of Maass forms 


Maass forms for SL(2, Z) were introduced in Section 3.3. An important objec- 
tive of this book is to generalize these functions to the higher-rank group 
SL(n, Z) with n > 3. It is a highly non-trivial problem to show that infinitely 
many even Maass forms for SL(2, Z) exist. The first proof was given by Selberg 
(1956) where he introduced the trace formula as a tool to obtain Weyl’s law, 
which in this context gives an asymptotic count (as x — oo) for the number 
of Maass forms of type v with |v| < x. Selberg's methods were extended by 
Miller (2001), who obtain Weyl’s law for Maass forms on SL(3, Z) and Müller 
(2004), who obtained Weyl’s law for Maass forms on SL(n, Z). 

A rather startling revelation was made by Phillips and Sarnak (1985) where it 
was conjectured that Maass forms should not exist for generic non-congruence 
subgroups of SL(2, Z), except for certain situations where their existence is 
ensured by symmetry considerations, see Section 4.1. Up to now no one has 
found a single example of a Maass form for SL(2, Z), although Maass (1949) 
discovered some examples for congruence subgroups (see Section 3.15). So it 
seemed as if Maass forms for SL (2, Z) were elusive mysterious objects and the 
non-constructive proof of their existence (Selberg, 1956) suggested that they 
may be unconstructible. 

Recently, Lindenstrauss and Venkatesh (to appear) found a new, short, and 
essentially elementary proof which shows the existence of infinitely many 
Maass forms on G(Z)NG(R)/K,, where G is a split semisimple group over 
Z and K% is the maximal compact subgroup. Lindenstrauss and Venkatesh 
were also able to obtain Weyl’s law in a very broad context. Their method 
works whenever one has Hecke operators. Although in the case of SL(2, Z), 
the proof is perhaps not much simpler than the trace formula, it has the advan- 
tage of being much more explicit (it allows one to write down an even cus- 
pidal function). However, a much bigger advantage is that it generalizes in a 
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relatively straightforward way to higher rank (unlike the trace formula, where 
one encounters formidable technical obstacles). I would very much like to thank 
Elon and Akshay for preparing and allowing me to incorporate a preliminary 
manuscript which formed the basis of this chapter. 


4.1 The infinitude of odd Maass forms for SL(2, Z) 
Let A = —y? (4 + =) be the hyperbolic Laplacian on 67. It was shown in 
Theorem 3.16.1 that 
L’ (SL(2, Z)\b’) = C 6 £2, (SL, DNB?) 6 Loom (SL, Z)\67) , 


where £2,,,,(SL(2, Z)V5?) is spanned by the continuous spectrum of A, explic- 
itly given by Eisenstein series E(z, i T ir)withr € R, and Pus (SL (2, ZW?) 
is spanned by Maass forms. 

Recall from Section 3.9 that a Maass form 


fO =} ja 2x yK, 1 Qr |n] yje 
n#0 


of type v for SL(2, Z) (as in Proposition 3.5.1) is even or odd according to 


whether 
rapo=tat (C3 i= T) 


is equal to f(z) or — f (z), respectively. 
The following proposition is almost obvious. 


Proposition 4.1.1 There are infinitely many odd Maass forms for SL (2, Z). 
Proof The image of the endomorphism 
J : L (SL, Z)\b’) > L? (SL, Z)\b’) , 
defined by 
JfG):- fC) -T1 fE), 


is purely cuspidal. This is due to the fact that the constant term of f — Jf, 
given by Js (f +iy)— f(—x + iy)) dx = 0 forall y > 0. We leave it to the 
reader to show that the image of J is non-trivial. 














The rest of this chapter will be devoted to showing that the space of even 
Maass forms for SL(2, Z) is also infinite dimensional. The only other known 
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proof of this fact uses the trace formula (Selberg, 1956), see also (Hejhal, 1976), 
as we already mentioned earlier. 


4.20 Integral operators 


In this section we shall adopt the classical model of the upper half-plane 5? 
and consider z € h* in the form z = x + iy with x € R, y > 0. Note that 


every matrix @ ij can be put in this form by simply letting it act on 


i 2-1. 

Let d(z,z') denote the hyperbolic distance between two points z,z' € 
h?, which is characterized by the property that d(oz, az’) = d(z, z^) for all 
o € SL(2, R) and z, z’ € b?. It is easy to check that 


lzizy- Teer (4.2.1) 
, AS(z)S) M 


satisfies this property, and we have the relation 
d(z, z’ 
u(z, z^) = sinh? (252) ; 


because the hyperbolic distance between the points i and i yo, with yo > 1, is 


given by 
yo dy 
| — = log(yo). 
i, +5), 


Definition 4.2.2 (The Abel transform) The Abel transform F(x) of an 
integrable function f (x) on [0, +00), is given by 


me [itn nf 


Proposition 4.2.3 Let f(x) be a continuously differentiable function on 
[0, +00). If F(x) denotes the Abel transform in Definition 4.2.2, then 


1 oo 
fO)= m. F'(x4 7) an 


is the inverse Abel transform. 
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Proof First differentiate under the integral sign, and then convert to polar 
coordinates, to obtain 


J’ (x+ Byam f fret) dg dy 


2z oo E 
=f [r (s+ 5) rarao 
0 


=2n | f'(x+w)du, 


ST 


where w = 7*2 and dw = rdr. This equals —2z f (x + w)|,-o or —2z f (x) 
which proves the proposition. 














Let g(x) be an even smooth function of compact support on the real line with 


Fourier transform 
oo 


h(t) — f gae" dx. 
=09 
Following Selberg (1956), we define a variation of the Abel transform, denoted 
k, as follows. 


1 f. 1 
Kec f^ — u) ? dq(v), (4.2.4) 


where 
q(v) := 5 g(2log (Vv + 1 4 vv)). 


The relation between k and h is called the Selberg transform. It is clear from 
the definitions that k is compactly supported and continuous. Indeed, if g is 
supported in [—M, M], then k(u) vanishes for u > sinh? (M /2). 

For z, w € b°, let u(z, w) be given by (4.2.1). Then u(z, w) is real valued 
and positive. Define 


u :— u(z, w). (4.2.5) 
Definition 4.2.6 (Point pair invariant) Let g : IR — C be an even smooth 


function of compact support. The point pair invariant K :5? x h? > C 
associated to g is the function defined by 


K(z, w) = k(u(z, w)) = k(u), (for all z, w € 5?), 
where k is given by (4.2.4) and u is given by (4.2.5). 
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It is clear that K is a continuous function on b? x 5?. Moreover, it fol- 
lows from the fact that k is compactly supported, that K (z, w) is supported 
in d(z, w) < R for some R that depends only on the support of g. Since the 
point pair invariant K is a function of the hyperbolic distance, it is plain that 
K(az, aw) = K (z, w) for all æ € SL(2, R), and z, w € ?. 

The point pair invariant K can be used to define an integral operator which 
acts on functions in £!(SL(2, Z)N5?). 


Definition 4.2.7 (Integraloperator)  Foranyfunction f € C! (SL(2, Z)\b*) 
and any point pair invariant K (z, w), define the integral operator 


K x f(z) :— fxe w)f (w)d*w 
5? 





dudv 
ye? 


oo oo 
=f | &e nior eim 
0 —oo 
where for w = u + iv € B?, the invariant measure d*w = dudv/v?, as in 
Proposition 1.5.3. 


It is easy to check that K x f is also invariant by SL(2, Z), and, 
indeed, that f > K x f defines a self-adjoint continuous endomorphism of 
L?(SL(2, Z)N5?). The key property of K that we will need is given in the 
following lemma. 


oo 
Lemma 4.2.8 Wehave f K(i,t-rie*)dt = e'?g(x). 
—oo 
Proof It follows from (4.2.1) that 


. “IP +e 
u(i, t + ie”) = a ; 
4e* 


so that the integral is exactly equal to 


T 2 
t 
r k (sin (5) T =) dt. 


—00 





But, by (Iwaniec, 1995), we have 
oo 
B(x) = 2 / k(u)(u — sinh?(x/2))~? du, 


sinh? (x /2) 











from which the lemma follows. 
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Remark  7/t is a basic fact (although we will not need it for the proof, it 
provides valuable intuition) that, if $; is an eigenfunction of the hyperbolic 
Laplacian A with eigenvalue X = n +r?, then 


1 » 
atir, 


This can be readily established by computing K * y 


Now, suppose we take g = g“) to be a Dirac ó—sequence with j — oo. By 
this we mean that 


lim | g?(x)dx — 1, 


joo Jm 


and the support of gU? shrinks to {0} as j — oo. In this situation, the Fourier 
transform AU? approaches the constant function, so we expect, in view of (4.2.9), 
that the associated point pair operators 


f KÜxf 


will approach the identity endomorphism. In fact, we have already seen that as 
the support of g shrinks to zero, then the support of K ? shrinks to zero also. 
Moreover, it follows from Lemma 4.2.8, after making the substitution v = e*, 


that 
[ «os. w) d*w E 
0 


p 


dudv 





oo 

f KG, u iv) —5 
v 

oo 


oo 
I KG, y+ ie). e™ dudx 
oo 


= / e? g(x) dx — 1. 
—oo 
On the other hand, by the point pair property, and the fact that d*w is an 
SL Q, R)-invariant measure, we have for any œ € SL(2, R) that 
[xr w) d*w = f xa; aw) d*w 
b? p? 
= f Kai, aw) d*(aw) 
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Now, for any z € 5?, we may choose œ € SL(2, IR) such that z = «i. It follows 
that 


[ x. w) d*w — 1 
b2 


for any z € b?, as j > oo. 
Consequently, for any continuous function f, we have 


KO x f(z) — [ x. w)f (w) d*w 


p? 

Š i KOG, w) f(z) dw + f E E Ea 
p? b2 

— f(z), (4.2.10) 


as j — oo. So the corresponding operators KY? will satisfy 
KO x f@) > fC) 


for any continuous funtion f and all z € b’. 


4.3 Theendomorphism Q 


In Section 4.1, we showed that there are infinitely many odd Maass forms 
for SL(2, Z) by showing that the endomorphism J, given in Proposition 
4.1.1, has a purely cuspidal image. The key idea of the present approach 
is to construct an explicit endomorphism Q of Ds = E asl SLC, Z\b7) 
whose image is purely cuspidal. The endomorphism ©, however, will use 
the arithmetic structure of SL(2, Z) in a much more essential way than J 
did. 

Recall that for any rational prime p, we have the Hecke operator T,, given 
in (3.12.3), which acts on functions f on SL(2, Z)\b? via the rule 


1 Ra k 
TG) — 75 (reo f (=) ; (4.3.1) 
k=0 


The Hecke operators T, commute with A, and we showed in Propositions 3.1.3 
and 3.14.2 that the Eisenstein series E(z, i + ir), defined in Definition 3.1.2, 
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satisfies 


AE ee = ip E Pags (4.3.2) 
y lr = 4 F 26s Ir v3. 


1 24 x: 1 
T,E (z 5 + ir) =(p"+p")-E ( 5 + ir) . (4.3.3) 


We proceed formally for now. From (4.3.2) and (4.3.3), the operator 
Q := T, — pv 4-4 — pv 374 


annihilates E (z, i + ir). Similarly (again at the formal level) Q also annihilates 
the constant function. The operator Y may be given a rigorous interpretation 
either in terms of the wave equation or using convolution operators. (In fact, for 
technical simplicity in our treatment, we will use not Q but a certain smoothed 
version.) For the time being, let us accept — as is indeed the case — that Ọ may 
be given a rigorous interpretation and that it is a self-adjoint endomorphism of 
the space, £? , of even square integrable automorphic functions. 

Since Q kills the continuous spectrum and is self-adjoint, it has cuspidal 
image. To show that there exist even Maass forms for SL(2, Z), it suffices to 
find a single non-constant function in L? not annihilated by Q; this we do by 
choosing an appropriate test function supported high in the cusp. 

Although we have appealed to the theory of Eisenstein series, this is not really 
necessary: it is possible to prove that the image of Q is cuspidal directly from 
the definition, and in fact the proof we present will be completely independent 
of any knowledge of Eisenstein series. 


4.4 How to interpret ©: an explicit operator with purely 
cuspidal image 


Let h be the Fourier transform of g. Proceeding formally for a moment, let us 
also note that if g were the sum of a ó-mass at x = log(p) and at x = — log(p), 
then h(r) = př + p^, and so in this case (4.2.9) says — if we can make sense 
of it — that f > K x f has the properties we would expect of the operator 
pv^-i + p N^-4 . In this section we will mildly modify this construction 
(because we prefer not to deal with the technicalities that arise by taking g to 
be a distribution). 

Now, let go be an even smooth function of compact support on R, and 
for p = 1 put gp(x) :— go(x + log(p)) + go(x — log(p)). Starting from gp for 
p = 0, we define k,(u) and K,(z, w) as in Definition 4.2.6. 
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Let us pause to explain the connection of this with the vague idea that 
we described at the start of this section. Work formally for a moment and 
suppose that gọ were the “delta-function at 0.” Then, formally speaking, the 
Fourier transform họ is the constant function 1, whereas the Fourier trans- 
form A, (r) = p" + p" . Using (4.2.9) we see (formally speaking — this is not 
intended to be a rigorous proof!) that the map f > Ko * f is just the identity 
endomorphism and that the operator f œ> Kp * f is essentially the operator 
pv ^-i + pov ^-i, So f œ> Kp f — Ty(Ko* f), formally speaking, gives 
an interpretation to the operator Q that we discussed earlier. In practice, to avoid 
certain technical complications, we just take go to be smooth rather than the 
à function, and Ko (resp. K ,) approximates the identity endomorphism (resp. 
pv ^i + p v^-i ); in fact, we rigorously proved at the end of Section 4.2 
that, as go varies through a ó sequence, the operator Ko approaches the identity 
endomorphism in an appropriate sense. 


Lemma 4.4.1 Let f € L! (SLQ, Z)N?). Then K p * f — Ty (Ko * f) defines 
a cuspidal function on SL(2, Z)\b?. 


Proof For any function F on SL(2, Z)\h’, we define for y > 0, the constant 
term (denoted For): 
Fery) = f F(x +iy)dx. 
R/Z 


Using the explicit definition of T, given in (4.3.1), we see that 


1 1 
(T, Fern) = p 3 Fer(py) + pi Fer(p'y) (4.4.2) 
holds for any F on SL(2, Z)\h*. To prove Lemma 4.4.1, we need to check that, 
for any y > 0, (Kp * fcr = (Tp(Ko * f))cr. So we just need to check that 
(Kp * f)erQ) = p (Go f)erGQpy) pos fer(p |y). (443) 


Now, for any p > 0, we have 


(Kp * Pcr(y) = / | K p(x +iy, w)f(w)d*w dx (4.4.4) 
xER/Z wet? 


= j j Ky(x 4 iy, w)f(w)d*w dx, 


xeR web? 
Ox9(w)xl 


where we have used the fact that f(w) = f (w + 1) to unfold the integral over 
x € R/Z,atthe cost of restricting the w-integration from b? to 5? /(w i w + 1). 
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Now, using the fact that K (z, gw) = K (z, w) for g € SL(2, R), we see that 
that if w = x, + iy,, then 


J etoomes =f onn. iyy) dx (4.4.5) 
xem xeR 
= vw f Ki»? i) dx 
xem 


(yyw) gp (Jog (yy! )). 


So we get 


oo 


TIR iE: 1/2y-1/2 s logo 90) Z. 


0 


From this and the fact that g,(x) :— go(x + log(p)) + go(x — log(p)), (4.4.3) 
follows by a simple computation. 














4.5 There exist infinitely many even cusp forms for 
SLQ, Z) 


Let notations be as in Section 4.4 and let Q be the self-adjoint endomorphism 
of C*(SLQ, Z)N6?) defined by f > Kp * f — Ty(Ko * f). It is easy to check 
that Q preserves Bos + (in fact, all operators in sight do). To show that there 
exist even cusp forms, we must show that Ọ 4 0 on Lou +- The idea, in words, 
is the following. Let Tæ be the stabilizer of the cusp at oo in SL (2, Z), that is 
to say, the group generated by zh» z+ 1. 

High in the cusp, SL (2, Z)\b? looks like the cylinder '4; V 5?. This cylinder 
has rotational symmetry, i.e., it admits the action z — z + t of the group R/Z. 
It turns out that the maps f > Kp * f and f > T,(Ko * f) behave totally 
differently with respect to this action; so this incompatibility forces Ọ to be 
non-zero. 

Let T > 1 and let 


S(T) = Ep. = Too\ {z € 6? | 3(z) > T], 


be the Siegel set as in Definition 1.3.1. Then the natural projection: G(T) to 
SL(2, Z)N5? is a homeomorphism onto an open subset. We can, therefore, 
regard C°°(G(T)), the space of smooth compactly supported functions on 
G(T), as a subset of C% (SL(2, Z) N52); similarly £? (G(T)) is a subset of 
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£X(SLQ, Z)\b?). We will make these identifications throughout the rest of this 
argument. 
If f € C” (G(T)), we define for n € Z, the nth Fourier coefficient a, f(y) to 


1 
be the function on (T , oo) defined by the rule an (y) 5 f f(x +iy)e ?"""* dx. 


Now, let R be so large that ko(z, w) and k,(z, w) are susporied ind(z, w) € 
R, and let Y > peF. Then, one sees from (4.3.2) and Definition 4.2.7 that 9 
maps C% (G(Y)) into C?? (G(1)). Indeed, it is enough to check that this is true 
for f > K,* f and f +> T,(Ko* f); we deal with the first and leave the 
second to the reader. It is clear from Definition 4.2.7 that Kp * f is supported 
in an R-neighborhood of the support of f. But an R-neighborhood of G(Y) is 
contained in G(Y / R), thus the claim. 

Moreover, if the nth Fourier coefficient a, ¢(y) vanishes identically, then so 
does a; x ,. r (y). This follows from (4.4.4): 


an, K «f O) = / go f K(x +iy, w)f(w)d*w dx 
xeZ\R web? 


= J p ering if K (iy, w — x) f(w) d*w dx 
xeZAR weh? 

EE [| fiore e nem ato, 
web? xeZ\R 


and the final integral clearly vanishes if a,, f vanishes identically. 
Fix an arbitrary integer N #0 (mod p). Let 


f € C$ (60) :- CL (GY) N L 


cusp, + 





be a non-zero even function so that a, vanishes identically for all n A +N. 
Then a, x, Vanishes identically for n # +N. On the other hand, we see from 
Lemma 4.4.1 that, for z € p, we have 


Tp(Ko * f(z) = Ko * f(pz), 


so (by the same argument as before), On T (Kos f) vanishes identically for 
n z E pN . 

It follows that Of is a non-zero even cuspidal function, as long as 
Ko * f 40. But we are still free to choose the function go that entered in 
the definition of Ko, and it is clear from the discussion of Section 4.2 that, as 
we let go approximate the ô function, Ko * f will approach f pointwise; in 
particular, it will be non-zero. 
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We have therefore shown that — for appropriate choice of go — the function 
F = Qf is non-zero, cuspidal, belongs to C??(O(1)), and, moreover, has the 
property (as is clear from our discussion above) that a, r(y) vanishes unless 
n € (N, —N, pN, —pN}. Since N could be any integer not divisible by p, we 
conclude from this that Ps + is infinite dimensional, so there are infinitely 
many even cusp forms. 


4.6 A weak Weyllaw 


The proof given above shows there exist infinitely many cusp forms. It is easy 
to make this quantitative. Here we will just explain how to prove a weak 
version of the Weyl law and we will say a few words about how to prove 
the full Weyl law in Section 4.8. We first recall the following “variational 
principle": 


Lemma 4.6.1 Suppose H isa Hilbert space and A a non-negative self-adjoint 
(possibly unbounded) operator on H with discrete spectrum Aq € Ao <... 
Suppose V CH is a finite-dimensional subspace and A is such that 
|| Av|| € Allu|] whenever v € V. Then #{A; € A} > dim(V). 


Proof Let v; be the eigenvector corresponding to the eigenvalue A;. Let W 
be the space spanned by all the v;'s with 4; < A. If the claim is false, then 
dim(W) « dim(V ), so there is a vector in V perpendicular to W. Such a vector 
must have the form v = 7 j Cj vj, Where the sum is taken only over eigenvec- 
tors v; with eigenvalue > A. But it is clear that such a vector cannot satisfy 
|| Av|| < Allu||, contradiction. 














Proposition 4.6.2 Let N(A) be the number of eigenfunctions of the Laplacian 
in ea with eigenvalue < A. Then there exists c > 0 such that N(A) > cA 
for all A > 1. 


Proof (Sketch only) We follow the notations of the previous section. Fix a 
non-zero smooth function A on the real line, supported in (0, 1). Fix an integer 
N > 1.Foreach pair of positive integers j, k satisfying | < j,k < N andsothat 
p does not divide j, we put fjj(x +iy) — h((N(y — Y)/Y) — k)cosQz jx), 
regarded as an element of C? (6(Y)), C £? Let W be the span of fjg, so 


cusp,+* 


an N? — N [N / p] dimensional subspace of Lus + Also, let V = Q(W), where 
we take the function go entering in the definition of © to be an approximation 


to a à function. Now apply the previous lemma to V. 
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4.7 Interpretation via wave equation and the role of finite 
propagation speed 


We now comment how Q may be understood in terms of the wave equation. 
Equations (4.3.2) and (4.3.3) admit a nice interpretation in terms of the auto- 
morphic wave equation 


eed - (4.7.1) 


A solution u = u(x + iy, t) to (4.7.1) may be regarded as describing the ampli- 
tude of a wave propagating in the hyperbolic plane. The low order term of u /4 
is natural for the hyperbolic Laplacian (see (Lax and Phillips, 1976)). 

For every t € R we can define a linear endomorphism U, of 


L?’ (SL(2, Z)N?)nc* (SL(2, ZW?) 


to itself, taking a function f(x +/7y) to 2u(x + iy, t), where u is the solu- 
tion to (4.7.1) with u|,zo = f, u;|jizo = 0. One may show that this operator 
is well defined in a standard way; moreover, it is self-adjoint (“time reversal 
symmetry"). Formally speaking, one may write U, — pivi-d + pivi-A 3 
in fact, U, gives a rigorous meaning to the right-hand side. 


4.8 Interpretation via wave equation: higher rank case 


In this section, we briefly detail how the operator pv ^-i + pv ^ may be 
viewed in terms of the wave equation. We then conclude by discussing how the 
considerations of this section generalize. For further details, we refer the reader 
to (Lindenstrauss and Venkatesh, to appear). 

The automorphic wave equation 


dies Agr de 1 (4.8.1) 
describes the propagation of waves on the hyperbolic plane. A solution 
u — u(x +1y,t) 


to (4.8.1) may be regarded as describing the amplitude (at time ¢ and position 
X + iy) of a wave propagating in the hyperbolic plane. The low order term of 
u/4 is natural for the hyperbolic Laplacian (see (Lax and Phillips, 1976)). 

For every t € R we can define a linear endomorphism U; of 


L? (SL(2, Z)\h’) n C (SLQ, Z)\h’) 
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to itself, taking a function f(x + iy) to 2u(x + iy, t), where u is the solu- 
tion to (4.8.1) with u|, 2o = f, u;|;-9 = 0. One may show that this operator 
is well defined in a standard way; moreover, it is self-adjoint (“time reversal 
symmetry”). Formally speaking, one may write U, = e' Vat Tet Var ;in 
fact, U; gives a rigorous meaning to the right-hand side. 

Moreover, for any function f € C?* (52), the value of U, f at z € 5? depends 
only on the values of f at points w with d(z, w) < t; this fact expresses the 
finite propagation speed of waves in the hyperbolic plane, and corresponds to 
the fact that the point pair invariants K we used earlier were supported within 
d(z, w) x R for some R. 

In this fashion the operator pv ^-i + pv^-i can be regarded as the oper- 
ator on functions that corresponds to propagating a wave for a time log p. One 
can thereby rephrase our previous arguments using the wave equation. 

Finally, we note that the methods of this section can be extended to the 
higher-rank case, e.g. existence of cusp forms on SL(n, Z)\SL(n, R); and 
moreover, a more careful analysis gives not merely the existence of cusp forms 
but the full Weyl law, that is to say, the correct asymptotic for the number 
of cusp forms of eigenvalue < A. The idea is that, again, one may construct 
operators like “©” by combining Hecke operators and integral convolution 
operators. 

To write such an operator down explicitly for SL(3, Z)\SL(3, R) would 
be rather a painful process! However, it is not too difficult to convince your- 
self that they do exist: in the SL(2, Z) case, the crucial point was that both 
the Hecke eigenvalue pt + p~"' and the Laplacian eigenvalue 1/4 + t? of the 
Eisenstein series E(z, i + it) were controlled by just one parameter t € R, and 
so it is not too surprising that we can concoct a combination of these param- 
eters that always vanishes. A similar phenomenon occurs for higher-rank: the 
Eisenstein series is controlled by too few parameters for the archimedean and 
Hecke eigenvalues to be completely independent. This is perhaps a bit sur- 
prising since, on SL(3, Z)\SL(3, R), there exist Eisenstein series indexed not 
merely by a complex parameter t but also by Maass forms (see Section 10.5) 
on SL(2, Z)\\SL(2, R)! 

In the higher-rank case one uses a slightly different approach to see that 
the equivalent of “©” is non-zero. Let us describe this approach in the 
SL(2, Z)Nb? case; the higher-rank case proceeds analogously but using higher- 
rank Whittaker functions. The idea is again to explicitly write down a function 
which Q does not annihilate; but we will use instead a somewhat more com- 
plicated function than before. The payoff will be that Ọ will act on it in a very 
simple way. 
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Choose 0, r € R and define for k > 0 the complex numbers 
jim eike 4 gri -29 LLL ui. 


Put f(z)= Y AS Y Kir (py) cos(2zt p x). Recall that for T > 1 we defined 
kz0 


G(T) = Er; =Too\ {2 € 9° | 9) > TJ 


to be the Siegel set as in Definition 1.3.1. If we restrict f to G(T), 
we may, thereby, regard it as belonging to £7(SL(2, Z)\h*). One veri- 
fies that, if T’ >> T is sufficiently large, then for any w € G(T’), we have 
Q f(w) = holir)(p” + p^" — e? — e~?) f(w); here ho is the Fourier trans- 
form of the basic function go that was chosen at the start of Section 4.4. In other 
words, for this particular function f , “high in the cusp,” Q actually acts on f by 
a scalar, namely ho(ir)(p'” + p^!" — e? — e~'®), In particular, we can choose 
r and 0 so that Q f Z 0. 

It is possible to reproduce this behavior in any rank using higher-rank 
Whittaker functions, and this allows one to show that the relevant convolu- 
tion operators are non-zero. 


5 


Maass forms and Whittaker functions for 
SL(n, Z) 


5.1 Maass forms 


Maass forms for S L(2, Z) were introduced in Section 3.3. We want to generalize 
the theory to SL(n, Z) with n > 2. Accordingly, we will define, for n > 2, a 
Maass form as a smooth complex valued cuspidal function on 


b” = GL(n, R)/(O (n, R)- R*) 


which is invariant under the discrete group SL (n, Z) and which is also an eigen- 
function of every invariant differential operator in D”, the center of the universal 
enveloping algebra as defined in Section 2.3. A cuspidal function (or cuspform) 
on b? was defined by the condition that the constant term in its Fourier expansion 
vanishes which in turn is equivalent to the condition that $(z) has exponential 
decay as y — oo. These notions are generalized in the formal Definition 5.1.3. 

Harish-Chandra was the first to systematically study spaces of automor- 
phic forms in a much more general situation than G L(n). He proved (Harish- 
Chandra, 1959, 1966, 1968) that the space of automorphic functions of a cer- 
tain type (characterized by a cuspidality condition, eigenfunction condition, 
and good growth) is finite dimensional. Godement (1966) explains why Maass 
forms on GL(n) are rapidly decreasing. It was not at all clear at that time if 
a theory of L-functions, analogous to the GL(2) theory could be developed 
for GL(n) with n > 2. The first important breakthrough came in (Piatetski- 
Shapiro, 1975), and independently in (Shalika, 1973, 1974), where the Fourier 
expansion of a Maass form for SL(n, Z) was obtained for the first time. The 
Fourier expansion involved Whittaker functions. In his thesis, Jacquet intro- 
duced and obtained the meromorphic continuation and functional equations 
of Whittaker functions on an arbitrary Chevalley group (see (Jacquet, 1967)). 
These papers provided the cornerstone for an arithmetic theory of L-functions 
in the higher-rank situation. 
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Recall that for n > 2, an element z € h” takes the form z = x - y where 


l x12 X13 ce Xin Y1Y27 77 Yn-A 
l x3-:- X2.n Y12:7* Yn-2 
x= : , y= ; 
1 Xn—1,n yı 
1 1 


with x;; ¢ Rforl <i < j <nandy; >O0forl<i<n-l. 
Let v = (vi, vo, .. . v4 1) € C"-!. We have shown in Section 2.4 that the 
function 


n—ln-l 


tC - [ET Dy?" (5.1.1) 


i=l j=l 
with 
S ij ifi+j <a, 
" lJan-in-j ifi+j>n, 


is an eigenfunction of every D € D”. Let us write 
DI,(z) = Ap- (z) for everyD e D”. (5.1.2) 
The function àp (viewed as a function of D) is a character of D” because it 
satisfies 
ADD, = AD, * Ap; 
for all Dı, D; € D”. It is sometimes called the Harish-Chandra character. 


Definition 5.1.3 Let n > 2, and let v = (vi, v2, ... vy 1) € C"-!. A Maass 
form for SL(n, Z) of type v is a smooth function f € C^(SL(n, Z)\b") which 
satisfies 


(1) f(yz) = f(z), for all y € SL(n, Z), z e 6", 
(2 Df(G)—Apf(G), forall D € D”, with p given by (5.1.2), 
(3) l f(uz)du — 0, 

(SL(,Z)nU NU 


for all upper triangular groups U of the form 
I 


I, 


b 
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With r4 4- r2 4- --- -- ry =n. Here I, denotes the r x r identity matrix, and * 
denotes arbitrary real entries. 


5.2 Whittaker functions associated to Maass forms 


For n > 2, let U, (IR) denote the group of upper triangular matrices with Zs on 
the diagonal and real entries above the diagonal. Then every u € U, (IR) is of 
the form 


l ui» U3 coo Un 
l u23 = Un 
u= n Xs (5.2.1) 
1 Un—-1,n 
1 


with u;; ER for 1 <i « j x n. Similarly, we define U,(Z) with entries 
uj; € Zforl<i<j<n. 

If m = (mj, m3, ..., m, 4) € Z"-!, then the function w,,:U,(R) > C* 
defined by 


Vas) = grim ema masa) (with uc U,(R)) 
is a character of U, (IR). This means that 
Vy - v) = Yn) Wn(v) (5.2.2) 


for all u, v € U, (RR). This can be quickly verified in the case n = 3 because 


1 ui» uis 1 v2 vi 1 u2 +0,2 * 
O 1 u5]-|[O 1 w3] = | 0 1 u23 + 02,3 |, 
0 0 1 0 0 1 0 0 1 


and it is easy to see that (5.2.2) holds in general. 

For n>2, let @ be a Maass form for SL(n,Z) of type 
v = (vi, ..., vy 4) € CL. By analogy with the Fourier expansion tech- 
niques introduced in Section 3.5, it is natural to introduce the function @m(Z) 
defined as follows: 


1 1 
Èn) = Í a; |J HU- mu) [| duz. (5.2.3) 
0 0 l<i<j<n 
One might reasonably expect that ,,(z) is a Fourier coefficient of $ and that 
$ might be recoverable as a sum of such Fourier coefficients. Unfortunately, 
the fact that U,,(R) is a non-abelian group (for n > 2) complicates the issue 
enormously, and it is necessary to go through various contortions in order to 


5.2 Whittaker functions associated to Maass forms 117 


obtain a useful Fourier theory. We shall study this issue carefully in the next 
section. For the moment, we focus on the integral (5.2.3). 


Proposition 5.2.4 For n > 2 and v = (vj, v2, ..., v4.4) € C"-!, let bea 
Maass form of type v for SL(n, Z). Let m = (m, ..., my 4) € Z"-!, and let 
Wm be an additive character as in (5.2.2). Then the function $,,(z) defined in 
(5.2.3) satisfies the following conditions: 


(1) mlU - z) = YmU) - és) (for all u € U,(R)), 
(2) Dm = Apón. (for all D € D”), 


(3) Jj ids GO d*z < oo, 
Egi 


where 3,5 ı denotes the Siegel set as in Definition 1.3.1, and d*z is the left 
2552 
invariant measure given in Proposition 1.5.3. 


Remark Any smooth function: h” — C which satisfies conditions (1), (2), 
(3) of Proposition 5.2.4 will be called a Whittaker function. A more formal 
definition will be given in Section 5.4. 


Proof First of all, the integral on the right-hand side of (5.2.3) is an integral 
over U,(Z)NU, (IR). Since both $ and Yn are invariant under U, (2), the integral 
is independent of the choice of fundamental domain for U, (Z)NU, (R). 

Every z € b" can be written in the form z — x - y, as in the beginning 
of Section 5.1. In the integral (5.2.3), we make the change of variables 
u — u-x-!. It follows that 


1 1 
inte) = f -f OUD D [T duy. 


l<i<j<n 





But (5.2.2) implies that Ym(u - x7!) = YmU) - ux) = vu): vx). 
This proves that for u € U, (R), $(u - z) = Ym (u - x)ó(y) = Wp (u)G(z). The 
second part is an immediate consequence of the fact that $ is an eigenfunction 
of every D € D” with eigenvalue Ap. 

To prove (3), we use the Cauchy-Schwartz inequality and the fact that $ is 
in £? to deduce that 


1 1 
| ore fff mete T] dus 
E65) 


l<i<j<n 
X1 
12.2 


= f o d*z < oo. 


X551 
2 
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5.3 Fourier expansions on SL(n, Z)\ b” 


The classical Fourier expansion theorem states that every smooth periodic func- 
tion $ on ZWAR has a Fourier expansion 


P(x) = $165), (5.3.1) 
meZ 


where 


1 
n(x) = f plu + x)e on™ du. 
0 


We seek to generalize (5.3.1) to smooth automorphic functions on 
SL(n, Z)Nb". 


Theorem 5.3.2. For n > 2, let U, denote the group of n x n upper triangular 
matrices with Is on the diagonal as in Section 5.2. Let $ be a Maass form for 
SL(n, Z). Then for all z € SL(n, Z)\b6" 


oo 


w Msi à€—-0au 


y €U,-\(Z)\SL(n—1,Z) mizO0 m2=1 mg-1—1 


where the sum is independent of the choice of coset representatives y and 


with u € U, (R) given by (5.2.1) and d*u = igereres dui j. 
If $ satisfies conditions (1), (2), but does not satisfy condition (3) of 
Definition 5.1.5, then the Fourier expansion takes the form 


oo oo 


ke cm. m ud hes (Ca 


y€U, ACLZASL(G—1,Z2) mi——0oo m2=0 mg-1—0 


The proof of Theorem 5.3.2 makes use of an elementary lemma in group 
theory which we shall straightaway state and prove. 


Lemma 5.3.3 Let C C B C A be groups. Let f : CAA — C be any function 


such that the sum, X` f(y), converges absolutely. Then 
yeC\A 


VY FM= VY FOS). 


yeC\A S'EC\B 5EB\A 
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Proof Itis clear that if ó € B\A and ó' € C\B then ó' € C\A. On the other 
hand, every y € C\A can be written in the form y = ca forc € C,a € A. If 
we now set ó' =c - 1 € C\B and ô = 1 -a € B\A, then we have expressed 
y= 65. 














Proof of Theorem 5.3.2 Since ¢ is automorphic for SL(n, Z), we have 


1 mı 
1 m» 
$ : z| = ¢@) 
1 Mn-1 
for all m1, m2, ..., Mn—1 € Z. It then follows from classical one-dimensional 
Fourier theory that 
1 v1 
1 1 l v2 
= $ ffo g ropes 
mj,...ny1€Z 0 0 1 Usi 
1 
x e 2r nimm) dys. dv, 4. (5.3.4) 
Here, we are simply using the fact that the matrices 
1 1 1 0 1 0 
1 0 1 1 1 0 
1 0 1 0 1 1 
1 1 1 


commute with each other and generate the abelian group of all matrices of the 
form 


1 mM, 


M,...,Mn-1 EZ 
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We now rewrite (5.3.4) with a more compact notation. For 


1 Ui 
1 v2 nci 
m-—(m,...,m,)eZ"!, v= ue EH d*v =| [du 
1 Vn i=1 
1 


define 
x 1 1 
Pm(Z) EI -f plunje 27) d*y, 
0 0 


where (v,m) = SUE vimi. Note the difference between $ and ¢, for 
example, $ involves integration with repect to all the variables uj, j with 
1<i < j <n-—1. With this notation, (5.3.4) becomes 


éc)- D> Phn. (5.3.5) 


mezn-i 


The Fourier expansion (5.3.5) does not make use of the fact that $ is auto- 
morphic for all SL (n, Z). To proceed further, we need the following lemma. 


Lemma 5.3.6 Letn > 2. Fix an integer M #0, and let y € SL(n — 1, Z). 


Then 
x R y 0 
Pme, iy (Z) = PO....,0,M) (( 0 ') . :) : 


where ey 4 = (0,..., 0, D) lies in Z^. 


Proof Let 
01,1 01,2 d Q1,n-1 
y= , 
An—2,1  On—22 °**  On—2,n-1l 
n y2 "es Yn-1 
and 
1 
1 vı 1 vi 
1 v2 1 [A 
v= ee Ws v= : 
1 Un—-1 1 v 
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Then we have the identity 


G ee J (5.3.7) 


where 

P 

Ui = a111 + re) F At n—1Un-1, 
1 

Vy = d24U1 + +++ + a2,n—-1Vn-1, 
1 

U, 2 = an-2,101 posee Os —2, n 1 Un—1 
1 

Va = ViVi c Yn-1Un-1- 


0 1 
lows from (5.3.7) and a simple change of variables that 


1 1 
I f he |J $ Y 0 vz e 2tiM vir saa) dv 2t dv, 4 
0 0 0 1 
= A ax |J $ v y z e72TiM(yivi+=+yn-1vn-1) dvi "T dv z 
0 0 0 1 * 
1 1 
Y 0 —2niM-v' 
=f feel e Mvi dy edv, 
e x ow 
= $(0,....0,M) (( 0 i :) i 


For n > 2, the group SL(n — 1, Z) acts on Z"-! with two orbits: 


Now, since y € SL(n — 1, Z), we have $(vz) = $ de 1) v2) . It then fol- 














(0, Z"'— {0} = Z*-e,1-SL(n— 1, Z), 


where Z+ denotes the positive integers. The second orbit above is a consequence 
of the fact that every non-zero m € Z/'-! can be expressed in the form 


m=(m,...,My-1) = M - (yy... Yn—1) 


= Me ( ji ). 
Yı Ya `? Ya-A 


where M = ged(m;,...,m, 1, M0, and m;-—My; (for j= 
1,2,...,n — 1) The stabilizer of e, ;, in SL(n— 1, Z) (under right 
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multiplication) is P,.., (Z) where 


and x denotes arbitrary integer entries. 


Remark 5.3.8 The above argument breaks down when n — 2. In this case, 
the orbit consists of all integers M +Æ 0. 


It now follows from this discussion and Lemma 5.3.6 that we may rewrite 
(5.3.5) as follows: 


$6) = o...) + >> »- Qus, y C) 


= $c...) + 2v > $00,...0,M) (es " z) . 


(5.3.9) 


My—1, and setting P4; = P, 402), SLn-1 = SL(n — 1, Z), we may, therefore, 
rewrite (5.3.9) in the form 


e-E x [093 


M=] y€P, NS Lai 


x e72 iMn- Unn d*u, (5.3.10) 
where 
1 Un 
1 U2n n—1 
u= e. : , d*u = | [duja 
1 Un—1,n i 
1 


Lemma 5.3.11 The function 


1 1 
Poo...,0,M)(Z) = Í -f olv - zje? Mm d*y 
0 0 
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where 
1 v1 
1 V2 n—1 
v= = : ; d*v = | | dv, 
i=1 
1 Un—1 
1 


is invariant under left multiplication by matrices of the form 


m4 m4,2 e mae 0 
m2 m22 e Mna 0 
m= : : : : € SL(n, Z). 
Hao) / Hy 22 vo Hg O 
0 0 ee 1 0 
0 0 xe a v 


Proof We have 


1 1 
Qo... (m 3 z) — i - |j (v .m- zje? Mv d*v 
0 0 


1 1 
= / zs |J o(m v y zje? TiM Yn- d*v 
0 0 


1 1 
zx i 2x |j $(v' : ge 25M d*v, 
0 0 


where 


is chosen so that v - m = m - v'. A simple computation shows that we may take 


$ 
Vy = miU; + M1202 He + Mi 1 Vp-1 


/ 
Vy = m2, U| + M2,2V2 + +++ + M2,n—1Vn-1 


c 


23 = My—2,1V1 + My—2,202 E ++ + o, 1Un-1 


e 
ss os 


—1 = Un-1- 
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Finally, if we make the change of variables v' — v, it follows from the above 
discussion that 


1 1 
$(....o. (m + z) = " a |J (v = ze Pr Mii d*v 
0 0 


1 1 
= f "3 |j po ? z)e iMn d*v' 
0 0 


= $(0,....0,4) (2). 











because the Jacobian of the transformation is 1. 





We remark here that in the derivation of (5.3.10), we only used the left 
invariance of (z) with respect to P. (Z). In view of Lemma 5.3.11, we may 
then reiterate all previous arguments and obtain, instead of (5.3.10), the more 
general form 


oo oo 1 1 
ideo x. X UE pw] 
-2\SLn-2 ya-1€ PAM Lai YO 0 


Mn—-2=1 mn-1=1 Yn-2€ Pa 


Yn-2 
xólu- 1 (un ): 
1 1 


x e Pri [Mn attn2.n—1 nnn | d*u, (5.3.12) 
where 
1 Uia 1 uini 0 
1 H2.n 1 U2 n-1 0 
H= 
Un—2,n—1 0 
1 Un—1,n 1 0 
1 1 
1 Uli n-1 Ui in 
1 U2,n-1 U2.n 
= * 
Un—2,n—1 Un—2,n 
1 Un—-1,n 
1 
and 


d*u = I] duin- ? I] dU jn. 


1<i<n—2 1l<j<n-1 
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Note that by Remark 5.3.8, the sum over m„—2 in formula (5.3.12) will range 
over all m,..» #4 0 when n = 3. 


Lemma 5.3.13 For n -2, define the following | subgroups of 
SL, = SL(n, Z): 


* LEE MES 
PE ; E ; = P,(Z), Psy Ko ote) cxx ook o , 
A a O 0 1 x 
0 >. 0 0 1 
* LEE MES 
; By tee 1 
] i So i 1 : 
Pi3= m NE: , , Enn 
0 ] x * 
0 O 1 x 1 
0 0 0 1 
Then forr = 1,2,...,n — 1, we have 
Py NS LaL, = Paribas 
Pare y > Prysi- r I (y € SL,.,), 
r 
where l, denotes ther x r identity matrix. 
Proof We may write 
* Ox * 
SL, 
* . * 
Pi, = 1 * ; 
] x 
1 
* Ox * 
Pos 
* 0o * 
Pasi 1 * * 
] x 
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The lemma follows after one notes that a set of coset representatives for the 
quotient Pot Pus is given by 


y 
P" ( r) l 














We now apply Lemma 5.3.13 (in the form Pa—1—r\SLn-1- with r = 1) to 
the inner sum 


Yn-2€ Pn—2\SLn-2 


in (5.3.12). We can replace y,» € P4 2NS L4 5 by Y. € Pania Pazi where 


Yn-2 
1 = nes ) 
1}? 
1 


and where P, ; » is defined as in Lemma 5.3.13. If we then apply Lemma 5.3.3 
to the sums 


, 


yl a3€Pa aM a. Yn € PAM aa 
it follows that 


w= Y mo [^ ft ) *) 


m,y-3—ln Mp1=1 


x e Pri mss aims] d*u, (5.3.14) 


where 
* ox * Ox 
P= We ge as ES R C SL(n—1,2), 
1 s 
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and 
1 Uj n-1 Un 
1 U2,n-1 U2,n 
u = ; 
Un—2,n—1 | Un—2,n 
1 Un—-1,n 
1 
d*u = HI duis * I] dujn- 
1<i<n—2 1xjzn-1 


All steps previously taken can be iterated. For example, after one more 
iteration equation (5.3.14) becomes 


oo oo oo 1 1 
wE X X X [f-[Q()) 
ma-3—l mp-2=1 ma-i—l yePy13\SLn-1 


S e ri [Mn-3Un-3,n-2+Mn-2Un-2,n-1+Mn-1n-1,n ] d'u, (5.3.15) 





where 
Puis Sth Tu C $L(n — 1,Z), 
] x x 
1 x 
1 
and 
1 Ui n-2 Ui n-1 Ui in 
1 U2 n-2 U2n-1 U2n 
iom 1 HUn—3,n—2 | Un—-3,n-1 Un-3,n |’ 
1 Un—2,n—1 | Un—2,n 
1 Un—-1,n 
1 
d*u = I] duj.n—2° I] du ja: I] duy. 
1xixn—3 Ixjzn-2 1<k<n—-1 


Theorem 5.3.2 follows from (5.3.15) after continuing this process inductively 
for n — 2 steps, and taking into account Remark 5.3.8. 
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5.4 Whittaker functions for SL (n, IR) 


Forn > 2, let v = (v4, v2, ..., v4.1) € C"-!. We have repeatedly used the fact 
that the function 7, :5" — C (see Section 2.4) given in (5.1.1), i.e., 


n—ln-i 


tC 7 [T1 y ""L  (withz e b”) 
i=l j=l 
and 
er ij ifi+j<n, 
"U lm-Dn-jp ifi+j>n, 


is an eigenfunction of every SL(n, IR)-invariant differential operator in D”. 
These are not the only possible eigenfunctions, however. For example, we have 
shown in Section 3.4 that the functions 


y, yb Vy K, 1 Qn |m] yje”, V» Li Qz |m ye", 


(with m € Z, m #0) are all eigenfunctions of A = —y? (4 + =) with 


eigenvalue v(1 — v). Of these four functions, only 

Jy K, 1 On Im|y)e ims, 
has good growth properties (exponential decay as y — oo) and appears in the 
Fourier expansion of Maass forms. This is the multiplicity one theorem of 
Section 3.4. We seek to generalize these concepts to the group SL(n, Z) with 
n 2. 

For n > 2, let U,(IR) denote the group of upper triangular matrices with 
1s on the diagonal. Fix v :U,(R) — C to be a character of U,(IR) which, by 
definition, satisfies the identity 

Vr v) = Varr) 
for all u, v € U, (IR). 
Definition 5.4.1 Letn > 2. An SL(n, Z)-Whittaker function of type 


-1 
v = (v1, V2,---, v1) e C” , 


associated to a character Vy of U,(R), is a smooth function W :6" — C which 
satisfies the following conditions: 


(1) W(uz) = y(u)W (z) (for all u € U,(R), z € b”), 
(2) DW(z) 2 ApW(G) (forall D € D", z € b”), 
(3) / |W(z)|? d*z < oo, 


UM 
752 
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where Xp is defined by DI,(z) = XApl,(z), the Siegel set 35 , is as in 

2.'2 
Definition 1.3.1, and the left invariant quotient measure d*z is given by 
Proposition 1.5.3. 


The primordial example of a Whittaker function for S L(n, Z) is the integral 


1 1 
EI (u - z) Vu) I] dui, j 


Ixi«jzn 
given in Proposition 5.2.4. Here $(z) isa Maass form for S L(n, Z). This example 
shows that Whittaker functions occur naturally in the Fourier expansion of 
Maass forms. The importance of Whittaker functions cannot be underestimated. 
They are the cornerstone for the entire theory of L-functions. 

We shall show in the next section that it is always possible to explic- 
itly construct one non-trivial Whittaker function. Remarkably, this special 
Whittaker function has good growth properties and is the only Whittaker func- 
tion that appears in the Fourier expansion of Maass forms (multiplicity one 
theorem). 


5.5 Jacquet’s Whittaker function 


Whittaker functions for higher rank groups were first studied by Jacquet (1967). 
The theory was subsequently fully worked out for GL(3, R) in (Bump, 1984), 
and then for arbitrary real reductive groups in (Wallach, 1988). Jacquet intro- 
duced the following explicit construction. For n > 2, fix 


m = (m,...,my 1) € Z^ |, y = (vi, vo... Vy-1) € C71, 
and let 
l uj» uis coo Uin 
l U3 >> Un 
ü= ES : € U,(R). 
1 Un—1,n 
1 


In order to simplify later notation, it is very convenient to relabel the superdiag- 
onal elements 


Ui = Un—ln: U2 = Un—-2,n-1; D Un-1 = U1. 
Define Yn to be the character of U, (IR) defined by 


Wm (u) = e?rilmuitmuz+:-+mn-1un-1] i 
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Note that all characters of U, (IR) are of this form. 
For z 2 xy € b" (as in the beginning of Section 5.1) and m; 40, 
(1 <i €n-— 1), define 


Wiacquei CZ; V, Wm) = Twn “Us z) Wn(u) d*u (5.5.1) 
U, (R) 
to be Jacquet’s Whittaker function. Here (|x | denotes the largest integer < x) 
(21)? 
1 
Wn = f € SL(n, Z), 
1 
oo oo 
f d*u = E [f Hn dui, j. 
UR) -o “oo Pm 


Proposition 5.5.2 Let n > 2. Assume that R(v;) > 1/n for i =1,2,..., 
n — l and m; 40, (1 € i € n — 1). Then the integral on the right-hand side 
of (5.5.1) converges absolutely and uniformly on compact subsets of h” and has 
meromorphic continuation to all v e C"-!. The function Wiacquet(Z; V, Wm) is 
an SL(n, Z)-Whittaker function of type v and character Wm. Furthermore, we 
have the identity 


Whacquet(Z3 V, Wm) = Cv,m - Wyacquet (mz; V, Y m TE 22) 


[my]? imas Ims. il 


= = Cy, m | Vas(x)- Wiacqua (M y; V, Vi RE 1), 


where Cym #0 (depends only on v, m) and M = 


[mimo mgl 


Įmım2| 
Imi] 


n—1 T buvi- i(n—i) 

Remark The reader may verify that cy = [] [mil . For example 
i=1 

when the dimension n = 2, we have c2, = |m; "71, whereas for “n = 3” the 


coefficient is c3,» = |m; |" *?? pg, in, 


Proof We shall defer the proof of the convergence and the meromorphic con- 
tinuation of the integral until later. At this point, we show that Wyacquet(Z3 v, Wm) 
satisfies Definition 5.4.1 (1) and (2) of a Whittaker function. First of all, note 
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that if 
l a2 a3 >> din 
l a3 > Aan 
a = D : € U,(R), 
1 On—l,n 
1 


then after changing variables, 


Wiacquei(42 ; V, Wm) = f I,(w,-u-a-z)vw(u) d*u 
U,(R) 


= f I(wn: u-z) V (u i a`!) d*u 
U,(R) 
= Wm(a) Wyacquet(Z3 V, Wm). 


Second, using the fact that every differential operator D € D” is invariant under 
left multiplication by SL(n, R), it follows from the definition of Ap given in 
Definition 5.4.1, that 


Dly(w,-u-:z)-— XApl,(wg uz). 


Consequently, 


D Wiacqua(Z; V, Wm) =i} D (ly (ws uz) Wm(u) d*u 
U,(R) 
= a» f I, Qo, -u - 2) V (n) du 
U,(R) 
—Ap: Wiacquet CZ; V, Wm). 


We have thus proved Proposition 5.5.2 under the assumption that the integral 
(5.5.1) converges absolutely and uniformly on compact subsets of 5" to an £? 
function on the Siegel set Z5 1. 


2:*2 
Next, we prove the identity 


Wiacqua CZ; V, Wm) = Cvm’ Wiacqu (Mz; V, een. 


with e; = m;/|m;|,(@ = 1,2,..., n — 1). We have, after making the transfor- 
mations 


uy mius, uz > |m»|u», us Un—1 > maius, 


132 Maass forms and Whittaker functions for S L(n, Z) 


that 


Wiscqu (Mz; V, ecce) = I Il(w,-u- Mzje2ti lantern] qu 


U,(R) 
n—i 
= I] Imi| I, (wy . Mu. zye-2rilmiteue malesu] d*u 
i=l U,() 
n—1 
= I] |m;| I,(w,M wy, : w,uz)e Dr Ime meu] d*u 
i=l U,(R) 


= Cvm’ Wiacqua (Z; V, V); 
for some constant Cym € C. Now, 
Wiacque (M z; V, decens) = Wn(X) t Wijacqua (M y; V, Ve. e, sea) 


To complete the proof of the identity in Proposition 5.5.2 it remains to show 
that 


Wiacqua CM y; V, Weien.. 6a) = Wyacquet(M y; V, V1 d 1). 


Note that this identity holds because My is a diagonal matrix with positive 
entries. To prove it, consider (for j = 1,2,...,n — 1) the (n — j + Dth row: 


(0,...,0, 1, uj, Un—j+1,n-j+2> -+-->  Un—j4iyn), 


of the matrix u. It is easy to see that for each 1 < j < n — 1, we can make the 
transformation 


uj b> €juj, 
by letting 
ur Ôj -u-d;, 


where ô; is a diagonal matrix with 1s along the diagonal except at the 
(n — j + Dth row where there is an ej. Note that the other ug, with 
1<¢€<k—2<n-—2 may also be transformed by ej, but, as we shall soon 
see, this will not be relevant. 
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If we make the above transformations in the integral for the Whittaker func- 
tion, then that integral takes the form: 


Wiacqua (M y; V, Weinen) = Í Iwn- u- Myje rl ea] d*u 
Un (R) 


= 
ia 
1 
T 


= i I,(w, : 8ju8; - Myjer lamtu] quy, 
U,(R) 











= 
I 
1 
T 


= Í I,(8jw, -u : Mys jjer lentue] qu, 
U,(R) 


= f I (wn E My)e rli nme nsa] d*u 
Un (R) 


= Wyacquet(M y; V, Ve, i Ts iu 


jth position 


One may do the above procedure for each j = 1,...,n — 1. In the end, we 
prove the required identity. 

The proof of the absolute convergence and meromorphic continuation of the 
integral (5.5.1) is much more difficult. We shall prove it now for n — 2. In this 


case we may take z — k d and v € C. It follows that 


oo 
0 —I1 l u y x 
|Wyacquet(Z; V, V)] < f x mela ane 1) ) au 
f y )^ p 
= =- 5n u 
(x ru +y? 
—oo0 


ig d 

— yl-Re(v) u 

TA / (u2 + TREO (5.5.3) 
—oo 


which converges absolutely for Re(v) > 1/2. For n = 2, the meromorphic 
continuation of (5.5.1) is obtained by direct computation of the integral 
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0 1 
Wiacquet (2; V, Wn) = pe (=) e imu du 
-oœ NX + u)? + y? 


oo e nimuy 
c i 
Loo (U2 + 1) 


1 f 
Wiacqua (2; V, Wm). With the choice Ym (( - )) = eim we have 


du 


2|m|~2 20” 2xnimx 


Since the Bessel function, K;(y), satisfies the functional equation 
K;(y) = K_s(y), we see that the Whittaker function satisfies the functional 
equation 
Was cs V, Wm) = [mz | "P O)Wijscqua (2; V, Wm) 
= Whacquet(23 1 — V, V»). (5.5.5) 














The proof of the absolute convergence and meromorphic continuation of 
(5.5.1) for the case n > 2, is presented in Section 5.8. We shall deduce it using 
properties of norms of exterior products of vectors in IR". The theory of exterior 
powers of IR" is briefly reviewed in the next section. 


5.6 Theexterior power of a vector space 


Basic references for this material are: (Bourbaki, 1998a, 2003), (Edelen, 1985), 
(Brown, 1988). 

For n = 1,2,..., L= 1,2,..., let &* (IR^) denote the £th tensor product 
of the vector space IR" (considered as a vector space over IR). The vector space 
@‘ (R") is generated by all elements of type 


v Qv» Q---Qu, 


with v; € R” fori = 1,2,...,4. 
We define 


AR”) = &(R)/a,, 


where a; denotes the vector subspace of &* (IR") generated by all elements of 
type 


v @ V2 Q---Qu, 
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where v; = v; for some i Æ j. It is not hard to show (see (Bourbaki, 1998a, 
2003)) that A‘ (IR”) can be realized as the vector space (over R) generated by 
all elements of the form 


Up] A U2 A+++ A Up 
where the wedge product, ^, satisfies the rules 
v^Av=0, UAW-—-—WAWVU, 
(aiv + a202) ^ Ww = dv ^ Vw +a Av, 
for all v, vj, v2, w € R” and a1, a» € R. 


Example 5.6.1 Consider the wedge product in R?, where the canonical basis 
for R? is taken to be e, = (1, 0), e; = (0, 1). Then we have 


(aiei + ayer) ^ (biei + b2e2) = (a1b2 — arbi )ei ^ e». 
There is a canonical inner product, ( , ) : R” x R” — R, given by 
(v, w) : v. 'w, (5.6.2) 


for all v, w € R”. It easily follows that we may extend this inner product to an 
inner product ( , )g¢ on &* (IR”) x @* (R^) by defining 


i 
(v, wa = [ [vi w), (5.6.3) 
i=l 


for all v =v; Qv; Q---Qu, w= wy; Qwr.®@---@uwy € &' (R^). Note 
that this agrees with the canonical inner product on &* (R^) x @* (R^). 

Our next goal is to define an inner product ( , )4: on A‘ (R^) x A‘ (R^). 
Lete, =(1,0,...,0), ... ,e, = (0,...,0, D denote the canonical basis for 
R”, and let 


1xij,...,ig€n 


denote an arbitrary element of A‘ (IR^). 
Consider the map $; : A‘ (R") — @ (IR") given by 


1 : 
e(a) := ü X dj, ....,is > Sign(o) + esi) 8 Coir) D +++ ® Coli), 


* 1<iy,...,i¢<n c €$, 


(5.6.4) 


where Sẹ denotes the symmetric group of all permutations of (1, 2, ..., £} and 
Sign(c) is plus or minus | according to whether o € Sẹ is an even or odd 
permutation, i.e., it is a product of an even or odd number of transpositions. 
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One easily checks that the map (5.6.4) is well defined and shows that A‘ (R") 
is isomorphic to a subspace of @‘ (IR") generated by 


ei, Q ei @ ++ Oei, 
where 1 < i4, i2, ..., i; € n are distinct integers. We may then define 


(v, w)at = (hev), be(w)) gr, (5.6.5) 


for all v, w € Af (IR^). 

Now, the group SL (n, IR) acts on the vector space IR" by right multiplication. 
Thus, if v = (a1,..., an) € R” and g € SL (n, IR), then the action is given by 
v-g, where - denotes the multiplication of a row vector by a matrix. This 
action may be extended to an action o of SL(n, R) on &* (R^), by defining 


vog := (v : gg) @(v2- g)@--- @(ve- g), 


for all v = vi Q v) @--- Q v; € Q! (R"). In view of the isomorphism (5.6.4), 
one may also define an action o of SL(n, R) on A‘ (R") given by 


vog:—(u-:g)^(v-8)^:- A (ve: g), 


for all v = vj ^v; ^--- ^v, € AL (R^). 

We now prove two lemmas which will allow us to construct, using norms on 
A‘ (IR^), a function very similar to the function /, (z) as defined in Section 2.4. In 
fact, the sole purpose of this brief excursion into the theory of exterior powers 
of a vector space is to ultimately realize Jacquet's Whittaker function as an 
integral of certain complex powers of norms on exterior product spaces. 


Lemma 5.6.6 Let k € O(n, R) with n > 2. Then for £ > 1, we have 


(v, wae = (vok, wok)ga, 
ull = y (v, v) ac = Hv o kl], 
for all v, w € A£ (R^). Here || || denotes the canonical norm on A‘ (R"). 


Proof First note that for the inner product on IR", we have 
(v-k, w-k) =(v- k): '(w-k)av-k- 'k- 'w =v. 'wz(vw), 
for all v, w € R”. It immediately follows from (5.6.3) that 
(vok, wo kjg) = (v, WoR) 


for all v, w € &' (R”). Finally, the invariance of the action by k on the inner 
product can be extended to A* (IR") by (5.6.5). 
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Lemma 5.6.7 Fix n> 2. Let e = (1,0,...,0) ..., e, =(,...,0, 1) 
denote the canonical basis for R”. Then for all 
l Hi2 W143 coo Una 
1 a3 +> Man 
u= Ul : € SL(n, R), 
1 Un—-1,n 
1 


and every 1 < £ € n — 1, we have 


(€n ^c A Cn-1 IA Cn) OU = np cA £g ^ Eg. 


Proof First of all, we have 
(en-e A+++ Aeg 1^ en) OU = (en-e: M) ^ ^ (en-1 - 4) ^ (en: u). 


Since e; - u = e; + linear combination of e; with j > i, we see that the extra 
linear combination is killed in the wedge product. 














Lemma 5.6.8 (Cauchy-Schwartz type inequalities) Letn > 2. Then for all 
v, w € A‘ (R^), we have 


2 
| 


^ 


|(v, W) At ian) (v, U) At (w, W) At, 


lv ^wlla < Ilvllac - [lwllae. 


Proof The classical Cauchy-Schwartz inequality 


|(v, wgl? < (v. vjet t (w, W) ee 


is well known on the tensor product space &* (R^). It extends to A‘ (IR") by the 
identity (5.6.5). 
To prove the second Cauchy-Schwartz type inequality consider 


n 
v= di, innie Ci, ® Ci, @ ++? Rer € A(R”), 


i1,12,...,le 
— £ n 
w= M biji hD eD Ge; € A(R’). 
Jis j2» je 


Note that we are thinking of v, w as also lying in &' (R”). Then 


2 2 2 2 
lilia So danza woles JO bijil 


Iyl2, slg Jis jas je 
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and 
2 2 2 2 
lvl. wle = Y dans uM Ibi ois? 
i1,12,..5i¢ 
Jp dt 
Now 
U^AUW 


= X Üi,i»,....ig D jaje (ei, e €i, Q0 2] ^ (ej, e eh 8:8 ej) 


fid ui 
yat 
1 
= J dj, is is PEE ) J Sign(c) Sign(o’) 
"Um 112,17 Jis J250 JE 
UU iy siga sig 0 €S, o'ESe 
Jat 


x (esi) 8 +++ @ eic) 8 (ego 9 +++ @ es). 


The result now follows because [Ju + ula < elle + lllo for all 
u,u’ € S (R^). 














5.7 Construction of the 7, function using wedge products 


We now construct, using wedge products and norms on A‘ (R"), the function 
I,(z) as defined in Section 5.4. Recall from Section 1.2 that every z € h” can 
be uniquely written in the form 


1 xi» X13 co Xin yiyo*** Yn-A 
l x23 s Xn X132: 77 Yn-2 
Z= : 
1 Xn—1,n yı 
1 1 


(5.7.1) 


Lemma 5.7.2 Forn > 2, letz be given by (5.7.1) and let || || denote the norm 
on A' (R") as in Lemma 5.6.6. Then for v = (vi, ..., v3) € C"-!, we have 
the identity 


n—i 


n-2 Siv 
12) = (Hl lent ^ ^^ en) o Ta - Det) 
i=0 
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Proof It follows from Lemma 5.6.6 that the function 


n-l 


=i 


n—2 Sin 
I) = (I1 ||(en—i A+++ A Eg] A €n) O Ta - Det(z)| zi ; 
i=0 


is invariant under the transformation 
z—=z-k 


for all k € SO(n, R). Here, we have used the fact that Det(z - k) = Det(z) since 
Det(k) = 1. It also follows from Lemma 5.6.7 that /7(z) = Ij (y) with 


31277 * Yn-A 
1277 * Yn—2 


One also easily checks that 
I(az)- [3 (z) 


for a € R*. Thus /7 (z) is well defined on b". To show that /*(y) = [,(y), note 
that 


Cn-i Y 5 yit Vis ae €n-1^ y = yr ej: y=. 
Consequently, 


||(en—i A+++ A en-1 ^ €x) o y| 


[er 


= (yı Quy) e Ore y 


i —MVn—i—1 
_ i+1-€ 
= IT Ye : 
t= 


n=l Mivw 
Divni nol i=l 
|Deiz)- T = (i r) ; 


from which the result follows by a brute force computation. 


Furthermore, 














In order to demonstrate the power of the exterior algebra approach, we 
explicitly compute the integral for the Jacquet Whittaker function on GL (3, R). 


Example 5.7.3 (GL(3, R) Whittaker function) Let n —3, v = (vi, 12) 


l u us y» 
c€ C, u = 1 uby- yı , and for fixed m = (m1, m2) € Z2 


1 1 
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define Wm (u) = e?! mit", Then we have the explicit integral represen- 


tation: 


Wiacquet CY: V, Wm) 
œo œ oo 
—39/2 
m jung dac li f / [yr + uiy} + (uu = uy] vi 
—00 —00 —00 


EOE oh 
x [x22 + u2y? + us] v2/ e Trim maus) du;duzdu3. 


Proof In view of (5.5.1), it is enough to compute /,(w3uy). It follows from 
Lemma 5.7.2 that 


—3v —3v v54-2v 
I (wuy) = |leswsuy|| ?" - ||(exw3uy) ^ Ceswsuy)p ^" - (y?y) 
(5.7.4) 
We compute 
=] 1 u» us n» 
eswsuy = (0,0, 1)| — 1 loan » 
1 1 1 
yiy2 Uo2yi U3 
= (1,0, 0) y uy 
1 
= yi y2e1 + u2y1e€2 + uaes. 
Hence 
P 
lleswauyll = [22 + uży? + 03]? . 
Similarly, 
=] 1 u» us n» 
€2U3Uy = (0, 1, 0) 1 1 uy yı 
1 1 1 
yıy2 U2yı U3 
= (0, 1,0) y uu 
1 
= y1€2 + 113, 
so that 


(ez2W3Uy)A^ (e3 W3UY)= Y? y2€1 A €2 + (U1U2y1 — U3y1)€2/ €3 + U1y1y2€1A 63. 
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Consequently 


1 
I(e2wsuy) ^ Ceswsuy)l| = yi [vr + (uuz — u3}? + uis]. 


The result follows upon substituting the results of the above computations into 
(5.7.4). 














5.8 Convergence of Jacquet's Whittaker function 


Assume Re(vj) > 1/n (fori = 1,2,...,n — 1.) The absolute convergence 
of the integral (5.5.1) has already been proved for the case n — 2 in (5.5.4). The 
proof for all n > 2 is based on induction on n and will now be given. 

Recall the notation: 


iy 
Wn = - i € SL(n, Z), 
1 
l ui» Uis c Ulin Y1Y2 77 * Yn-1 


l u25 5 Urn Y12:7* Yn—2 


= 
II 
=< 
II 


1 Un—1,n y 
1 1 


It is enough to prove the absolute convergence of 
Wieso t= [hene Waa. 58.1) 
nR) 


Now, it follows from the Cauchy-Schwartz inequality, Lemma 5.6.8, and 
Lemma 5.7.2, that 


n—2 
—nV —nWv, i 
LU, Qosuy)| « llen * wanuy” (A ||tesci A+++ ^en) o wuy ||" ) 
y i=l 


(5.8.2) 


where 
n—2 
V => Roni). 
i=0 


The < constant in (5.8.2) is independent of u and depends only on y. It appears 
because Det(w,uy) = Det(y) does not depend on u, but only on y. In view of 
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the identity 
len + Wauy|| = Ie: - uyll 
2 2 2 273 
= [61a + Quay Yn- He Qna + Many]? 


it immediately follows from (5.8.2) that (5.8.1) converges absolutely for 
ReQ;) > 1/n CU <i<n-—1) if the following two integrals converge 
absolutely: 


oo oo 
—nV /2 4 
J f Or + nay ya may] OT] dune: 
k=1 
—oo0 —oo0 


(5.8.3) 
oo © y/a—2 
» eae i, (Fie A+++ Nen) O wus) I] dui,j. 
EN EA ii l<i<j<n 
(5.8.4) 


Clearly, the first integral converges absolutely if Re(v;) > l/n, for 
1 <i <n-—1. Furthermore, if 1 < i < n, then ej - wn = e; for some £ Æ 1. 
This immediately implies that 


ei - Wally = ej : gu y 


where 
10 0 .- 0 1 
1 uoa >> Un y12:7* Yn—2 
u' => . y = 
1 Un—1,n yı 
1 1 


It follows that the second integral (5.8.4) may be rewritten as 
oo oo aio 
Í =P | (ii [Ceni N-e AE, 4)9 espe) I] dui j. 
itas E i=l l<i<j<n 


(5.8.5) 


The remarkable thing is that the integral in (5.8.5) can be interpreted as a Jacquet 
Whittaker function for SL(n — 1, Z). This allows us to apply induction from 
which the absolute convergence of (5.8.1) follows. 

Recall the definition of w, given just after (5.5.1). To see that the integral 
(5.8.5) is a Jacquet Whittaker function for SL(n — 1, Z), we use the matrix 


5.8 Convergence of Jacquet’s Whittaker function 143 


identity: 
0 1 1 0 
0 1| 0 (—I)" 
Wn = : 
0 1] 0 1 
1 0 1 
Further, 
0 1 
0 1] 
eg *. = egy 
0 1 
1 0 


for 1 < £ < n — 1. It immediately follows from these remarks that (5.8.5) may 
be rewritten as 


oo 


p n—2 
f^ f (Htec ner) TE ns 
—oo —oo i=l l<i<j<n 
(5.8.6) 
where 
1 0 
0 (-1)"! 
WwW, = E E = n 
Wn-1 
0 1 
0 1 


Furthermore, we may write 


(1). n) 


with u € U, ., (IR) and ņ a diagonal matrix in GL (n — 1, IR). With these obser- 
vations, one may deduce that 


can: 


n—2 
I [ls ^ A en) o why 
i-l 


i=0 


(n-1)-2 n/n-1) 
= ( I] Weri A+A endo cnp ne] 
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It follows that 


n—2 
/ (Li Centi ^ s ^e sspe] I] duj,; 
i=l 


oo oo 
po 


S l<i<j<n 
oo oo 

« 

s f o f eem nl an. 
—00 =O 


where /,,., denotes the /, function (as defined in Section 5.4) for 
GL(n — 1, R). By induction, we obtain the absolute convergence in the region 
Re(v) > 1/n. 


5.9 Functional equations of Jacquet's Whittaker function 


In order to explicitly state the group of functional equations satisfied 
by Jacquet’s Whittaker function, we need to introduce some prelimi- 
nary notation. Fix an integer n > 2, and let W, denote the Weyl group 
of SL(n,Z) consisting of all n x matrices in SL(n, Z) which have 
exactly one +1 in each row and column. For each fixed w € W,, and 





every v — 1 = (vi — H eel, Vg] — 1) € C"-!, let us define v’ so that 
y — 1 -(w- H pua i) € C"-! satisfies 

I, iQ) = I iQwy), (5.9.1) 
for all 

3102777 Yn-1 

12° `> Yn-2 
y= 
yı 
1 


Definition 5.9.2 Fix an integer n > 2, and let Y be a character of U, (R). We 
define 


n—1 
E 1 
Wiege: Vs V) = Wii v, V) [| [| 7? "Tr (uu). 


j=l jzkzn-l 
where 
j-l 
= NVn—k+i — 1 
Ujk = ) —=9, 7 
i=0 


and Wyacquet(Z; v, Y) denotes Jacquet' s Whittaker function (5.5.1). 
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We may now state the functional equations of the Whittaker functions. 


Theorem 5.9.3 Fix an integer n > 2, and fix V = 1,1,....1 so that 


n-1 
2zi 3 ug 
1 


v(u)-e & 


foru € U, (R). Then the Whittaker function Wyacquet(23 v, Y) has a holomorphic 
continuation to all v € C"-!. For each w € W,, let v, v' satisfy (5.9.1). Then 
we have the functional equation 


Wy nasus v, y) — Wy onus v’, y). 


Remarks It is clear that Wracquet (Z v, V) and Wi cqse (Z3 v', V) are both 
Whittaker functions of type v and character y. It follows from Shalika’s multi- 
plicity one theorem (Shalika, 1974) that the functional equation must hold up to 
a constant depending on v. The assumption that w(u) = 1,1,...,1 is not restric- 
tive because Proposition 5.5.2 tells us that there is a simple identity relating 
Wracquet(23¥» Wm) and Wy, a (Mz; v Wi,1,...,1) 

Before giving the proof of the functional equation, we will obtain explicit 
versions of the functional equation v > v’ given by (5.9.1). The Weyl group 


W, is generated by the simple reflections 


ed o uoce 


where J, denotes thea x a identity matrix. We adopt the convention that Zo is the 


In-2 0 -1 
empty set so that o; = 0 -1]|ando,;2|1 0 
1 0 liz 
Since o; (i = 1,...,n — 1) generate W,, it is enough to give the functional 


equation v + v' for the simple reflections w = o;. Fix an integer i with 
1 <i xn-— l1. In this case, v' is defined by the equation 


L10) ml 109y)-4,2(69; ^) 91-1207) (5.9.4) 
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where 


ye 177^ Vi¥i41 


yı 


is the diagonal matrix y with the (n — i)th and (n — i + 1)th rows interchanged. 
It follows that if we put y' in Iwasawa form 


Yi Yna 
y= 
yı 
1 
then we must have 
ye if@Ai-1,i,i+1, 
; Yeye if£—i—l, 
Jp = —1 . s 
yy ifl =i, 


ye-iye if£-i-l, 


for 1 <i <n -— land 1 < £ < n — 1. Equation (5.9.4), together with the def- 
inition of the 7, function given in Definition 5.4.1 imply (for 1 < i < n — 1) 
the following system of linear equations: 


n—l n—1 

1 1 
) b, j (v = 2) T ` be j (v = 2) j (for £ Æi), 
j=1 n ja n 


n—l 


1 Y 1 
a (» z) 2 ei UCET) (v 1) 


(5.9.5) 


j= 
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For each 1 <i € n — 1, the system of linear equations (5.9.5) has the 
solution 


/ 


1 
Yn-i-1 = 7 + Vn—i—1 + Vn-is Gfi z n— 1), 
2 


Vini = — — Vn-i 
n—i m , 


(5.9.6) 


1 


1 uet 
Vn i41 = B + va-i + Vn—-i+l> Gf i x 1), 





v, = ve (£zn—i—l,n—in-—idl) 


Example 5.9.7 For n = 2,3 the functional equations (5.9.6) take the explicit 
form: 


y -1-w, (n c2) 


f 2 1 1 . 
cog c s pese Pir (n=3, i= l), 
1 2 / 1 . 
nic cns Qo Evie; (n = 3, i = 2). 


It immediately follows from these computations that Theorem 5.9.3 can be 
put in the following more explicit form. 


Theorem 5.9.8 Fix an integer n > 2 and fix an integer i with 1l <i € n — 1. 
Let v, v' satisfy (5.9.6). Then we have the functional equations: 


Wracquet 5 v, y) — Wy anat v y), 














n T AV, d 
T 2ni 2 : 
Wacquet(2s v, Y) = —ťyv noni ` Wiacquet CZ; v, y) 
qz 2n DU ( 5 i) 
Z vs-i DVn-i 
g- 0-2) DU (1 = n—i 
= —Hhy ` NVa; 5 Wiacqua CZ; v’, y) 
T 2i T ( 2 i) 
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Proof Fix a simple reflection o; with 1 < i < n — 1. The second functional 
equation in Theorem 5.9.8 is equivalent to the first and can be obtained by 
computing the affect of the transformations (5.9.6) on the v; , given in Defini- 
tion 5.9.2. It remains to prove the second functional equation in Theorem 5.9.8. 
Recall that 


(e 1 i 


Wn = . € SL(n, Z), 


where |x | denotes the smallest integer < x. Define 


NUI 
Wi := O; Wp. 


The group N = U,,(R) of upper triangular matrices with coefficients in IR and 
1s on the diagonal decomposes as 
N = (w Niw;))- N; (5.9.9) 


H 


where N; is a one-dimensional subgroup with 1s on the diagonal, an arbitrary 
real number at position {n — i, n — i + 1}, and zeros elsewhere, and N; is the 
subgroup of N with a zero at position (n — i, n — i + 1}. 


Lemma 5.9.10 For 1 <i <n-—1, we have w; Nw; = N,£àj. 


Proof | Note that if 


then 


1 











Further, conjugating this by w, moves the —a to the position (i, i + 1}. 
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It follows from (5.9.9) that we may factor every u € U,(R) — WN as 
u —nj:n; with n; € w; ! Nw; and n; € Nj. For example, we may take 


10 0 0 0 
00-10 0 
o=|]0 1 0 0 OF, 
00 0 1 0 
00 0 0 1 
1 00 0 0 10000 
0 1 * 0 O0 01 00 0 
N-24|[00 100]f. w;'Nw-1|00 1*0 
0 0 0 1 0 0 0 0 1 0 
0 0 0 0 1 0 0 0 0 1 
] x ox x x 
O 1 » ox * 
N; = 0 0 1 0 x 
0 0 0 1 x 
0 00 0 1 


Furthermore, by Lemma 5.9.10, we may express Jacquet’s Whittaker function 
(5.5.1) in the form 


Wiacque CZ; V, v) = f D(w,-:u- z) yu) d*u 


U,(R) 
a ll Loomis) (0) dm W(n}) dni. 
ni LJN; 


The inner integral above (over the region N;) is a Whittaker function for the 
group SL(2, R), and has a functional equation of type (5.5.5). This functional 
equation is independent of the choice of w;n;z, and is precisely what is needed 
to complete the proof of Theorem 5.9.8. We shall find the functional equation 
by examining the case when w;n;z is the identity matrix. 

We first compute /,,(0;7;) for 


Ii Iia 


Oj — 
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It follows that 


I-i-i 
(u? +1)? —u/(u? +1)? 
Ojnj = 2 1 -k 
0 (u^ + 1)2 
Ii, 
for some orthogonal matrix k. If we then put o;n; in standard Iwasawa form, 
we have 
Tn-i-1 011710081 
E 2 
"m 1 u/(u^ + 1) 
0 1 di 
i.i, 1 
with 
1 if@Ai-1,i,i4+1 
(24-102 if€=i-1 
(u? +1)! iff=i 
(2+1)?  if£—i-l. 
Consequently 


n-1 y 
I ) ( 2 E: p (bi-1.j—2bi j+bi+1, j) 3 
vion) = U " . 











The functional equation now follows from (5.5.5). 





5.10 Degenerate Whittaker functions 


Jacquet's Whittaker function was constructed by integrating /,(w,z) where w, 
is the so-called long element of the Weyl group as in (5.5.1). Since the /, 
function is an eigenfunction of the invariant differential operators, its integral 
inherits all those properties and gives us a Whittaker function. 

It is natural to try this type of construction with other Weyl group elements 
besides the long element w,. To get a feel for what is going on, let us try to do 
this on GL(4). As an example, we shall consider the Weyl group element 


1000 
ine Ses De d 
0 1 0 0 
0 0 10 
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Let 
l uio W143 Ul4 Yiy2y3 
ict O 1 u23 W24 pa yiy2 
0 0 1 U3,4 yı 
0 0 0 1 1 


With a brute force computation, one sees that for v = (11, v2, v3) € C? we have 
v1 +2v2+v: 
7 y3(u3 4 + X1) "YT 
I,(wuy) ER 2 2 2 2 
((u2,4 — u2,3u3,4)? + (ta + yt)y3) 
(1 +2v24+3v3)/2 
7 (: ((u2,4 — u2,3u3,4)) + (u$, + yi) y3) TTD 
2 22 
(u34 + yz) 
x (((2,4 — u2,3u3,4) + (u$, + y1)33)»3) 








(3v1 4-2v24-v3)/2 


Clearly, the function does not involve the variables 41,2, 1,3, U1,4, SO itis not 
possible to integrate the function /, (wuy) over the entire u space. We may only 
consider some type of partial integral which does not involve all the u-variables. 

We leave it to the reader to work out a general theory of degenerate Whittaker 
functions and only briefly indicate how to define these objects. Let U = U,,(R) 
denote the group of upper triangular n x n matrices with real coefficients and 
1s on the diagonal (upper triangular unipotent matrices). For each element w 
in the Weyl group of SL (n, IR) define 


Uy = (w -U-w)nU, Ü,-—(w-'U-w)nU. 


For example, if 


O O T H 
cOo—-cc 
re OO O° 
T O 


then 


Cc 
= 

ll 
Ct 
g 

ll 


* 
1 1 
We may think of U „ as the group opposite or complementary to U,, in the upper 


triangular unipotent matrices. These spaces have natural Lebesgue measures. 
For example in the above situation we may write every element u € U,,, in the 
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1 12.4 


form u — , With u2,4, u3,4 € R. The natural measure, du*, on 


l u34 
1 
the space Ü „ is du* = du» 4 dus. 


Definition 5.10.1 For n > 2, letz € b”, v = (vi, vo, ..., v4 1) € C", and 
let Ym be a character as in (5.5.1). Then the degenerate Whittaker function 
associated to w is defined to be 


/ I (wuzyj (0) d*u, 


w 


where d*u is the natural measure on U „. 


Remark It may be shown that the degenerate Whittaker function can be 
meromorphically continued and satisfies the same group of functional equations 
as Jacquet's Whittaker function as given in Theorem 5.9.8. 


GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


FunctionalEquation IFun ModularGenerators 
Wedge d Whittaker 
WhittakerGamma WMaatrix. 


6 


Automorphic forms and L-functions for 
SL(Q, Z) 


6.1 Whittaker functions and multiplicity one for SL(3, Z) 


The generalized upper half-plane f? was introduced in Example 1.2.4 and con- 
sists of all matrices z — x - y with 


1 xi» Xi yiy2 0 0 
x=]O 1 x23 ], y=] 0 yp 0]. 
0 0 1 0 0 1 


where x15. X13. X25 € R, yi, yo > 0. A basis for the ring D>, of differen- 
tial operators in 0/0x1,5, 0/0x1,3, 0/0x2,3, 0/01, 0/0 y» which commute with 
GL(3, R), can be computed by Proposition 2.3.3, and is given by (see also 
(Bump, 1984)): 
8? 9? 9? 9? 
A. yh dad +y? (x2, + y2 
imp »n Xt Gat X) ax, 





əy? dy 0y2 - 
2 , 8 ; 9? EU 
+ y» + 2y;X1,2 


2 
ty RS TUER EUER 
] ORE 5 0X2.30X1,3 i 





2 
0X5 
3 93 3 93 


Ar = -S + y2 5 — 3S + YS 
dy, Oy2 9y10y5 0X140y1 8x158y1 
9? 9? 


+ (7x + y2) 7192 








— yi yox1,2 a 
: "0x2,30x1,30y2 Ax} 40y» 


9? "n 9? de 93 
0x3 ,0yo tn» 0X2,30X1,20X1,3 + 2y1y2%1,2 0x1320x75 
,89? ,9 , 92 ; Q9 
CN ay? is ay3 ia e 0X2,30X1,3 s (12 ap ») 2 an 
,9 2 3? 


+ — ; 
24 Oxy » Oxt 5 


-= X» 
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Let m = (mj, m2) with mı, m» € Z and let v = (v, v2), with vy, v € C. 
The Jacquet Whittaker function for SL(3, Z) was introduced in (5.5.1), and 
takes the form 


œo oo oo 
Wyacquet C, V, Wm) = f J / T,(w3 fus Z)Wm(u) du du; 3du23, (6.1.2) 
—00 —00 —oo 


where 
1 1 u1,2 u1,3 
w3 = -1 , u = 1 u23 |; 
1 1 
and 
2zi(mius 44-m3u v1 -2v? . 2v -v2 
Vr) = ermita), pug) = yr ym 


It was shown in Section 5.8, 5.9 that Wyacqua(z, v, V1,1) has meromorphic con- 
tinuation to all vj, v; € C and satisfies the functional equations: 


Wracquet Zs (i, v), Vi.) EE Wr aua (> (vi T v2 — 25 3 a v2), Wis) 
= Ws caue (2> (à — Vy, Vp + v2 — i ), yi), 


where 
3 3 
Wyacquet(Z> Wi, v2). Y1,1) = Ge (>) f (=) 
3v, + 3», — 1 
Tr (==) Wiacquet CZ. V, V^, 1). 


Vinogradov and Takhtadzhyan (1982) and Stade (1990) have obtained the 
following very explicit integral representation 


Wc: (v1, v2), Vii) 


oo 
= ay ocio LK mins (aye?) 
0 


y1 —3v. d 
S unn (2x1 F i) umm (6.1.3) 
2 u 


Using the above representation, or alternatively following Bump (1984), one 
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may obtain the double Mellin transform pair 











Y s-i -1 dyi d 
Wisacquei( S, v) = f Posso (vi, v), Wi, Dy) : yy ! OM em 
0 0 » » 
gy 9 
= — 06e), (6.1.4) 
Wy osa (v1, v2), Vii) 
1 2-Hioo 2+i00 
~ (Ani | J Oi sdy cry)! dsd, 
2—ioo 2—i00 
where 
T Sita r sı+ r sity r(2=“)r s2—ß r(e 
G(s1, 82) = ( 2 ) ( 2 ) ur ) ( 2 ) ( 2 ji (6.1.5) 
2 
and 


«a = —v — 2v + l, b =v +n, y —2w +v-l. 


is —H.,8 du 
DU(s)- e "Ww —, 
0 u 


is uniquely characterized by its functional equation I'(s + 1) = sT (s), growth 
conditions, and the initial condition I'(1) = 1. This is the well-known Bohr- 
Mollerup theorem (Conway, 1973). A simple proof of the Bohr-Mollerup 
theorem can be obtained by assuming that if there exists another such function 
F(s) then F(s)/I'(s) would have to be a periodic function. From the periodicity 
and the growth conditions, one can conclude (Ahlfors, 1966) that F(s)/T(s) 
must be the constant function. Remarkably, this method of proof generalizes to 
SL(3, Z) with periodic functions replaced by doubly periodic functions. The 
following proof of multiplicity one was found by Diaconu and Goldfeld. It is 
not clear if it can be generalized to S L(n, Z) with n > 3. 


The Gamma function, 


Theorem 6.1.6 (Multiplicity one) Fix v = (vj, v2) € C?. Let V,(z) be an 
SL(3, Z) Whittaker function of type v associated to a character w as in 
Definition 5.4.1. Assume that Y,(z) has sufficient decay in yi, y2 so that 


oo 

dyidya 
[ors vo ——— 
A yy 
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converges for sufficiently large o1, o5. Then 
V,(z) =C: Wiacquet CZ. V, y»), 
for some constant c € C. 


Proof Itis enough to prove the theorem for the case when w(x) = e?! (23-2) 
since, in general, V,(z) = W,(y) w(x) for z = xy € b°. For s = (s1, s2) € CÈ, 
consider the double Mellin transform 


f dyyd 
=f for 2y O ) y14y2 
: yy» 





which is well defined for 31(5;), R(s2) sufficiently large by the assumption in 
our theorem. Define 


Js) = YOT y» 


for z = xy e b’. 
Define the inner product, (, ), on £?(U (Z)\ b?) by 


co l1] 1 1 dyd 
= | | | | | 189mm: n, 
Quya) 
0 0 0 00 


for all f, g € £? (U (Z)N6?). Taking f(z) = W,(z) and g(z) = J;(z), it follows 
that 


oo oo 
dyjd z 
Ww, J5) =f fv o): yi us 35 ae SOME = W,(s*) 
0 0 ie 


where s* = (sf, 55) with sf = sı — 2, and s} = s2 — 2. 

Let D denote the polynomial ring over C of GL(3, R) invariant differen- 
tial operators generated by Aj, A2 given in (6.1.1). Then since W,(z) is an 
eigenfunction of every D € D, we may write 


DY, = A,(D)W, (6.1.7) 


for some A,(D) € R. Since D is a self-adjoint operator with respect to the above 
inner product, it follows that 


(DÝ, (s*) = (DW,, Js) = (Wy, DJs). (6.1.8) 
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Lemma 6.1.9 Let ^i, ^» € D be given by (6.1.1). Let s = (s1, 82) € C2. We 
have 


AwGm J c6, o, ADJ), (=1,2), 
o=(01,02)ES 


where the sum ranges over the finite set S = {(0, 0), (0, 2), (2, 0)}, and 


e(s, (0,0), A) = Ae(A), @=1,2), 
c(s, (2, 0), A1) = c(s, (0, 2), A1) = - QziY,, 
c(s, (2,0), A2) = Qzi* (1 — 52), 
c(s, (0, 2), A2) = Qi) (si — 1), 


where s' = (2255 : ncm) : 


The proof of Lemma 6.1.9, first obtained by Friedberg and Goldfield 
(1993), is given by a simple brute force computation which we omit. Note 
that the map s +> s’ denotes the linear transformation of C? such that 
yy? = Iy(z) with L,(z) = y? y?" for all w= (wi, wj) e C. 














It immediately follows from (6.1.8) and Lemma 6.1.9 that 


(AnDi (s*) = A c(s, o, Aj) V. (s* +0), (6.1.10) 


o=(01,02)ES 


for i= 1,2, and where s* = (s, — 2,52 — 2) as before. From (6.1.10), we 
obtain 


(Av(A1) 7 Ag (A0), G7) = 4n? (V, G* + (2,0) + V, G* + (0, 2)) 
Q (A2) — A (A2) V, (5*) = —4n^ (1 — 52) Hy (s* + (2, 0) 
+ Gi — DV G* + (0, 2)). 
Consequently, V, (s) must satisfy the shift equations 
V, (s) = AG) Hy (s + (2, 0) = BG), (s + (0, 2), 


for certain meromorphic functions A(s), B(s). 
Stirling’s formula for the Gamma function (Whittaker and Watson, 1935) 
tells us that 


I 7567 3 <P + iN K [el 2e7 $t (6.1.11) 


for c, t € R and |t| sufficiently large. If we combine (6.1.11) with the Mellin 
transform (6.1.5), we obtain 


Y in —sy—2) ,-% 
Whacquet((S1, $2), v) = [n|^*? ar saa Je 2 lel (6.1.12) 
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fors; = o + ifj, 5 = 05 + it; and with |t| — oo and s» fixed. We also have 
a similar estimate for sı fixed and |t5| > oo. 
Let us define the quotient function 


Fy(s) :— LAS ea 
Wiacquet(S, v) 


If we fix s2 and let 91(5;), 8 (52) be sufficiently large, then (6.1.12) implies that 
Fy((s1, $2)) K e? (6.1.13) 
as t4 — oo. Similarly, for sı fixed and 9i(5;), R(s2) sufficiently large, we have 
F,((51, 52)) K el^ (6.1.14) 


as h > oo. 
Note that the shift equations imply that 


F,((s1, 52)) = Fy((s1 + 2, 52)) = Fy((s1, $2 + 2)). (6.1.15) 


Since F,(s) is holomorphic for R(s1), (s2) sufficiently large, it follows that 
F,,(s) is entire. If we fix s2 and consider F,((s;, 52)) as a function of s;, it is an 
immediate consequence of (6.1.15) that F,((s;, s2)) will be periodic (of period 
2) in s,. Thus, for fixed s2, F,((s;, 52)) will be a function of z; = e7'* and will 
have a Laurent expansion in the variable zı of the form 


oo 


Fy(s1,52))= > crs), 
n-—-—oo 
where the coefficients c, (52) are entire and periodic of period 2. If we fix s2 € C, 
then 
1 


oo 
2 2 ,—2 2 —2nzk 
IF (Gi, 52)? dsi = $O len(s2)[? e 77^ > Jelsa)? e 271^ 


3t(51)—0 am 














for every k = 0, +1, £2, ... 
Therefore, we have the Fourier expansion 


oo oo 
Fí(G1,5)) = 9, 5, mame, 


in 06 NSE OO 
The bound (6.1.13) implies that 
1 
|F,((51, 52)? ds, « e"l, 


R(s1)=0 
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for |t;| — oo and s» fixed. This implies that c(s2) = 0 for k = £1, +2,. 
Similarly, 
1 
IF, i, 52) ds» > lao; l*e 777^ 
3(53)—0 
for j = 0, +1, +2, ... We also have by (6.1.14) that 
1 
IF i52) ds «& e", 
R(s2)=0 
for |f2| > œ and s; fixed. It follows that ao,; = 0 for j = +1, +2, ... Thus 














F,((s1, S2)) must be a constant. This completes the proof of Theorem 6.1.6. 


6.2 Maass forms for SL(3, Z) 


We want to study Maass forms for SL(3, Z). To this end, let us recall Theorem 
5.3.2. If U, denotes the group of n x n upper triangular matrices with 1s on the 
diagonal as in Section 5.2, and $ is a Maass form for SL(3, Z), then for all 
z € SLQ, Z)N? 


= Y 3 = Seo ((" 1)2): 


Yy€eUXZASLQ,Z) mj-l  m;——oo 
m240 


where the sum is independent of the choice of coset representatives y and 


1 1 1 
Qui m) = f 1 Í (u 2 z) e nianu +m2u2) d*u, 
0 0 0 


with 
1 ui uis l u uUi 
u = 1 w3)= ] u € Us(IR) 
1 1 


and d*u = dujdu»du;,3. Note that we have relabeled the super diagonal 
elements u; = U2,3, U2 = u,, as in Proposition 5.5.2. 

Now, we have shown that $m, ,m,)(Z) isa Whittaker function. Further, qn, m) 
will inherit the growth properties of the Maass form $ and will satisfy the 
conditions of Theorem 6.1.6. The multiplicity one Theorem 6.1.6 tells us that 
only the Jacquet Whittaker function (6.1.2) can occur in the Fourier expansion 
ofa Maass form for S L(3, Z), and that en, ,,,, must be a constant multiple of the 


160 Automorphic forms and L-functions for SL(3, Z) 


Jacquet Whittaker function. It follows from Theorem 5.3.2 and Proposition 5.5.2 
that if $ is a Maass form of type v = (vi, v2) € C? for SL(3, Z) then 


$z) = » » X Aim, m2) 


yeUXZASLQ,Z) mi-lmaz0 Immo] 


|m mo| 


X Wyacquet m, (’ 3) Z, V, Vr, m , (6.2.1) 
1 2 
1 uz u1,3 
where A(m;, m5) € C and y, e, l u = gentem) 
1 


The particular normalization A(m,, m25)/|m,mo»| is chosen so that later 
formulae are as simple as possible. 


Lemma 6.2.2 (Fourier coefficients are bounded) Let ¢ be a Maass form for 
SL(3, Z) as in (6.2.1). Then for all integers mı > 1, m» 4 0, 


A(mı,m 
(mı, m2) — 00). 
|mım2| 
1 x» x13 ny» 
Proof Let z = l x yı . A simple computation 
1 1 
shows that 
mim 
A(rni, m) D 
NE GITEN d Wijacquet mı yı aV; Vom 
[mim | mal 


1 


1 1 1| 
= f ' f o(z) eri bn ems gy dxydxy s. 
0 0 0 


We choose y; = lmy|—'c1, y2 = |m|~? C2, Where c1, C2 are so chosen that 


C1C2 


Wijacquet C1 > V, Wim, x 0. 
1 


Since $ is bounded everywhere, this implies that 





A(m;, m2) = O |[mim;]) . 
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6.3 The dual and symmetric Maass forms 


Let (z) be a Maass form for SL(3, Z) as in (6.2.1). We shall now define, 
$(z), the dual Maass form associated to $ which plays an important role in 
automorphic form theory. 


Proposition 6.3.1 Let $(z) bea Maass form of type (vi, v2) € C^ as in (6.2.1). 
Then 


$C) := p(w -(G7 3) w), w= -1 j 
1 


is a Maass form of type (v2, vi) for SL(3, Z). The Maass form ó is called the 
dual Maass form. If A(m|, m2) is the (mj, m3)th Fourier coefficient of à then 
A(ma, mı) is the corresponding Fourier coefficient of 9. 


Proof First, for every y € SL(3, Z), 
$(yz) = ó(w-'(yz) D: w) = o(y'w- (27!) w) = pe) 


since y’ = w - '(y7!) -w € SL(3, Z). Thus ¢ satisfies the automorphic condi- 
tion (1) of Definition 5.1.3 of a Maass form. 
Next, note that if 


1 X» x13 ny» 
Zom 1 X1 yı , 
1 1 
then 
] xi xix2— X13 y» 
w-'(zl.w- 1 X2 . yo ; (6.3.2) 
1 1 


It easily follows that 


T^ | 1 1 
I f E A E J Í don dd S. 
0 0 0 0 


Thus ¢ satisfies the cuspidality condition (3) of Definition 5.1.3. 
Now 


+2 2v + —1 
hin) = yr yon = Dvi (w AG w) 


since the involution z > w - '(z-!)- w interchanges y; and y». It then follows 
from (6.1.1), using the chain rule, that ĝ is a Maass form of type (v2, v). 
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Finally, it follows from the identity (6.3.2) that if we integrate 


1 1 1| 
TT] b(z) erbe ems] quay, qx, 
0 0 0 


to pick off the (mı, m2)th Fourier coefficient, then because x; and x2 are 
interchanged we will actually get A(m2, m). 














In the SL(2,Z) theory, the notions of even and odd Maass forms 
(see Section 3.9) played an important role. If a(n) is the nth Fourier coeffi- 
cient of an SL(2, Z) Maass form then a(n) = +a(—n) depending on whether 
the Maass form is even or odd. We shall see that there is a quite different situa- 
tion in the case of SL(3, Z) and that there are no odd Maass forms in this case. 
The cognoscenti will recognize that there are no odd Maass forms on SL(3, Z) 
because our definition of Maass form requires a trivial central character. 

Consider a diagonal matrix ô of the form 


0105 
= à 





1 


where ô1, 6; € (4-1, —1}. We define an operator T; which maps Maass forms 
to Maass forms, and is given by 


T(z) :— (625). 


Note that 
1 x? xis n» 
T; $ 1 x]: yı 
1 1 
l x22 x1 3ô1ô2 yy» 
= o 1 X101 : y . (6.3.3) 
1 1 


Clearly (Ts)? is the identity transformation, so the eigenvalues of Ts can only 
be +1. 





Definition 6.3.4 A Maass form @ of type v = (vi, v2) € C? for SL(3, Z) is 
said to be symmetric if T59 = +¢ for all Ts as in (6.3.3). 





We shall now show that every Maass form $ for SL(3, Z) is even, i.e., 
6105 
Ts¢ = $, for all T; = ôi with ô1, ô2 € {+1, —1}. The reason is 
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that a Maass form ¢(z) is invariant under left multiplication by elements in 
SL(3, Z), in particular by the elements: 


-1 -1 1 
—1 À 1 ; —i 
1 —1 -1 
It is also invariant by the central element 
-1 
-1 
-1 


Since these elements generate all the possible 75, this proves our assertion. 


Proposition 6.3.5 Let $ be a Maass form of type v = (vi, v2) € C? for 
SL (3, Z) with Fourier-Whittaker expansion 
A(m;, m2) 


oz) = 


y€U2(Z)\SL(2,Z) mi—-1maz0 


[mm | y 
x Wyacquet m, ( :) Z, V, Vi ™ o], 
1 


? [m5] 


[m1m?| 


as in (6.2.1). Then for all mj > 1 and m» #0, 


A(mı, m2) = A(m;, —m»). 


—1 
Proof Let Ts = 1 . Then since ózó transforms x. — —x> and 
1 
X1,3 — —x1,3 it easily follows that 


1 1 1 
f 1 i T;ó(z)e 7?" erim dy dxodx13 
0 0 0 


picks off the A(mı, —m2) coefficient of $(z); and this equals A(m 1, m2) because 


Tsó(z) = $02). 














6.4 Hecke operators for SL(3, Z) 


We recall the general definition of Hecke operators given in Definition 3.10.5. 
Consider a group G that acts continuously on a topological space X. Let T 
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be a discrete subgroup of G. For every g in CG(T), the commensurator of 
T in G, (ie., (g ! Tg) NT has finite index in both I and g^!T'g) we have a 
decomposition of a double coset into disjoint right cosets of the form 


Pel = | Jro;. (6.4.1) 


t 


For each such g, the Hecke operator T, : (TAX) > £Y(TAX) is defined by 
Te fŒ) = x (aix), 


where f € £L?(T\X), x € X, and q; are given by (6.4.1). The Hecke ring con- 
sists of all formal sums 


> Ck Ty, 
k 


with integer coefficients c, and gx in a semigroup A as in Definition 3.10.8. 
Since two double cosets are either identical or totally disjoint, it follows that 
unions of double cosets are associated to elements in the Hecke ring. Finally, we 
recall Theorem 3.10.10 which states that the Hecke ring is commutative if there 
exists an antiautomorphism g b> g* (i.e., (gh)* = h* g*) for which I'* = T and 
(CgD)* 2 F'gT for every g € A. 

We now specialize to the case where 


G=GL@,R), LT-—$LG,2, X-GLQ,R)/((OG, R)- R*) = b°. 
For every triple of positive integers mo, mı, m», the matrix 


mommy 
mom, € Cg;(T), 
mo 


the commensurator of I in G (defined in (3.10.2)). We define A to be the 
semigroup generated by all such matrices. As in the case of SL(2, Z), we have 
the antiautomorphism 


go'g, ged, 


where‘ g denotes the transpose of the matrix g. Itis again clear that the conditions 
of Theorem 3.10.10 are satisfied so that the Hecke ring is commutative. 

The following lemma is analogous to Lemma 3.12.1, which came up in the 
SL(2, Z) situation. 


6.4 Hecke operators for SL(3, Z) 165 


Lemma 6.4.2 Fix a positive integer n > 1. Define the set 


a C 

bi 1 a,bczl 

Sn = 0 b C2 abc =n 

0 0 C Oxbi «b, 0<c1,0. «c 
Then one has the disjoint partition 
mom m» 
r mom, repre (6.4.3) 
mm? m=n mo aes, 


Proof First of all we claim the decomposition is disjoint. If not, there exists 


yu 2 n3 
pi y2 3) Er 
ysi Y32 Yysà3 
such that 
M1 V2 V13 a b c ad b c 
Vi 2 nsz | [0 b c|-2[0 BW c]. (644 
yi Ys2 %3,3 0 0 c 0 0 c 


This implies that yo. = y3,1 = v3.2 = 0. Consequently, y;,1a = a’, y2.2b =D’, 
and y33c = c'. But yi 1yo2ya3 = 1 and a, b, c, a’, b/, c' > 1. It easily follows 
that yj.1 = 72,2 = 73,3 = 1. Note that the above shows that a’ = a, b' = b, 
c' = c. Therefore, (6.4.4) takes the form 


1 12 091,3 a bi Ci a bi ci 
1 y2,3 s 0 b C2 = 0 b C) 
1 0 0 c 0 0 c 


Since 0< bı, bi «b and O0<c,¢2,c},ch «c, one concludes that 
yi2 = Yi3 = ¥2,3 = 0, and the decomposition is disjoint as claimed. 

Now, by Theorem 3.11.2, every element on the right-hand side of (6.4.3) can 
be put into Smith normal form, so must occur as an element on the left-hand 
side of (6.4.3). Similarly, by Theorem 3.11.1, every element on the left-hand 
side of (6.4.3) can be put into Hermite normal form, so must occur as an element 
on the right-hand side of (6.4.3). This proves the equality of the two sides of 
(6.4.3). 














By analogy with the SL(2, Z) situation (see (3.12.3)), it follows that for 
every integer n > 1, we have a Hecke operator T, acting on the space of square 
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integrable automorphic forms f(z) with z € h°. The action is given by the 
formula 


1 a bi Gi 
Ty f(@) = - Yo filo 5 aja]. (6.4.5) 
abc=n 0 0 C 
0xc1,02 «c 
xb « 


Note the normalizing factor of 1/n which was chosen to simplify later formulae. 
Clearly, T| is just the identity operator. 

The C-vector space L? (T\b°) has a natural inner product, denoted (, }, and 
defined by 


(f, 8) = I f G)&G) d'z, 


TWO? 
] xia x13 »» 00 

fo al fige (PN), z=[0 1 x»s|.[ 0 n Of] es 
0 0 1 0 0 1 


and where 

dyidy2 
Quy»? 
denotes the left invariant measure given in Proposition 1.5.3. 

In the case of SL(2, Z), we showed in Theorem 3.12.4 that the Hecke oper- 
ators are self-adjoint with respect to the Petersson inner product. For SL(n, Z) 
with n > 3, it is no longer true that the Hecke operators are self-adjoint. What 
happens is that the adjoint operator is again a Hecke operator and, therefore, 
the Hecke operator commutes with its adjoint, which means that it is a normal 
operator. 


d*z= dX dx13 dx2,3 


Theorem 6.4.6 (Hecke operators are normal operators) Consider the 
Hecke operators T,, (n = 1,2,...) defined in (6.4.5). Let T? be the adjoint 
operator which satisfies 


(Taf, 8) = (f, T8) 


for all f, g € C(TNB?). Then T? is another Hecke operator which commutes 
with T, so that T, is a normal operator. Explicitly, T? is associated to the 
following union of double cosets: 


mamma 
U r mamma r. (6.4.7) 


momima-n mam, 
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Proof It follows from (6.4.3), and also from the fact that transposition is an 
antiautomorphism (as in the proof of Theorem 3.10.10), that 


Mommy 


U r mom T= U Ta = U ar. (6.4.8) 


momim;-n mo aes, aes, 


Since the action of the Hecke operator is independent of the choice of right 
coset decomposition, we obtain 





(T, fg) = Ji Y reges 
ps OS" 
3 z o G- ee 
TV ipo 
1 n 
= ~ | f(z) 2; g n a-!z| d'z, (6.4.9) 
TW? es n 


after making the change of variables z — a~!z. Multiplying by the diagonal 


n 
matrix n above does not change anything because g is well defined 
n 
on b?. 
1 
Now, it follows from (6.4.8) that for @ = —1 , we have 
1 
-1 
mommy? 
U To! = U T-@ mom, o!-T 
o€S, mmîm =n mo 
mg : 
= U r. (mom)! eT 
momima-n (momm3)! 


(6.4.10) 
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Finally, if we multiply both sides of (6.4.10) by the diagonal matrix 
n 
n , with n = momim», it follows that the adjoint Hecke operator 
n 
defined by (6.4.9) is, in fact, associated to the union of double cosets given in 


(6.4.7). This completes the proof. 














The Hecke operators commute with the differential operators A1, A» given 
in (6.1.1) and they also commute with the operators T; given in (6.3.3). It fol- 
lows by standard methods in functional analysis, that we may simultaneously 
diagonalize the space C^(SL(3, Z) V5?) by all these operators. We shall be inter- 
ested in studying Maass forms which are eigenfunctions of the full Hecke ring 
of all such operators. The following theorem is analogous to Theorem 3.12.8 
which came up in the SL (2, Z) situation. 


Theorem 6.4.11 (Multiplicativity of the Fourier coefficients) Consider 


T" Amı, mz) 


yeUXLASLQL) miim; zo Mim] 


[mm»| 


x Wijacquet m, C ye V, Vom , 
1 


Im?! 


a Maass form for SL(3, Z), as in (6.2.1). Assume that f is an eigenfunction of 
the full Hecke ring. If A(1, 1) = 0, then f vanishes identically. Assume f 4 0 
and it is normalized so that A(1, 1) = 1. Then 


T, f = A(n, 1): f, Vn=1,2,... 


Furthermore, we have the following multiplicativity relations 














A(mym|, mym5) = A(mı, m2) - A(m|, m4), if (mymz, mm) = 1, 
mido md, 
A(n, 1)A A = A , j 
(n, AQ m)- Yo (= an) 
dodid5—n 
dimi 
d»|maz 
mid, modo 
A(1, n)A = A ; 
(1,n)AQm,m)= Y. (= i za) 
dyd don 
dimi 
dm 


Am, DAQ, m)= Y A (=. A) 


d|(mi,m2) 


6.4 Hecke operators for SL(3, Z) 169 


Proof Letz — x- y with 


1 x? Xi y» 
x= 1 X1 > y= y 
1 1 


In view of Theorem 5.3.2 and (6.2.1), we may write (for m; > 1, m Æ 0) 


Et dod 
INE ee dxiadxi dx, 
0 0 0 


[mmo2|y1 ya 

A(mı, m) id 

ECT M E Wijacquet mıyı > V, yi, Firm 
Imm»| 1 "nat 


(6.4.12) 


If f is an eigenfunction of the Hecke operator T, defined by (6.4.5), then we 
have T, f(z) = An f(z) for some eigenvalue A,. We can compute A, directly 
using a variation of (6.4.12). We begin by considering 


n n n 
1 DEP eee 
3 | / f T, f (ze 27mm) dyi 3 dxi dx 
0 0 0 


mım 
A(m, m2) ne? 
—À4—— —— Wijacquet miyi > V, Vi ee 
|m1mo| 1 "mil 
i n a : €1 1 X» xia 
-5 D fifle al(o S). 
abc=n Ce 0 C 0 0 1 
x eri matm) dyi 3 dx dx. (6.4.13) 
Next, if we let 
a b cy 1 x? xis l o» a3 a 
0 b C2 0 1 X] = 1 Q1 b , 
0 0 c 0 0 1 1 c 
then we may solve for o, o, 0,5, by considering 
a dXocbj axis bixi c 6i a bay coj3 
b bx, +c = b CO 


C C 
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It follows that the right-hand side of (6.4.13) can be expressed in the form 


| Hl 
n 2 0xc1,c2 «c 








O<b <b 
|j 29 +b, axy +biıxı +61 
b € ayiy2 
xfllo 1 Dat 6 by, 
C C 
0 0 1 
x e 2rimuirmx) dys 3 dx, dx, 
which after the elementary transformations 
, axTtbh , bx, +02 E axis d byxi t ei 
Xy = ————, XQ = —, De 5 
b C C 
becomes 
ab 242 act hn a?b4- hu 

1 cbc Í 

= Y po a Y 

n abc=n aab 0xc1,c2 «c & P i ue 

0<bı <b v a aum 
/ th 
1 x Xia ayiy2 
/ 
x f 0 1 x, f> by, 
0 0 1 c 


AS d u 
2i (t ta) —2mi AL Bx, 
e em (m ptm ) dx, 4 dx, dx}. 


In view of the fact that the integrand above is periodic and does not change 
under transformations of the form 


1 / 2 / / 2.. / / 
xi x; abt, X)— X3 ac, X4 > 41341, 


we immediately deduce that the above integral is the same as 





1 2 ab ac ab 1 X2 X13 ayıy2 
3 »* =| / f f 0 1 xaje by 
abc=n 0 0 0 0 0 1 C 
myc mb IX 
x| X gee) | ea emm S) ae as dec CAIA 
0xc1,02«c 


Oxb; <b 
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But the above integral vanishes unless b|m,c and a|m 2b. Furthermore, in the 
case that b|m,c and a|m»5b, we have 


ori (42 ta) a if b|m|, a|m2, 
e rue) NERO 


NIS 0 otherwise. 


0<bı<b 


Consequently, it follows that our triple integral (6.4.14) may be written in the 
form: 


32 
E p» < ab? - ac a?b cb 
abc=n 
b|m;, a|mz 
3 ee 1 x2 x3 ayıy2 
xf ffs UO aj by: 
00 0 0 0 1 C. 


y c b 
x e rm Atm) *2) 


dx13 dx» dx}. 


Here we have used the fact that if F : IR — C is a periodic integrable function 
satisfying F(x + 1) = F(x), then for any integer M > 1, we have 


M 1 
f Foods = M | F(x)dx. 
0 0 


Finally, the triple integral above can be evaluated with (6.4.12) and has the value 


A (ze mb Imm»|yiyac 
b 7-5 4 
mic mzb * Wyacquet MYC > V, Vie 
en i 
A (me mzb [m m»|yi1y2 
ba 
= Ea * Wiacquet miy; > Vů, Wim , 
b` a 1 
from which it follows from (6.4.13) and (6.4.14) that 
m ım 
Amı, m) ER 
n —.,— —  — * W Jacquet mı yı » V, yi, m 
|mım2| Pal 
1 
i b 
1 c A (2c, gue 
E > E A E nr c nce un) 
nt a2 mic mb 
abc=n b a 
b|m;, aļm2 
[mim23]|y1ya 
x Whacquet mı yı y V ys 


172 Automorphic forms and L-functions for SL(3, Z) 


If we cancel the Whittaker functions on both sides of the above identity and 
simplify the expressions, we obtain 


: b 
AAQ m) >> (5. mt). (6.4.15) 


abc=n 
bmi, alm 


We now explore the consequences of the assumption that A(1, 1) = 0. It fol- 
lows easily from (6.4.15) that A(n, 1) = 0 for all integers n, and then the left- 
hand side of (6.4.15) vanishes for all n, m, as long as m2 = 1. By choosing 
m» = l,m, = p,n = poneobtains A(1, p) = 0. Arguing inductively, we may 
choose mz = 1, mı = p,n = p! for 2 = 1,2,... from which one can conclude 
that A( pt, p) = Oforall £ = 0, 1, 2, ... One then obtains that the left-hand side 
of (6.4.15) vanishes as long as mı = p. One can continue in the same manner 
to show that A(p', p/) = 0 for all non-negative integers i, j. One may then 
proceed to products of two primes, products of three primes, etc. to eventually 
obtain that if A(1, 1) = 0 then all coefficients A(m, n) must vanish. 

If f ZZ Othen we may assume it is normalized so that A(1, 1) = 1. If we now 
choose m, = m» = 1, it immediately follows from (6.4.15) that A, = A(n, 1). 
Substituting this into (6.4.15) proves the identity 


: b 
AQ. DAQu m)= Y. (58. zu». 





abc=n 
b|m;, a|m5 











The rest of the proof of Theorem 6.4.11 follows easily. 





6.5 The Godement-Jacquet L-function 


Let 


= A(m1, m2) 


f= 
yeUDASL2,Z) mimo Mimal 
[m,m»| 


x Wijacquet m, G i Z, V, Wi, m2 
1 


Img] 


be a non-zero Maass form for SL(3, Z), normalized so that A(1, 1) = 1, which 
is a simultaneous eigenfunction of all the Hecke operators as in Theorem 6.4.11. 
We want to build an L-function out of the Fourier coefficients of f. Lemma 6.2.2 
tells us that we may form absolutely convergent Dirichlet series in a suitable 
half-plane. 
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The sum over y € U;ZASLQ, Z) in the Fourier expansion of f 
creates seemingly insurmountable complications, and it is not possible to simply 
set 


X12 = X13 = x23 = 0, 


and then take the double Mellin transform in y;, y? which would be the analogue 
of what we did to create L-functions in the SL(2, Z) situation. The ingenious 
construction of the L-functions and the proof of their functional equations was 
first obtained by Godement and Jacquet (1972) and is based on Tate’s thesis 
(Tate, 1950). The original construction of Godement and Jacquet did not use 
Whittaker models. We follow here a different method of construction as in 
(Jacquet and Piatetski-Shapiro and Shalika, 1979). The Godement—Jacquet L- 
function is also commonly referred to as the standard L-function. 

By Theorem 6.4.11, the Fourier coefficients, A(m,, m2), of f must satisfy 
the multiplicativity relations 








A(m,m!, m3m^5) = A(m;, m2) - A(m|, m5), if (mimo, mm) = 1, 
md» mdo 
A(1, n)A(m,, m2) = A ; ; 
(0, n)AQu m) 2. M (= 2m) 
dodi d5—n 
dilmi 
dm? 
m, m» 
Amı, DAC, m) = a (= 2), 
(mı, 1)A(1, m2) Pan or, 


It follows that 


k 
A(p, DAQ, p) = 35A (5. Z) = A(1, p) + A(p, p) 
d|p 


k+1 
p'* do 
AQ, pA, p) $74 (o. ) = A(1, p?) + A(p, p^), 
dgd?—p d» 
dy|pk+1 





with the understanding that A(1, p^!) = 0. 
Therefore, 
A(p, DAC, p) — ACL, p)ACL, pF) AC, p*75 AC, p) 
pks = pks i 





(6.5.1) 
If we define 


ACI, p* 
p(s) y E 


ks 
ko P 
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then, after summing over k, equation (6.5.1) implies that 


A(p, 1) - p(s) — AQ, p) - [6p G) p? — p^] 
= óy)p ^? — [p G)p? — p” — ACA, p)p']. 


Multiplying through by p7” in the above and solving for ¢ (s) yields 


p(s) = (1— A, pp™ + A(p, Dp^? — p^») *. 


In a manner completely analogous to the situation of SL(2, Z), as in 
Definition 3.13.3, it is natural to make the following definition. 


Definition 6.5.2 Let s € C with (s) > 2, and let f(z) be a Maass form for 
SL (3, Z) as in Theorem 6.4.11. We define the Godement-Jacquet L-function 
L f(s) (termed the L-function associated to f) by the absolutely convergent 
series 


Ly(s) 2 9 3 AG, n^  [[(1 AG, pp + Alp, Dp = p^) . 
n=1 P 


Remark Itis clear that the L-function associated to the dual Maass form f 
takes the form 


oo 
Lgs) 2 3 AM, Da™ = | [(1 — AG. Dp + AG, p^ — pera 
n-l p 

By analogy with the GL(2) situation, we would like to construct the L- 
function L p(s) as a Mellin transform of the Maass form f. Before taking 
the Mellin transform, it is necessary to kill the sum over GL (2) in the Fourier— 
Whittaker expansion (6.2.1). The procedure to do this uses an auxilliary integral 
which requires some preliminary preparation. 


Set 
[mam| 1 Xi» x13 y» 
M= [m; | , x= 1 xs]. y= yı 
1 1 1 


A simple computation gives 


l [mo|xio |mim|x1,3 
M-x= 1 [m1|x2,3 - M. 
1 


To simplify the subsequent notation, it is very convenient to set 


X1 :— X23, X2 = X12, 
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so that the super diagonal elements of the matrix x are x4, x2. We also define 
Zi = x1 + iy, Z2 :— X2 + lys. 


It follows from Definition 5.4.1 (1), that that for any integers ei, €», the Jacquet 
Whittaker function satisfies 


Wiacque Mz, V, Wee) 


[ yiy2 
— 42zti | m; |eixi4- m2 |e2x 
=e Dr. PRI Wijacquet M yı > V, Wee 


(6.5.3) 


Further, for any SL(2, Z) matrix 


a b y rs ii 
C 


E we may put the GL(3) matrix, 











d into Iwasawa form: 
1 
a b Yiy2 YiX2 X13 yy Yi X13 
c d y x4 |= »X x (mod Z30(3, R)), 
1 1 1 
(6.5.4) 
where 
; 2224, 42b 
= = r = |C. d , 
Z2 =X ly) TEF, |cz2 + d|yı 
xi = cx13 + di, X13 = axis + bx. 
It immediately follows from (6.5.3) and (6.5.4) that 
a b 
Wijacquet M c d Z, V, Wee 
1 
= o2ri[bmileenstdu) + Imaleas( 2225) | 
n» 
|cz2+d| 
x Wyacquet M yı: |cz2 + d| > V, Wee . (6.5.5) 
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Lemma 6.5.6 For all veC?, €1,€2 € {+1}, and any matrix 


a 
y= yı with yi, y2 > 0, we have 


1 
Wiacqua (Y, V, Wee) = Wiacqua (Y, V, V1). 


Proof Recall the definition 








ME Md 1 1 U2 U13 
Wacquet (Y, V, Va.) = f / a —1 1 uy y 

—00 —00 —00 1 1 

x e 2ni(euntenn) duiduadu,3 

Wey Ur oð 5 CEP v1 +2v2 

T yi Q5 — mu)? + (u? D) 

uty + yi (u3 + y2) 
—00 —00 —00 
2v 4-v5 





youd + yt (u$ + y3) 
(u13 — uiu) + (u? + yf) y3 





x e 2H i(e1mi +eE2u2) dujduzduy,3. 
To complete the proof of the lemma, we simply make the transformation 


uy — €i], Hu» — €2U2, U13 — €1€2U1,. 














Finally, we obtain the following theorem, which is the basis for the 
construction of the L-function L p(s) (given in Definition 6.5.2) as a Mellin 
transform. 


Theorem 6.5.7 Let f(z) bea Maass form of type v for SL(3, Z) as in (6.2.1). 
Then we have the representation 








oo 
fG) = y A(m;, m2) | £r menie (27) 
ab m,=1 m240 [mim | 
U2(Z)\SL(2,Z 
(25). 2(Z)\SL(2,Z) 
i 
Imm» | ET] 
X Wiacquet m, yi: |ezo * d| v, Piaf: 


1 1 
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Proof The proof follows from Theorem 6.4.11, (6.5.5) and Lemma 6.5.6. 











Corollary 6.5.8 Let f(z) bea Maass form of type v for SL(3, Z) as in (6.2.1). 
Then 


11 1 us 
ae: 1 uy, |-z |e? duydu 
0 0 1 


|m2|yiy2 
A(1, m2) e?7i +m) , 


dm | - Wyacquet yı ; V, Wit 
m240 2 1 


Proof By Theorem 6.5.7, we see that 


11 1 uz 
NE 1 uu )-z |e?" dujdu; 
0 0 


1 


3 Y 3 A(m,, m2) 


a mı=1 m#0 |mım2| 
( | €U7(Z)\SL(2,Z) 
cd 





1 1 
2 +d yy 215 f 
X NE zi [mi (053,5) (uy +2x1))-+m2 25], 2ziu, du,dua 
0 0 


yiy2 
[m m» | lE Edi 
x Wijacquet m, yı: |cz2 + d| > V, Via $ 
1 1 
The integrals 
1 1 
jene dus, as dui, 

0 0 


vanish unless c = 0 and mjd = 1, in which case they take the value 1. The 
proof of Corollary 6.5.8 follows immediately from this. 














Our next objective is to construct L-functions associated to a Maass form 
and show that they satisfy functional equations. In view of the SL (3, Z) Hecke 
theory we have shown that the natural definition of the L-function associated 
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to a Maass form f is given by Definition 6.5.2: 


L p(s) = 3 AQ, n7 = [[(1 - AG, p^ + AQ, Dp’ — p) 
E p 


This L-function appears naturally in a Mellin transform applied to the integral 
in Corollary 6.5.8. It, therefore, seems prudent to consider 


1 u 
JJ] 3 yy $n dyidy 


m 1 12 


f 1 f yı e°" qyidus yi y2 


where the inner double integral Je fe has the sole function of picking off the 
Fourier coefficients A(m 1, m2) of f with m, = 1. This is the analogue of the 


Mellin transform 
oo : ] dy 
LAC 5 
0 y 


which occurs in the SL(2, Z) theory in Section 3.13. The functional equa- 
tion in the SL(2, Z) case arises from the symmetry f(z) = f(w-z), where 


er) 


One is, thus, highly motivated to try to generalize this idea to SL(3, Z) by 

considering symmetries f(z) = f(@-z) where w is in the Weyl group. Curi- 
-1 

ously, the choice w = 1 does not work in the SL (3, Z) situation, 


but fortunately the choice wœ = 1 | does. 
1 

We shall now prove Lemma 6.5.9 which contains the symmetry required 
to obtain the functional equation of the Godement—Jacquet L-function. A new 
feature which does not appear in the GL(2) theory is the unbalanced nature of 
this symmetry. One side has a double integral, while the other side has a triple 
integral! 

For the following Lemma 6.5.9, we define for any function f : 5? — C, its 
dual function 


FO = flw ew), w= -1 : 
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as in Section 6.3. We also introduce 


1 1 
w = I wj-[|-1 , 
1 -]1 
and 
1 1 
= ep tige 1 
1 -1 
yiy2 X3 » 
Ifz — y xı |, then z*— x Xiyj. yr X 
1 1 


Lemma 6.5.9 Let f : h? — C be such that f(z) has a Fourier-Whittaker 
expansion of type (6.2.1). Then for any z € &?, we have the identity 


Ped 1 "T 
E w: 1 u |- z] et duiduz 
0 0 1 
1: 1 1 uj —u3 
i: wi: 1 -w'(z-bw | e?7*" duidu3 
0 0 1 
oo 1 1 1 u3 1 
-f I l ui u 1 .z* |e duidusdu. 
EN E 1 1 


Proof By assumption 
fO) = f(w-‘@")-w). 
Consequently 


1 u3 ] uj —us 
fiw 1 au |-zJ=fl wi 1 w'(z D.w 
1 1 


(6.5.10) 


Integrating both sides of (6.5.10) with respect to u1, u3 gives the first identity 
in Lemma 6.5.9. 
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It follows from (6.5.10) that 


b. 
fiw 1 uz 
1 
l uj —us 
sabe w^ eC 
1 
1 
=f| [us 1 m | wiw E- ww"). (6.5.11) 
1 
1 
Note that w w = —1 |. Recall that z* = ww -'(z-!) ww! !.1f 
1 


we integrate both sides of (6.5.11) then 


11 1 ils 
ffi 1 uz gm dujdus 
0 0 1 


l 1 


1 1 
EE l ui u3 1 z* | e dui dus. 
00 1 1 


Finally, the proof may be completed by applying the following Lemma 6.5.12 
to the integral above. 














Lemma 6.5.12 Assume f : 5? — C has a Fourier-Whittaker expansion of 
type (6.2.1). Then for any z € b?, we have the identity 


1 1 


11 
Hs 1 u u 1 -z | c7 dudu 
0 0 


o 1 1 
= I 1 u u 1 -z |e" dujdu3du. 
co 0 0 
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Proof For any integer m note that since f is automorphic for SL(3, Z), we 
have 


1 1l 1 U3 1 
Tfi loan m 1 -z | e77" duiduz 
ao 1 1 
1 1l 1 1 U3 
SE m 1 ] u —mus]|-z] e?*" duidus 
Ux 1 1 
1 1 1 u3 
= / f f L3] ee ee OO" didi, (6.5.13) 
0 0 1 


Furthermore, by Fourier theory 


1 1 1 u3 
f(z) = X Jf: pow | oa ee mia dudu, 
m,,m3EZ 0 0 1 


which implies that 


1 1 
if F 1 é J-z)ec" dé, 
0 





1 
I 1 1 1 u3 
EA Sa UD. 
mı,m3 EZ 0 0 0 1 
xe Primi p—2imgus ,-2niti duidusdéi 
1 1l 1 u3 
mae 0 0 1 


11 
E 1 ui m 1 -z | e7" duds. 
Zo 0 
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Replacingzby | u 1 - z and then integrating over u in the above identity 
1 
yields 
11 1 1 
NE 1 uļ- fu 1 z | e?!" duydu 
0 0 1 1 


II 
M 


EZ 


3 


11 1 us 1 
aie: l u |- ({u+m 1 z | e7" duiduadu 
0 00 1 1 

j U3 1 

0 


oo 1 1 
/ fi 1 uļ- [|u 1 z | e7" duidusdu. 
80.0 1 1 














Theorem 6.5.15 Let f be a Maass form of type v = (vı, v2) for SL(3, Z) 
with dual fa as in Proposition 6.3.1. Then L y(s)(respectively L ;(s)) (given in 
Definition 6.5.2) have a holomorphic continuation to all s € C and satisfy the 
functional equation 


Gy(s)L f(s) = Č — s)L iC — s), 








where 

G,G) = a 5T s+t1—2v, =- v r S+tv,— r s—l+vy +2. 
2 2 2 

Gils) = xr +1 = — -r( — = 3e —-1 M + 2), 


Proof An indirect proof of Theorem 6.5.15 was obtained by Bump (1984) 
who showed that the functional equation of a Maass form must be the same as 
that of an Eisenstein series which can be easily derived. We shall follow this 
method later in this book for the case of SL(n, R) with n > 3. 

A direct proof is much more difficult. We present a proof of Hoffstein and 
Murty (1989) which makes use of a double Mellin transform. This is different 
than the proof of Jacquet and Piatetski-Shapiro and Shalika (1979) which uti- 


yıy2 
lizes a single Mellin transform. Accordingly, let us set z = yı 
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Since we are assuming that f is a Maass form, then we know that f(w,z) = 
f(z), and Lemma 6.5.9 takes the form 


d. yiy2 u3 
Jf? yy uy e 7n dwidus 
0 0 1 

1 


oo 1 1 1 u3 yy 
= [ff 1 uj Uys’ y e 7 dui du3du, 
wo 0 0 1 1 


(6.5.16) 


The left-hand side of (6.5.16) can be evaluated by Corollary 6.5.8. We have 


qu, 9 yiy2 u3 l 
oe yi ui e (iui dudus 
0 0 1 
AQ, m) PIA 
m »» mcd Wracquet yı » Mi, v2), Va 


m40 |m2| 


(6.5.17) 


In a similar manner, the right-hand side of (6.5.16) can be evaluated to give 


n yiy2 u3 
[ft yy u e? dy du; 
0 0 1 
—1 
oo m 
Amı, 1) | ips 
qmd] Wiacquet Uys y , (v2, Vi), Via du 
m,40 1 E: 1 
—1 
AQn, 1) P |mi|y; 
= 5 qmi f y2: W Jacquet u yı , (v2, V1), Vii du. 
mz "ZH Nn 1 


(6.5.18) 














Note that the right-hand sides of (6.5.17) and (6.5.18) are identical. Then 
the double Mellin transforms in y1, y» of the right-hand sides of (6.5.17) and 
(6.5.18) must be the same. For 9i(5;), R(s2) sufficiently large, the double Mellin 
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transform of the right-hand side of (6.5.17) converges absolutely and is: 


œo œ 1 1 
BP) u3 
dy, d 
Eri » m | [erm yp tye dudu << 
1 yı » 
0 0 0 0 
= OF Ae): f Í fissis MN on ee 
0 0 1 
dd 
ey a D D2 (6.5.19) 
XY X2 


Similarly, for —3i(s;), —9R(s2) sufficiently large, the double Mellin transform 
of the right-hand side of (6.5.18) converges absolutely and equals: 


coo 1 1] 
yiy2 u3 
; dy, d 
BIS yv ag p] ety y dindu > 2? 
1 Yi » 
0000 
oO oo oo aa 
shew / f i Waal| € yr | Gv Via | ae 
0 0 oo 1 
x yi y eus dy, dy» 
yi » 
-10-5.[ f J "e u yi , (vo, vı), Vii du 
0 0 “oo 1 
dy, d 
x yiye D D (6.5.20) 
yi » 


First, the holomorphic continuation of L f(s) follows by Riemann's trick of 
breaking the line of integration in the y» variable into two pieces [0,1], [1,00], 
and then making the transformation y? +> 1/y» in the first piece [0,1]. The 
proof of the functional equation in Theorem 6.5.15 follows immediately from 
the following lemma. 


Lemma 6.5.21 The ratio of double Mellin transforms 


"m y dn d 
J [ v yı , (vi, v2), Via PN yx 
1 Ji 

0 0 
FL dy, d 
NI [re LL uo» h a), tial duji RS 
1 » » 
0 0 oo 
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is precisely equal to 


G (52) 
Gy — 52) 
Proof The triple integral in the denominator of (6.5.21) can be evaluated as 
y2 
follows. We first put the matrix | u yı into Iwasawa form to obtain 


1 


" Yıy2/ id + y? uys/ fu? + y? 


u = (mod OG, R) - R*). 
a JU x 


1 


To simplify notation, we also write W (z) instead of Wyacquet(Z, (V2, v1), W1,1)- 
It follows, after successively making the transformations, ub u- yi, 


yo yz- Vu? + 1, yy e yi: 1/vu? + 1, that 


oO OO oo y2 d d 
PE Jeorge 

yi » 
0 0 oo 


1 
ASE xy u? +y? uy Ju? +y? 
Sr fv uà + y? du 
0 0 —oo 1 
sı—1 er dy, dy2 
Xy Y» ——— 
y» » 
oo oo f oo y/u? +1  uyo/Au? +1 
zn f» yı u2 + 1 du 
0 0 \o 1 
St... 32 dy, dy2 
CU YA a 
y» » 
sas dy, d 
x f» i wri amu Ot d 
A 1 yı » 


0 
P yiy2 P E 
[v yi je (u^ 1) du 
0 1 oo 
x yn &y,n di dvo 
: : yı » 


186 Automorphic forms and L-functions for SL(3, Z) 


It is well known that 


oo : m5 M 1 
Je miuyz (u? +1)” du = 2M) K, 1Q y». 
—oo 


Consequently, the denominator in Lemma 6.5.21 takes the form: 





CO OO oo y2 
d oy 1 ie dyi dy» 
u y uty y 
yı y» 
0 0 oo 1 
2g (81 +52)/2 re M 
W yı 
~ Fls 52/2) ) 1 
s=» dy, d 
X K use Qryp yp ty, ? ae (6.5.22) 
yı y» 


The double integral in (6.5.22) was first evaluated by Bump (1984) and is 
equal to 


2g (esp (E) (rr tr (rer) 
r=) | 


(6.5.23) 











where 
æ = —v — 2v + 1, 
b = =v +, 
y 22v +v- I. 


A number of years later Stade (1990) found another method to obtain (6.5.23). 

Finally, we may complete the proof of Lemma 6.5.21 by evaluating the 
numerator of the expression in Lemma 6.5.21 using (6.1.4) and then explicitly 
computing the ratio of double Mellin transforms given in Lemma 6.5.21. 














6.6 Bump's double Dirichlet series 


In (Bump, 1984) it was shown that if 
= A(mı, m2) 


fE) = 


yeUXZASLQ.Z) mimo Miml 


[m,m»| 7 
x Wijacquet m, ( i) Z, V, Lm (6.6.1) 
1 
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is a non-zero Maass form for S L(3, Z), normalized so that A(1, 1) — 1, which is 
a simultaneous eigenfunction of all the Hecke operators as in Theorem 6.4.11, 
then the double Dirichlet series 


2 2 ES ra (6.6.2) 


has a meromorphic continuation to all s1, s2 € C? and satisfies certain functional 
equations. This result is a consequence of the following proposition. 


Proposition 6.6.3 Let f bea Maass form for SL(3, Z) as in (6.6.1). Then we 
have the factorization 


Y Y A(mı, m) — LgGi)L (82) 


mm» (8; + 52) 





Proof By Theorem 6.4.11, the Fourier coefficients of f satisfy 


Amı, DAQ m) = 3: Y A (Z l m). 


d|m, d|mz 


It follows that 
oo 


e. Am, DAQ, m) AS 
So Sy Dm Y Y 


m,=1 m2=1 





ye A (> ; 2) mi “m,” 


A(mı/d, m/d) 


Sy. SQ 
mi my 
oo 
i AU d) 
S 5! 
os e e (mid nd 


Agni, 
ee Seo ams 


m,=1m2=1 














A direct proof of the meromorphic continuation and functional equation of 
Bump’s double Dirichlet series (6.6.2) has been found by M. Thillainatesan. 
By Proposition 6.6.3, this gives a new proof of the functional equation of the 
Godement—Jacquet L-function L ¢(s). The new proof of the functional equation 
of (6.6.2) is based on the following two propositions. 
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Proposition 6.6.4 Let f bea Maass form of type v for SL(3, Z) as in (6.6.1). 
For 98 (51), R(S2) sufficiently large, define 


Poor u3 y 
ss ff fr((o i 0 yı 
000 0.0 1 1 
dy, d 
ecg yO du ae 
» o 
Then 
AL 7(s1)L f(s2) mane 
A(s , $2) = acque QV. 
($1, 82) = =i oy [Jw Jacquet yı f Via 


$1—1..55— 1 dyi dy 
X» » » 3r 


Proposition 6.6.5 Let f bea Maass form of type v for SL(3, Z) as in (6.6.1). 
For R(s1), —9R(s2) sufficiently large and (s, + s2) > P define 


co œ 1l 1 0 U3 yiy2 
^is ff fh 0 1 0 yı 





1 
dy, d 
x yty dm L D, 
yı » 
0.0 1 
where fi(z) = f (wa! (z7) withw;-—|1 0 O].Then 
0 1 0 
A1(81, $2) 
4L DL FA — 52) AER 
| | iw yı gy Vii 
~ Ts; + 52)/2)£ 1 + 82) J 1 
E NE dy; d 
x D NO Y 2-Dn K s29- siii (2) E A. 
yı y» 


Since f is automorphic, it is clear that f = fı and A(s1, s2) = Aj(sq, 52). 
The proof of the functional equation (in Theorem 6.5.15) of the Godement- 
Jacquet L-function now follows from Lemma 6.5.21 and (6.5.22). 


Proof of Proposition 6.6.4 We may substitute the Whittaker expansion in 
Theorem 6.5.7 into the integral for A (s;, s2). The integral over u3 forces c = 0 
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and d = +1 (see below), and kills the sum over SL(2, Z). We have 
A(si , $2) 
= D Y Y A(mı, m2) 
E [mm | 
mj-—-l m5z0 
(5) 2) eUXZASLQ.) 


oo 
aiyg+b 
x ue "i [mieusemos( 22227) | aus) 
0 


| 
| 


yiyam i ma| 
|ciya+d| 
x Wijacquet yim; - [ci yo + d| > V, Wi 
1 
dy, d 
5-1. 5-1€Y1 4y2 
Aqu 392... vm i eA 
yı » 
eoe] m;|m 
oo PCR yiyam i [m | 
=p ) — ae Wijacquet miy| > V, Vii 
mi-l 0 Imymo| 
bap? 0 0 1 


sı—1 s2—1 dyi dy» 
DANS ML SERRA 
yı y» 


e ox Alm, m2) T iris 
=4 5 y» mma J [ v yı QM. Vii 
0 0 














mj-l m=1 1 
x pe ye dyi dyz 
: : yı » 
Proof of Proposition 6.6.5 — By definition 
A1(81, $2) 
0 u yiy2 
dy, d 
= fi 1 0 y yigg du 2 D2 
0 1 1 yı y 


—u 0\ f yix?! 


g 2} Mida. 


ll 
CM 9 Og 2°} 
Soe Oe Oe 
Sh 
SOF OOF oom 
O = 
— © 


" -1 9-1, 0X1 dya 
1 51—1.,52—1 

y! yy du— — 

e ! 3 yı y» 
u 0 

= f f 1 0 yi y2 i yu 2y rm ldu dyı dyz 
= 1 

Ti 0 1 1 yı » 
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where the last identity above is obtained after making the successive transforma- 
tions y2 => pu yiy2 > y», and u  —u. We now substitute the Whittaker 
expansion of Theorem 6.5.7 into the above. In this case the sum over SL(2, Z) 
is not killed. Remarkably, however, the integral can be significantly simplified 
after several clever transformations. We have 


~o 


m2, Mı 
A1(s1, 52) = 3 DOF [mmo] ame ff 
0 0 


m= 1 m240 
(2 2) € Us(Z)\SL(2,Z) 


= 





iym [mo] 
|clu+iy2)+d| 
Arima n(( tomes) 
CUTTS fe Wijacquet yim -|c(u+iy2)+d| > V, Wit 
1 
$1—52 ..5$1— l du dy, dy» 
Xy Y» 


y» 


The term corresponding to c — 0 will be killed in the above integral 
over u. So, we may assume c Æ 0. Note the identity: (az + b)/(cz + d) = 
(a/c) — (1/c(cz + d)). Hence, 


a (Soe) 2g (5 1 ) 
“Neutiyytd) ` \e c(c(u iy) d). 


With this in mind, in the above integrals, make the transformations 





cu +d e cu, d=cqt+rd <r <jc|, (r, c) 2 D. 


Consequently 


Icl 


oo im3F 
Ai(s1,52)= 3 2 2i : UT 


m=1 m5z0qeZ p 
1 2 q (O21 











oo 4+ 


oo 

o 2zimju 

xf f e le(u-tiyg)2 
0 0 


qt+t-l 


ain 


EY 





an 


yiyam [m] 
|clu+iy2)| 
x Wijacquet yimy-|clut+iy2)| > V, Via 
1 
dy, dy2 
x yp ya gy DLD (6.6.6) 
yı » 
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Note that for fixed r, c, 


qt; oo 
x = / (6.6.7) 
qeZ mm EAA 


Next, we combine (6.6.6) and (6.6.7) and then make the successive transfor- 
mations 
yı u y2 
V D ea u> > ze 
We obtain 
lcl 2zimor 


œo OO OO 

A(m2, m) Er 

scu PY Y Y es cmm 
0 0 —oo 


m,=1 m240 cz0 Rm ae Immo] 











duc 


lu+iyz|? RE 
x Wijacquet y1mj ¢ Vy Wi yi 2y 
1 
dy,d 
x Ju + iy|?7 qu 22222. (6.6.8) 
y» y» 
We now successively make the transformations 
ERA TUM E o 
J2, ya kt y2 go yı - 


in (6.6.8). It follows that 


Ic| 2nimor 


CoO OO OO 

A(m» mı) 2nimou 

TE > Y Y Ee Ae E 
0 0 —oo 

















mj-lmjz0cz0 r-l [mimo | 
(r,c)=1 
yum [mo] 
y2(u?-+1) ae 
X Whacquet yim, QU Wiad yy y» 
1 
dy dy» 
x (u? + ED gy £21 92 
yı » 
2nimjr 
-Y XY wi 
~ 51-3 14-5; —3 = 
WE 0 cA orc |c|*t 2 m! 9792 [m | l752 
(r,c)=1 
oo OO OO TM y1Y5 
«ff fe e mal Wyacquet yı » V, Via 
0 0 —oo 1 
$1—5$. S: 
Y a dyı dy» (6.69) 





(u2 + 1)61+52)/2 ^ yn» 
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Note that the Dirichlet series completely separates from the triple integral of the 
Whittaker function in (6.6.9). To complete the proof, we need two lemmas. The 
first lemma evaluates the Dirichlet series in (6.6.9) while the second evaluates 
the triple integral of the Whittaker function. 


Lemma 6.6.10 We have 


le] rad 


Y y Y, x Amo,mi) | — ALj;GOL FC. — 52) 
|c| srt mit"- 92 [m 152 E f(s; + 52) f 


mı=1 m5z0 c0 ei 
rnc 





Lemma 6.6.11 We have 


oo oO CO al 
. miu, M2 y 
e » ml Wijacquet y s M, Vii 
0 0 —oo 1 


S1—S2 ..52 


» » oi dy, dy» 
(u? + 1)61+52)/2 y» » 


oo oo yi» 
= f f Wn yı QV. Vii 
0 0 1 


PX dy, d 
x yp ye s2—1)/2 K a55- s 55-1 (y2) dxidyo 
yı y2 








Proof  Toprove Lemma 6.6.10, we apply Proposition 3.1.7. Since every Maass 
form is even, we obtain 


S xx LAU 
S S 1+5s,—s _ 
jeja mT? m|! 


mj-—-l m5z0 ez. ral 














" 4 Y Y A(m», mı) 
(si + 52) eel ai dms dsvba-lg [PI 0 

4 OA XM XS A(mod, m) 

~ gets) 2. 3 2. mim, qs 
4 So EE A(mad, mı) 

T te Fs) 2 2 D (mim)! (md) 
4 Boe A((mad mi), mı) 

T te Fs) 2. De imn) m) "ds 
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pucr o Y A(d,1) A(mp, 1) 
= C51 + 53) cd Ud d^ mi” 
_ AL 7(si)L FA — 52) 

f(s] + 52) 


Finally, to prove Lemma 6.6.11, we use the identity 


eo =s] -s 
/ ern? + 1) “12 du 


oo 








2 sy +82 i 
AE 751752 
= 7 2 


The lemma immediately follows after applying the transformation y2 > y3 E 
This completes the proof of Proposition 6.6.5. 














Remark 6.6.12 Note that Bump’s double Dirichlet series is generalized to 
GL(n) in (Bump and Friedberg, 1990). This is a Rankin-Selberg construction 
involving two complex variables, one from an Eisenstein series, one of “Hecke” 
type. For GL(3) it produces the Bump double Dirichlet series. 


GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


ApplyCasimirOperator GetCasimirOperator 
WeylGenerator Whittaker 
WhittakerGamma. SpecialWeylGroup 


7 
The Gelbart-Jacquet lift 


7.1 Converse theorem for SL(3, Z) 


It was shown in Theorem 6.5.15 that the Godement-Jacquet L-function asso- 
ciated to a Maass form for SL(3, Z) is entire and satisfies a simple functional 
equation. The development of a converse theorem for such L-functions (which 
generalizes Theorem 3.15.3) is really due to the efforts of Piatetski-Shapiro over 
several decades. In (Jacquet, Piatetski-Shapiro and Shalika, 1979) a Dirichlet 


oo 
series ` A(n, D)n^? (with A(1, 1) = 1) is considered. It is assumed that this 


n=1 
Dirchlet series is entire and bounded in vertical strips (EBV) and that the A(m, n) 
satisfy the Hecke relations as given in Theorem 6.4.11. They proved that if all 
the twists 


oo 

5 A(n, Dx (n)n ^, (x a Dirichlet character) 

n=1 
satisfy a suitable functional equation (very similar to the functional equation 
given in Theorem 6.5.15 with v € C?) then 


S A(m,, m2) 


f@= 


y€U2(Z)\SL(2,Z) my=1 m240 


mm» | y 
x Wijacquet m, ( je V, Vom 
1 


mı|m2| 


Im2| 


is, in fact, a Maass form for S L (3, Z). This is the converse thoerem for SL(3, Z), 
and provides a generalization of the converse theorem for SL(2, Z) as given in 
Section 3.15. 

The idea of introducing twisted functional equations to prove a converse 
theorem is due to Weil (1967). Cogdell and Piatetski-Shapiro have obtained 
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a vast generalization of Weil's original converse theorem. In (Cogdell and 
Piatetski-Shapiro, 1994) it is shown that to prove an L-function is automor- 
phic for GL (n), it is necessary to twist by GL(n — 1) while in (Cogdell and 
Piatetski-Shapiro, 1999) this is improved to twists by GL(n — 2). In (Cogdell 
and Piatetski-Shapiro, 2001) there is an improvement in a different direction 
which involves restricting the ramification of the twisting. These papers have 
proved of fundamental importance in establishing cases of Langlands conjec- 
tures. A non-adelic version of the GL (3) converse theorem was obtained by 
Miller and Schmid (2004). We shall present a new proof found recently by 
Goldfeld and Thillainatesan. 

Interlude on Dirichlet characters A Dirichlet character (mod q) is a 
character of the cyclic group (Z/qZ)* . If x is not trivial then x(n) = 0 if 
(n, q) > 1, and, otherwise is a $(q)th root of unity. It is a periodic function 
of n with period q. If q is the least period, then x is said to be primitive. The 
Dirichlet characters (mod q), both primitive and imprimitive, form a basis for 
the functions on (Z/qZ)* . For Dirichlet characters x (mod q) and (n, q) = 1, 
we have the following well-known identity (see (Davenport, 1967)) 


q q 
cQ): x)= M ROE, O= M Oee, 111) 
t=1 t=1 
where t(x) is the Gauss sum. This allows us to represent x(n) as a linear 
combination of qth roots of unity. Note that in (7.1.1), the condition (n, q) = 1 
can be dropped if x is primitive. We may also represent each qth root of unity 
as a linear combination of characters by the formula 


1 l 
— LOT) = eit, (7.1.2) 
$(q) , à à 


Theorem 7.1.3 (SL(3, Z) Converse theorem) For integers mı, m» # O, let 
A(m,, m3) € C satisfy: A(m,, m5) = A(—m,, m2) = A(m|, —m»), A(1, 1)= 1, 
and also the multiplicativity relations given in Theorem 6.4.11. Assume that for 
every primitive Dirichlet character x (mod q), the Dirichlet series 


© A(m, 1 > c. A, 
Pu y LU P aa 
m=1 m=1 


converge absolutely for h(s) sufficiently large, and for fixed v = (wi, v2) € CÈ, 
satisfy the functional equation 


u(x) 


.q3079G,0 +k — s)E SQ — s), 
xq d A 


q?G, +L, (s) = i^ 
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where k =0 or 1 according as x(—1) is +1 or —1, G,,G, are prod- 
ucts of three Gamma functions as in Theorem 6.5.15, and the functions 
G,(s)L(s), Gy(s)L(s) are EBV. Then 


= A(m1, m2) 


yeUs(Z\SL2,Z) miim, o Mimmo] 


Imm» | y 
x Wijacquet m, ( :) Z, V, Yi, m ; 
1 


Im2l 


is a Maass form for SL(3, Z). 


Proof of the converse theorem, Step I1 Define 


PN A(mi, ma) 
YU DASL2,2) mci m0 nima 
[mm | à 
X Wyacquet m, ( ;| Z, (vi, V2), Wim, , (7.1.4) 
1 
and 
x A(m», mı) 
Zz) := EAN 
fe [m1m;» | 


y €U2(Z)\SL(2,Z) mı=1 m240 
|mymo| y 
X Wyacquet nm, ( : Zz, (v2, V1), Wim . (7.1.5) 
1 


In the following, let 


1 0 us 0.0 1 
u=|0 1 ul, u2={1 0 0 
0.0 1 0 1 0 


If f is automorphic then 
f@) = f(wi-'z7!) 
for all z € b? and 
1 1 1 1 
I I f (Auzje 7" duydu; = f / f (ws (Auz) ye" qu qus 
0 0 0 0 


(7.1.6) 
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1 0 0 
forallzeh?,keZ,A=|a 1 O] witha € Q. Our aim is to prove a 
0. 0 1 


converse to (7.1.6). 


Basic Lemma 7.1.7 Let f, f be defined by (7.1.4), (7.1.5), respectively. 
Assume 


1 1 ]- b 
f | f(Auzje7™"9" dudu; = ! i Ff (wz: (Auz) Pe ?n ^ dudu 
0 0 0 0 


1 00 
forallz € b’, h,q €Z, A= | h/q 1 O0 |.withq £ 0. Then f isa Maass 
0 0 1 


form of type v for SL(3, Z) and f is its dual form. 


Proof of Lemma 7.1.7 First of all, we claim that 


x Kk 0 
f(ip2)=f@, fed=f@, VpeP=|[* * *] CSLG,Z). 
0 0 


1 
(7.1.8) 
This is due to the fact that P is generated by elements of the form 
a b 1 r 
c d ; 1 s |, C(witha,b,c,d,r,s € Z, ad — bc = 1). 
1 1 
a b 
We first check that (7.1.8) holds for p= | c d . This follows easily 
1 
because 
= A(mı, m2) 
f(pz) = LM 
[mim | 


y€Ux(ZASLQ,Z) mı=1 m#0 


Im?! 


[mim | 
y 
x Wijacquet m, ( 1 < PZ, V, Yi, m 
1 


= f(z), 


since the sum over y is permuted by p. A similar argument holds for F. 
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1 r 
It only remains to show that (7.1.8) holds for p = 1 s |. To show 
1 
this, we just use the identity 
|mymp| a b 1 r 
mı c d . 1 s 
1 1 1 
1 r’ |mım2| a b 
= 1 4 mı c d , 
1 1 1 
where 
r’ = |mym)|(ar + bs), s' =m (cr + ds). 
It follows that 
c A(m,, m3) 
POS DN AZ qe 
y eUXZASLQ,Z) my=1 ma [mim | 
1 r’ [m m»| 
x Wracquet ] sj[J. m, je ja v, yi, m 
1 ? [m2] 
1 1 
= f(z), 
because 
1 r' 
Wijacquet 1 sf- Z, Vů, V = Wiacquet (z, v, v) 
1 


for all z, v, v, ifr’, s' € Z. Again, a similar argument applies for f. 
Lemma 7.1.9 We have 
f (wa -'27') = f(w (2) ) 


1 r 
forall p= 1 s |, withr,s €Z. 


Proof By (7.1.8), we may, without loss of generality replace w2 by 


1 0 0 
w,2|[00 1 
0 1 0 
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We compute: 





Here we have used the fact that f is invariant under left multiplication by 
elements in 7. 














1 00 
Now, if (7.1.6) holds for all z € p andall^,q € Z, A=|h/q 1 Of, 
0 0 1 
with q 4 0, then on choosing z = A~!z’, we must have 


f (AuA" ze dudu 


p LL 


1 I1 
= | f Fen (uate nem dnd 
0 0 


for all z’ € b?. Since 


it easily follows after a change of variables that 
11 
J f [ fuz) — f (wo . (uzy!) girato com Phe dujdu3 = 0, (7.1.10) 
0 0 


for all z € h°, and all A, q € Z, with q Æ 0. 
We will next show that (7.1.10) holds for all h € Z and q = O. In fact, this 
case holds without any assumptions on f. 
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1 
Lemma 7.1.11 We have f[f(uz)— f(wa-'(uz) )] dui =0, where 
0 


Proof It follows from Theorem 6.5.7, after integrating in u1, that 


1 
f [/Qz) — Fn - iz)7)]aus 
0 


- Oo CO 
N 


0 1 
oe A(m,m 
= 2G p» : 2) ——— Whacquet M 1 0 
1=1 ma3z0 m |m»| 0 0 


A(m» m) x zA 
— —— W ncque (M w2 - : ) , 
m;|m»| 


my|m»| 
where M — mı , and Wyacquet iS given as in Theorem 6.4.11. 


But 


z ES 
Wyacquet(Z) = Wiacquet (ws Might W3 ) , w3 = 1 


The proof follows upon noting that 


1 —1 —1 —1 
Wiacquet(M w2 dE ) = Wracquet (w3 : Mu» < W3 ) 


0 1 0 
= W'acquet M'\1 0 Ofz , 
0 0 1 











where M’ is the same as M, but with mı, m» interchanged. 





It follows from Lemma 7.1.9, that the function f(z) — f (wv; -!(z)-1) is 
1 * 

invariant under left multiplication by the group ] x | . It, therefore, has 
1 

a Fourier expansion in x1, x3. The identity (7.1.10) together with Lemma 7.1.11 
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tells us that every Fourier coefficient vanishes. Consequently 
f@ = f(y '@"') = F(z") 


with y = wo, forallz € b°. Finally, we may complete the proof of Lemma 7.1.7. 
Note that f(z) = FLY z)-!) must hold forall y € SL(3, Z) because it will hold 
with y replaced by piy p» and pi, p2 € P. To see this note that p, € P implies 


1 
that p; is either of the form ( Y 1 ) or of the form ( Y 1 )o( Y 1 ) with 


y, y’ € SL(2, Z). In the former case, the invariance due to multiplication by pı 
on the left follows from (7.1.8), while in the latter case we have already proved 
the invariance of wz on the left, so we are reduced to the first case. The invariance 
due to multiplication by p» on the right follows by letting z œ> p3 l.z, So, we 
have shown that f is automorphic. 














1 00 

Proof of the converse theorem, Step II Fix A= |h/q 1 O] with 
0 0 1 

h,q € Z, and q z 0. Let f, f be defined as in (7.1.4) and (7.1.5) and set 


i’ GI 


Feng) [ | fuerim du,duz, 


0 0 
Eal 

F(z, h, q4) = ai f(wr- (Auz) je rin dudu3, 
0 0 


1 U3 1 
where we recall that u = 1 us|, w=] . If we can show 
1 1 
that F(z, h, q) = Fi(z, h, q) for all z, h, q, k then the basic Lemma 7.1.7 tells 
us that f is a Maass form for SL(3, Z). It remains to show that the functional 
equations for L, (s) stated in Theorem 7.1.3 imply that F(z, h, q) = Fi(z, h, q) 
for all z, ^, q. We shall do this in two remaining steps. First we show that the 
functional equations for L, (s) imply that 


eae ae ae a Ha aay et ae e 
Se ge Ecc Y xn 
a £3 d MNT (s) Ge) r0 


In the final step 3 of the proof, we extend the above result and prove the basic 
Lemma 7.1.7 in all cases. 








X1—X2 =0 
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The key point is that the functional equations for L , (s) imply that 


k CO OO 
(= (= ) J [Fe hg) yp y End 
0x1 0X2 Ed y1 2 x0 
£ 
= (= ) (= | fre hai ye ie 
Ox, 0X» y» 


and then by taking inverse Mellin transforms we obtain the desired identity. 
The above idea is exemplified in the following two lemmas. 





, 





X1—X2 =0 


Lemma 7.1.12 Let g,h € Z with q #0. Define 5:=(h,q), qs := q/6, 
hs :— h/8, and hs «hs = 1 (mod qs). Then for integers 0 < £, k, we have 


k oo oo 
(5) (a ) [frero 2 
0X1 0X2 " i: yy 


0 





xi;—x5-0 





(2xiq)' y A(8, m2) (um) e2timahs/qs 


E É.I ay Wel? di 
dyi dy» 
TIL yi, Dy ye : 
» » 


Proof Note that 
a bì ( 1 OY [(a-cbh/q bY (qa b 
c d h/q 1] \ec+dh/q d) Nc dj)’ 
It follows from Theorem 6.5.7 that 


oo oo dyd a5 y: Ame ma) PFFF 
sj—-1_ 9-1 €Y14 y2 mı, M2 

[ [reno gau 225 CD. TITT 

0 0 (c,d)-1 mi- I mos 000 0 


a dh a'zy+b 
zimmer), 2nimid(xidui) g arius 2timN( a) 








mi|malyiy2 
|c'z24-d| 


x Wijacquet my - [c'z2 + d| m Vr, ez 
1 


dy, d 
x 37355 edu u1dus. 


7.1 Converse theorem for SL(3, Z) 203 


The integrals over u1, u3 are zero unless c = —dh/q, mid = q. Hence c' = 0, 
and d —q/m,. Since ad—bc=1 it immediately follows that 
a(q/mi) + b(h/m,) = 1. Consequently, mı = (q, h):= ô, and letting 
ds = q/0, hs = h/ó, hs = he (mod qs), the above identity becomes: 


[fre hays y uoa 
y 








onimyh 2nim5x? 
— sA A(ô, m2) 2 a eie d 
m0 o $-Imj ^ 
ôlm2|y1y2 


ds dyi dy 
«ff Wijacquet byt ' Q6 V, umo yr p x i y 
1 yı » 


The lemma follows after taking partial derivatives and then performing a simple 
variable change. 














Lemma 7.1.13 Let q,h € Z with q #0. Then for £,k € Z with £ > 0, 
k € (0, 1}, we have 


dy, d 
GG Trete 
Oxy 0X2 yı y 


nm 


. k 
| (aig n 3 i» A(m», m) im» 
== q»r( pemr(uim) 2k+1— 282 m [179 [m»| 


milg m0 1 





xj—x5-0 





q/m 


. — 
x 23 erm J J Wat (v2, vi), yn, 1) 


r=1 


(i) 


x K s9- 1-2 (27 y2)yi 





2k+sı— sy E vist dyi dy» 











y» 
Proof Note that 
1 Muy ui — xı + za 3) 
» d Ea 24 
w2: ( (Auz) ):w = ! hid — dig 
1 
MB 
APEX 
x SDO mod (O (3, R) - R*), 


CER 
Xy 
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TIaxgpe dit 
yi » 
0.0 


wool 1 "T 
=f ff fr wz : (Auz) ) - w;!) eitn du, duzy 7! y2! dyvdya 
0 0 


yı y» 
0 
If we now make use of Theorem 6.5.7, in the above, we obtain 


dy, d 
J [reso tmt 
n J2 


co l1 1 
eo A(m2, mi) imime|-2- senem 
DOS e "m 
0 0 0 








(¢,dy=1 mil ma mimo] | A 
—2nimyd( 5 2.) 2nim;m( 2 
"T mim; (^34), mim», (3 ard eriam Hie 
mi|molyiy2 
af 322-2 - lez +d| f 
x Wijacquet miylezytal , (v2, vi), Wit 
XjcTy 
2 2 
1 
$1— 1 52— idyi dyz 
xduay, y 
yı yo” 
where 
1 . 2 2 
Z3 = —ua — X3 + yi X5 + y5- 
The integral in u; above, namely 
1 
i e "nimii 972niqui du, 
0 

vanishes unless m,c = —q. Further, let d = £c +r with £ € Zandl <r «c 


where (r, c) = 1. If we make the change of variables u3 œ> u3 + € 4- rmi/q, 
then we may re-express the above identity in the form 


dy, d 
f [reso tte 
» » 


qim 


A(m.m 2nimirh 2nimj mof 
=e X i ( 2» SOR ST Y pr uec e 


mi|q m240 my|m| eZ r=l 
r, Ll 


EIS 


1 
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CET 


oo oo : 

RE U3 4x3 RI RT 

«Jf f F iq (353) animan at 
0 0 


eum 








q 
m |m»lyiya 
X / Xy? -|ez5| 


S 
x Wyacquet malen , (12, V1), Wit 
Xy? 
1 


dy,d 
x duzy) y? 1 — yı a 
yi yo” 


which after summing over £ € Z, and, then successively making the transfor- 
mations: 43 — U3 — Xa, Ua b> U3- yu x2 + y2, becomes 


q/m; 





gran ) l » ` A(m», mi) y s a R, 
A mimi ^£ 
aos 
(.;£)=1 
96,00 œO —2nziqx2yjua 2nim2. 17243 
«ff e ESSE e? 2 392 (1) 
0 0 —oo 
milmaly2 
alg) Jig 
i {> 
x Wiacquet qyiy2A/ 3+ , (v2, vı), V1.1 
A/ xy 
1 
7 dy, d 
S1..S2—1 1 4y2 
x dus yj y; x+y Ji m 


yı y2 
If we now take partial derivatives with respect to x1, x2, set x; = x2 = 0, and 
make the substitutions 


yı mî?|m2|y2 


-r $$) 
q u$ 1 qui 1 
it follows that 
k oO CO 
t2] s ) [ [ 5e ox SS 
Ox] 0X2 J ru » » 


_ Qxig) AQn,mi) — XN 
quem 2 » ae =e ae 


yi 7 





X1—X2 =0 


2zimjrh | 2nimymor 
) e 41 e 4 


1—s 
mi|q m240 m, [m | 5 r=1 
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oo oo 5 k Ya- 
mi 143 
x NI (zm ay ) Wijacquet MI , (V2, vı), Wi 
J J \ miim» 


oo 
x I E (u$ Ae 1) etsoa dus yi yy dyi dy» 
—oo0 





» y2 


Next, make the successive transformations: y) — yz lo yp yy: yi. We 
obtain 


q/m, 





Qziq) A(m2, mı) mim, etm?) 
pe ea ee EE 
mi|q m240 m, [m | r=1 
(nif)=1 
m 
oo oo 
2niqypys V. 712 
x “mm | Wijacquet yı , (vo, V1), Wi 
2 
0 0 1 
f dy, d 
—2niusv, 22. —($14-52)/2 & 
x fe 2miusy2 Tas] (u2 + 1) (sits2)/ uk du3 iar s 52 en e») 
oe yi ya 


We may complete the proof of Lemma 7.1.13 by invoking the identities: 








oo 

; m 
| mene o n rh qos. 

S 

—oo 
oo 
Ea (u? + 1)u a 21 (i25). ro; al tK, S Qa. 
T y2 














Lemmas 7.1.12 and 7.1.13 involve additive twists of the Godement-Jacquet 
L-function which have very complicated functional equations. We would like 
to pass to twists by primitive Dirichlet characters which are much easier to deal 
with. This is the motivation for the next lemma. 


Lemma 7.1.14 Assume 


bs ) ) [ | renos oro oe 
Ox, 0X2 " » » x1=x2=0 
kee dy, d 
s s ayı ay» 

= Fiz, h, g) P 
(2), (zz) JJ 1 q4)Yy Y » » 





(7.1.15) 





Xj =x2=0 
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for all h, q,€ € Z with q £0, £ > 0, and k € (0, 1}. Define ô :— (h, q) and 
qs := q/6. Then 








Gy) — _ TOO y: A0 mox (un (ximo : 
c,ü ~ 82 + 2k) T(x) HE m240 à" [m»|? q; 
, A(ma, m1)X(—m1) ( im \* 
= Qziqy os 
2.2. 217252 | k+l- \ [2] 
qim 2nimjmor 
x Xo ne or (7.1.16) 


nz 
(r(q/m1) 71 


for every character x (mod qs), with Gy, Gy as in Theorem 6.5.15. Further, if 
(7.1.16) holds for every character x, each k € (0, 1}, and all sı, s2 € C, then 
(7.1.15) holds for all h, q, € € Z, k € (0,1), £ > Oand q 40. 


Note The identity (7.1.16) is a formal identity. It is understood that all series 
are well defined by analytic continuation. We present (7.1.16) and its proof in 
this form to simplify the exposition of the ideas. 


Proof We have h = h; - 6. Consequently if (7.1.15) holds, then 


k CO OO qs d d 
(= Jj (= ) i / x (hg) G, hd, qt y 2 22 
Oxy 0X2 J i yı » 


s=l 


= 95 
- (a ) (= ) ju x(hs) Fiz, hsô, quy P de idyi dy» 
X1 0X2, Jd f Z = 


¿=l 





Xj =x2=0 





X1—X2 =0 


The result follows after several routine computations using Lemmas 7.1.12, 
7.1.13, and formula (7.1.1). For example, on the left-hand side we will have 
from Lemma 7.1.12 the character sum 


ds E ds : 
xdi = X (ua) e"l — v3). x (n3), 
h;=1 hg—l 


alternatively, on the right-hand side we will get from Lemma 7.1.13 (for 
(r, gs) = 1), the character sum 


qs 
DO 32 xaje ?rimnhile = S coo mr) =} sGo0xcomrn), 


mi|q hs=1 milą mıl|ô 


since x (m4) = 0 if (mı, gs) > 1. 


208 The Gelbart-Jacquet lift 


The last statement in Lemma 7.1.14 is a consequence of formula (7.1.2) 
which says that every qth root of unity can be expressed as a linear combination 
of Dirichlet characters (mod q). 














Let us explore Lemma 7.1.14 in the special case that k = 0, x is an even 
primitive character (mod q) and (h, q) = 1 so that ô = 1. In this case (using 
(7.1.1), Lemma 6.5.21 and (6.5.22)), the functional equation in Lemma 7.1.14 
takes the simple form 


T(x)? 


420796, — s)ES(1 — s), 
TOA q 0 — s)L( —s) 


q? GG)L,G)— 
where 


oo oo = 
Lo AR gay dU 
n=1 n=1 

and where G, (s), G,(s) are products of Gamma functions as defined in Theorem 
6.5.15. Note that if we take k = 1 in the above situation, then the identity (7.1.16) 
holds automatically because each side will simply vanish since the sum over 
m» with positive and negative terms will cancel out. We may also consider odd 
primitive characters x. In this case, the identity (7.1.16) automatically holds if 
k = 0 and we get a functional equation 


(x) 
TVI 


when k = 1. The two functional equations may be combined into a single 
functional equation 


q? G(s + DL, (8) =i qg 9 5 Oe s) a 


(x) 


42079 G,0 +k — S)ES — s) 
"Qva | t 


q?G,G +L, (s) = i 
(7.1.17) 


where k = 0 if x(—1) = 1 and k = 1 if x(—1) = —1. 

These are the simplest instances of the type of twisted functional equations 
needed to obtain the converse theorem. Once one knows these functional equa- 
tions, then all the other required functional equations follow by the usual tech- 
niques (modified for the GL (3) situation) for constructing functional equations 
with imprimitive characters. We shall not pursue this further as the technical 
complications become extremely messy. 


Proof of the converse theorem, Step III We have proved that if L, (s) sat- 
isfies the functional equation (7.1.17) for all primitive Dirichlet characters 
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x then 
ət ak a ak 
—F(z,h,q) = — F(z, h, q) ; (7.1.18) 
xt xf xt xt 
Ox] 0x xj—x5-0 dx] Ox xj—x5-0 


for all £ = 0, 1,2, 3, ..., and k = 0, 1. Note that the proofs of Lemmas 7.1.12, 
7.1.13 imply that F(z) := F(z, h, q), F1(z) := Fi(z, h, q) are independent of 
x3 and are functions of x1, x2, yi, y2 only. Consequently, if 


1 x2 xs yiy2 
z= 1 xy yı : 
1 1 


then the function F(z) — F(z) does not depend on x3. 
Since F(z) — F\(z) is areal analytic function, it has a power series expansion 
of the form 
oo oo . K 
F()- FG) = Y aoi yix. 
i=0 j=0 
It immediately follows from (7.1.18) that 
Ct x1, Y2) = 0, (for £ 20,1,2,3,..., k =0, 1). (7.1.19) 


Now, F,F,; are eigenfunctions of the invariant differential operators on 
GL(Q, R). In particular, they are eigenfunctions of A; given in (6.1.1). Recall 


that 

2 2 2 2 

+ y3 2 ny» : +y + ys 
ays dy 0y2 x2 

2 2 


+ yi - T + 2ybe — 
X E 
nad ax? Xa əx? JI 03s 0x10xa 





n3 
A= 
y 


We calculate the action of A, on F — F; and use this to prove F(z) — Fi(z) = 


by showing that c;,; = 0 for alli, j > 0. 


a ii jci ; 9j 
yl 
ay? Yaa 02 = on» "8s Oya 


+ yiiG — Di? xic,; + xg = xix "c, 


^ Y i j Y it 39 cij Fy 5026 i,j 9?cj j ) 
1 XiX) Ci, j | = xi iy y yo y1 2 
i=0, j=0 aa mo dy i dy5 8yid y» 


i=0, j=0 











Ai (xix3 cij) = = yixi 1X3 








+ x: yliü — xl Palei j 


i=2, j=0 


oo 
ARS j j—2 
tO XjG — Dxpd cij, 
i-0, j=2 
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CM eg v. a i (28 6s , a9 6g "ci; 
A1 p» xX Ci, j | = A Xy Lyr 3y? Ty ay2 PS ays 
j 2 


1 
o9 , ` 
to) xtd +204 Dxpxicua; 
i=0, j=0 


oo 
OY xtd 4 2G Dias. 
i=0, j=2 
For fixed (i, j) we have 
^c; ; 9?c; ; 9?c; ; 
2 J 2 E yy HE a y(i + 2) + Iena 


| ay? e ays dy10y2 
+ 2G + 2YG + Dcij42 — rici; = 0. (7.1.20) 








Now assume for fixed j, we have c;,; = O, this is certainly true for all i 
provided j = 0 or 1. Then from (7.1.20), it follows that c;,;+2 = 0. Further, 
from (7.1.19) and induction on j, we see that c;,; = O for all i and j. This 
completes the proof of the converse Theorem 7.1.3. 


7.2  Rankin-Selberg convolution for GL(2) 


Let 
fe) = amry- K,, 1 QInly) e? (7.2.1) 
nz 
g(z) = » b(n),/2ry - K,,-1(2x|nly)- (1.2.2) 


be Maass forms of type v;, v,, respectively, for SL(2, Z) as in Proposition 3.5.1. 
Both Rankin (1939) and Selberg (1940) independently found the meromorphic 
continuation and functional equation of the convolution L-function 


oo b(n) 
L fxg(s) = $25) 7 — (7.2.3) 


n=1 


They introduced, for the first time, the bold idea that L y, (s) can be constructed 
explicitly by taking an inner product of f - g with an Eisenstein series. This 
beautiful construction has turned out to be extraordinarily important and has had 
many ramifications totally unforeseen by the original discoverers. The Rankin- 
Selberg convolution (for the case of Maass forms on SL(2, Z)) and its proof 
are given in the following theorem. 
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Theorem 7.2.4 (Rankin-Selberg convolution) Let f(z), g(z) be Maass 
forms of type vf, Vg, for SL(2, Z) as in (7.2.1), (7.2.2). Then L ps), defined 
in (7.2.3), has a meromorphic continuation to all s € C with at most a simple 
pole at s — 1. Further, we have the functional equation 


A fxg lS) = 2 7 Gy, uL )L fxg) = A pus (1 — 8). 


where G y, y, (s) is the product of four Gamma factors 


r s+1— vf — Vg r SHVf — Vg r $— Vp ct vy, r s — lo vr + vg ; 
2 2 2 2 














If 
Oy = o i 
L = 1 u 1 
f=) uen) 
and 
5) (By 
L = 1 1 T 
ge I1( p p 
then 











vene) OBB) (n) (y 


p 


Proof Let E(z, s) denote the Eisenstein series given in Definition 3.1.2. We 
compute, for R(s) sufficiently large, the inner product 




















3 - —— ———. dxdy 
caus e yo co). ff rose Ee 7; 
SLQ,Z)NB? 
2 ~ dxd 
= ce fs L02) = 
yere MLQD sid ve y 
2: — „dxd 
= [[ reso 52 
y 
oo 1 
2 — .dxd 
- e» / f roz y SS 
J 
0 dm 
= nt) Y aibi) 
nz 
oo dy 
x [ Ky, yOrlnly)K,, Cry F 
0 


oo 
1—s s dy 
= (27) L pxg(5)* Ky (9) Ry, (y) y 
0 
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where 
i d 
ILS Z 
0 
= 25-3 (ao yr (= (a reme) | 





I'(s) 
This computation gives the meromorphic continuation of L;,,(s). By 
Theorem 3.1.10, the Eisenstein series E(z, s) has a simple pole at s = 1 with 
residue 3/7. It follows that L ¢,.(s) has a simple pole at s = 1 if and only if 
(f. g) # 0. Finally, the functional equation for A fxg is a consequence of the 
functional equation for the Eisenstein series 


E*(z, s) = n ^V (s)£Qs)E(z, s) = E*(z, 1 — s) 


given in Theorem 3.1.10. 

Finally, it remains to prove the Euler product representation for L y, (s). We 
shall actually prove a more general result (see (Bump, 1987)). Let u, v : Z — C 
be functions. Let z be a complex variable. Assume that 


oo 


» u(n)z" = (1 — az) !(1 — az) !, 
n=0 
> v(n)z” = (1 — Bz) - Bz)", 
n=0 


and for |z| sufficiently small, the above series converge absolutely. We will 
show that 
B » 1 — aa’ Bp'z? 
Yo umywa)” = . 
em (1 — aBz)Y(1 — a'BzY(1— oap'z)(1— a'B'z) 
In fact, let us now show that (7.2.5) implies the Euler product representation of 
L fxg in Theorem 7.2.4. Recalling (7.2.3), it follows that 





(7.2.5) 


(2 a(p")b(p") p) 


Lyxe(s) = [| a (7.2.6) 


p 





One may now easily check that our result follows from (7.2.6) and (7.2.5) if we 
choose 





u(n) = ap^), v(n) = b(p"), zcp. 
To prove (7.2.5), let us define 


oo oo 


U(z):— 5o u(n)z", V():- Ps v(n)z", 


n=0 n=0 
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and consider the integral 
dz 1 


Bs RA zı) V (z7 T 


where C is the circle |z;| = €. um € > 0, is sufficiently small so that the poles 
of U (zzi) are outside C and the poles of Vi are inside. It follows that 
je Do 

= P u(n)v(n)z". 


n=0 


um V 
oni (z+ z1) (zi! 
Thus, to prove (7.2.5), it is sufficient to show that 
d 
x I —ezz) 1 —o'zzy (1— Bz!)  (1— fail) ^ e 

u 1 — aa’ BB'z? 

~ (1 —aBz)(1 — a’Bz)(1 — af’z)(1 — o'B'z)' 
This is easily proved, however, because the left-hand side is just equal to the 
sum of the residues at the poles: zı = f and zı = 8’, and summing these gives 
exactly the right-hand side of the above formula. 























This completes the proof of Theorem 7.2.4. 


7.3 Statement and proof of the Gelbart—Jacquet lift 


The functional equation of a Maass form of type (11, v2) for SL(3, Z) is given 
in Theorem 6.5.15 and involves a product of three Gamma factors: 


r s +1— 2v -v r s +v — v5 r s — l + vi +2v2 l 
2 2 2 


If the Maass form is self dual then v; = v2 = v, say, and the Gamma factors 
take the simpler form: 


r(= = "Gre — = 2j 


In this case, if L (s) denotes the L-function associated to the SL(3, Z) Maass 
form, then its functional equation will be 


NN Eun: s s—1+3v = m 
AvG) :9 x r( ; )rG( ; Ls) = A (1—8). 
(7.3.1) 














This represents the simplest type of functional equation we may have on 
SL(3, Z). 

An intriguing question that arises in the mind of researchers first encoun- 
tering this field is whether there might be any candidate L-functions occurring 
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somewhere in the GL(2) theory which have the functional equation (7.3.1). If 
one could prove that all the twists by Dirichlet characters of such a candidate 
L-function satisfy the functional equations and other conditions given in the 
converse Theorem 7.1.3, then the candidate L-function would have to be asso- 
ciated to a Maass form on SL(3, Z). The fact that this phenomenon occurs is 
the substance of the Gelbart-Jacquet lift. In fact, if f is a Maass form of type 
vy for SL(2, Z), then by Theorem 7.2.4, and the functional equation 


a P r(7)e o nO v( 3r (1 — s) 


of the Riemann zeta function, we see that 


2p s+1 (rn —1 Hr) Eeu 
2 2 2 t(s) 


2g Hp 2—5s—2vy r l-s r —s -F 2v Lxg(1 — 5) 
2 2 2 ibis 


which exactly matches the functional equation of a self-dual Maass form on 
SL(, Z) of type (2v, /3, 2v;/3). We now state and prove the Gelbart-Jacquet 
lift from SL(2, Z) to SL(3, Z). 








Theorem 7.3.2 (Gelbart-Jacquet lift) Let f be a Maass form of type vy for 
SL(2, Z) with Fourier expansion (7.2.1). Assume that f is an eigenfunction 
of all the Hecke operators. Let L py ¢(s) be the convolution L-function as in 
(7.2.3). Then 
Lyx (5) 
C) 

is the Godement—Jacquet L-function of a self-dual Maass form of type 
Qv,/3, 2v; /3) for SL(3, Z). 


Proof Let us define, for R(s) sufficiently large, 
L px f(s) ce z 
L(s) := ——— = A(n, I)n™. (7.3.3) 
t(s) 2 


We need to show that if we define A(n, 1) = A(1, n) for all n = 1, 2,3,..., 
then for 3i(s) sufficiently large, 


LG) = [[(1- Ap, Dp + AG, p)p - p?) . (7.3.4) 
P 


and, in addition, we also must show that for every primitive Dirichlet character 
x, the twisted L-function 


L,(s) = 3 AM, Dx (nn? 


n=1 
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satisfies the EBV condition and functional equation given in the converse 
Theorem 7.1.3. The proof will be accomplished in three independent 
steps. 














Proof of the Gelbart-Jacquet lift (Euler Product), Step I Consider the L- 
function, L f(s), associated to the Maass form f. Since f is an eigenfunction 
of all the Hecke operators we know by (3.13.2) that, for R(s) sufficiently large, 
L f(s) has a degree two Euler product 


E -1 a’ -1 
L,(s)— ( e) (1 2) 
[e : 


NR : ; 
where œ, - o, = 1 for every rational prime p. 

















Lemma 7.3.5 For (s) sufficiently large, the L-function, L(s), (defined in 
(7.3.3)) has a degree three Euler product 


a? -1 az 2| o? -l 
w=! s) ( E) ( 3 
p P P p 


Proof This follows immediately from the Euler product representation in 
Theorem 7.2.4 because the term |] pQ- (apa, / py! just corresponds to 
f(s) since a - o = 1. 




















Note that Lemma 7.3.5 immediately implies (7.3.4). 


Proof of the Gelbart-Jacquet lift (Functional Equations), Step II In order to 
show that the candidate L-function 


Lrxpls) x - 
L(s) := ——— = A(n, 1)n™, 
Cs) 2. 
originally defined in (7.3.3) is actually the Godement-Jacquet L-function of 
a Maass form for SL(3, Z) it is necessary to show that for every primitive 

Dirichlet character x, the twisted L-function 


oo 
Lys) = È A, DXN, 

n=1 
satisfies the functional equation specified in the converse Theorem 7.1.3. Such 
functional equations, in some special cases of holomorphic modular forms, 
were first considered by Rankin (1939). This method was later generalized in 
(Li, 1975), (Atkin and Li, 1978), (Li, 1979). Also, Manin and Panéiskin (1977) 
obtained the required functional equations for the case of x (mod q) where q is 
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a prime power. An adelic version of the Rankin-Selberg method for GL(2) was 
given in (Jacquet, 1972), but the requisite functional equations are not given 
in explicit form. We briefly sketch the method for obtaining such functional 
equations. 














Interlude on automorphic forms for l'o(N) It is necessary, at this point, 
to introduce automorphic forms for the congruence subgroup 


To(N) :— (e 2) € SLQ, Z) 





c=0 (mod v 


with N = 1,2, 3,... A function F : p? —— C is said to be automorphic for 
l'o(N), with character y, if it satisfies the automorphic condition F(yz) = 
wW(y)F (z) for all y € To(N), z € 5?, and for some character y of the group 
To(N). Note that if x is a Dirichlet character (mod N), then 


(t =r 


will always be a character of ro(N ). To simplify notation, we will sometimes 


write x (£ a) to denote x (d). The cusps of l'o(N), denoted by Gothic 


letters a, b, c, ..., are defined to be elements of QU {ico}. Two cusps a, b, 
are termed equivalent if there exists y € l'o0(N) such that b = ya. The stability 
group of a cusp a is an infinite cyclic group, (Ya), generated by some Ya € l'o(N) 
which is defined by 


(ya) = {y E€ oN) | va = a}. 


Then there exists a scaling matrix o4 € SL(2, Q) (which is determined up to 
right multiplication by a translation) by the conditions 


: 21 1 1 
Oal O = a, Oa YaOa = o ik 


If F(z) is automorphic for l'9(N) and a is any cusp, then F (oz) is invariant 
under the translation z +> z + 1. It, therefore, has a Fourier expansion 


F(osz) = ^ Aan, ye", 
nez 
with A,(n, y) € Cforalln € Z, y > 0. We say F is a cusp form if Ag(m, y) = 0 
for all cusps a, every m < 0, and all y > 0. If, in addition, F is an eigenfunction 
of the Laplacian —y?((82/9?x) + (92/8? y)), then F is said to be a Maass form. 
If F does not come from a form of lower level then we say F is a newform. 
More precisely, if F is automorphic for l'6(N) then for r = 2, 3, 4,..., F(rz) 
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will be automorphic for l'o(r N) because of the identity 


(0 9C 7G. 2 1) 


In this case F(rz) is called an old form coming from F which lives on level N 
which is a lower level than r N. 

The key ideas for obtaining meromorphic continuation and functional equa- 
tions of the twisted L-functions L, (s) are based on the following two lemmas. 


Lemma 7.3.6 Let 
F(2- v3 Aln) 2x y K, iQz|n|y) e?" 
nz 


be a Maass form of type v for Vo(N) with trivial character. Let x be a primitive 
character (mod q). Then 


F,(z) = X AM) x@)/2rry K, 2r nly) e? 
nz 
is a Maass form for Vo(N q?) with character x?. If N = 1, then 


-1\ cQ 
n.) "gy 





Proof Since x is primitive, the Gauss sum T(x), given by (7.1.1), cannot be 
zero. It also immediately follows from (7.1.1) that 


1 £ 
FO = 1007 Y O: F(z + 5), 


t=1 


Assume that y = 6 : ) € Fo(N q?). We have the following matrix identity: 
e 


d 


£c dé ca?£? 
1 dqYfa by (eta b-(44—D7— 5 1 dq 
0 1)\ce d] V è d — ott O° qu 


It follows that 


4 de 
F,(yz) = THO FO): F(z + =) 


t=1 


4 d?t 
= (x) | >) ZEPS- r(: + 5) 


t=1 





= x(d) F(z). 


This shows that F, is automorphic for l'o(N q?) with character x?. 
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For the last part, suppose that (£, q) = 1. Then there exist integers r, s such 
that rg — s£ — 1. Further, we have the matrix identity 


1 ) 0 —-1Y /90 2 q za m 
0 1 € 0) uW 0jJ\ rJ) Y 
NotethatF( (^ vy) = F(( 2)5 — F(z)forallz.Settings — £ 
q 0 1 0 


where ££ = 1 (mod q), it follows from the prior matrix identity that 
= -1 1 4£/q 0 —-1 
F| —] = 
wn (a) = orll e v) 
7 = 
= Y OF b 
0 1 
l= 
: 1 £/q 
-isev((o ty) 


| 
[65 
>! 
S 
Y 














Lemma 7.3.7 Let x be an even primitive Dirichlet character (mod q). The 
Eisenstein series 
1 yl 
E51, 2 x(d) 
(c,d)=1 
c=0 (mod q4?) 


are 


is an automorphic form for Vo(q?) with character x. For any fixed z € b?, the 
function 


E*(z,s, x) :— (£) L(2s, XE(S)E(z, s, x) 


is entire in s and satisfies the functional equation 


à tO) xU 1 : 
Peso a(S 22 





Proof Itis easy to see that E(z, s, x) is automorphic when it is written in the 
form: 


1 
EG,sx)75 2, x0. 


y eT o(22) 
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Let w =u + iv with v > 0. The function $^ |m + w|-?* is periodic in u 
mez 
and one may easily derive the Fourier expansion 


(2s — 1 
So im + wp? apes) ) py 
dd 


meZ 





2zimu 





Lyin sii 
[m | ? K, 17 |Im|v)e 
fno mz i 


It now follows from the definition of the Eisenstein series and the above Fourier 
expansion (after making the substitution d = mcq? + r) that 


L(2s, X)E(Z, s, x) 


= y'LQs, xpo y xd ) ings die TTE 








c=1 deZ 
y $ oo cq? —2s 
= Y'LOs, x) (=) 3,7» x0», mtrt— 
q c=1 r=1 meZ 
y s oo cq? 
= y'LOs, x) + (4) Sia xo 
c=1 rcl 


TOs- D, qa, 207 |» 
x [2 roy 7? * ro 22s 


K, Grimes 


1 
2-3 





= y'LQs, x) + ES o mt sí r|m] yje” 


m#0 


oo cq? 2zimr 
x Dalal D Mie ai (7.3.8) 


Next, we show that 


cq? = : 

pir £)- fm — £cq, 
^ go jerink? — Oe EE (7.3.9) 
=] otherwise. 


In fact, this follows easily because every r in the above sum is of the form 
r =r; + tq with 1 € r; <q and0 < t < cq. Hence, the sum takes the form 


4 qc-1 2nirim E 
) 3 xe e« 


n-lt t=0 
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and the inner sum over t above is zero unless m = £cq for some £ € Z. Com- 
bining (7.3.8) and (7.3.9), we obtain 


LQs,x)EG, s. x) 
ny 5 O2s— a 2. 2ximqx 


= y'LQs, x) + T(x) K, 1Qz|m|gqy)e 
2T'(s) mz 





q*-3 m|>~2 


(7.3.10) 


where 


m s 

em, x)= 5 ximo: |Z. 
£m 
£71 


Next, we compute the Fourier expansion around z — 0. We make use of the 
0 —1 


fact that wy = ( 2 9 ) is a normalizer for I o(q?). This means that 
q 


wal o(q?)w, | = Tolg’), 


which can be easily seen from the calculation 


0 -1 b 0 -2 d B 
(2 3e ale 0 )- (x 2) € Tq. 


Thus, for every y € P; I'o(q?), there exists a unique y’ € ';MPo(q?) such 
that yw, = w,y'. It follows, as in the computation for (7.3.8), that 


1 
LQs, oe( = TA x)= = SLs, x) $. xywz 


y Ero \T0(q?) 


1 
SLs O J, RIY 


y eoo N'o(q?) 


LQs, x) c —1 : 
uel Y d)3 
2 2, xe (oen) 
fe 5 € FATO?) 


yx x(a) y? N^ x(a) 
= 62.22 a + ES ea Y Y [ee | 


meZ r=1 





—2s 





2121-55 ys (25 — 1) 








= L(2 1 
ATG? (2s —1, x) 
ie: Pe 
7 O2s—1(m, xX)K, 1Qm|m|y)e 77. 
PN |m|S-2 ! 











The functional equation follows after comparing the above with (7.3.10). 
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Finally, we return to the problem of determining the functional equation of 


Lixg(S, x) Lexy, G) 
his) ue = 
L(s, x) L(s, x) 
where f is a Maass form for SL(2, Z). By Lemma 7.3.6, we know that f, is a 
Maass form for l'o(q?) with character x?. It follows, as in the proof of Theorem 





7.2.4, that we may construct L fx y, (s) as a Rankin-Selberg convolution 


(F, fg: EC, s, XD), 


proving that L fx f, (s) has a meromorphic continuation to all s € C. If x isa 
primitive character, then we have the functional equation of Lemma 7.3.7. One 
may then easily show that L, (s) has exactly the functional equation given in 
the converse Theorem 7.1.3. This method will also work if x? is not primitive, 
and we leave the details to the reader. 


Proof of the Gelbart-Jacquet lift (EBV condition), Step IIl In Step II we have 
shown how to obtain the meromorphic continuation and functional equation for 
the twisted L-function 


L ex ps, X) 
L(s,x) ` 


It does not follow from these methods that L , (s) is entire, however. The problem 
is that we do not know that L(s, x) divides L y. r(s, x), and, for all we know, 
L,(s) could have poles at all the zeros of L(s, x). 

With a brilliant idea, Shimura (1975) was able to show that L(s, x) always 
divides L rx r(s, x), so that L, (s) is entire for all Dirichlet characters x. We 
now explain Shimura's idea. 

It follows from the methods used to prove Lemma 7.3.5 that 


Ly(s) = > At, lx(n)n = 


n=1 


oo oo 
Ls, X) 9 xmann = YP xmann, (7.3.11) 
n=1 n=1 
where a(n) is the nth Fourier coefficient of f as in (7.2.1). Here, notice the 
difference from a(n”) to a(n). Shimura showed that 


oo 

Yo x(na(n? yn 

n=1 
is entire by considering the Rankin-Selberg convolution of f with a theta 
function 


oo 


1 , 
6,0): 5 > x (nn etin 


n—-—oo 
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where ó = 0 or 1 according as x(—1) = 1 or —1. It is known (see (Shimura, 
1973)) that the theta function is an automorphic form for lo (4q?) where x is 
a primitive Dirichlet character (mod q). The automorphic relation takes the 
explicit form 


ó 
6,92) = xa(=) (Jeez c a** 6,0), 


d 
(v y= 2) € rag). 


i ifd=1 (mod4) 
€4 = 
1 |; ifd=3 (mod 4). 


where (5) is the Kronecker symbol and 


Note that 0, is automorphic of half-integral weight. The multiplier (factor of 


automorphy) 
eve 
oy) = (> ) (Sa, 


assures that we are always on the same branch of the square root //cz + d 
function. In order to proceed with the Rankin-Selberg convolution, we need 
to construct an appropriate Eisenstein series which transforms with the same 
half-integral weight multiplier system. For example, we may construct 


~ — 1 
Ée, s, D= YD ao) x@cz+ 4) ?-33(zY. 
v€T'co\Po(4q7) 
v=(24) 


It is known that É(z, s, X) has analytic continuation in s € C with at most a 
simple pole at s = 1 — ((28 + 1)/4). The Rankin-Selberg unfolding method 
gives 








1 
— M dxdy f —— , dxdy 
fG)0,G) EC, s, x) a f(z) 0, 0) y yi 
To(442?)N8? 0 0 
o a(n2)\nb y(n) f. ; dy 
ENERO ps dei y fc 
ai Qmmy? y y 


It now follows from this and (7.3.11) that 


LfxshS, X) 
L;(s, X) 
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has at most a simple pole at s — i = j. Actually, such a pole can only occur if 
X is the trivial character, and in this case, we know from the Rankin-Selberg 
convolution in Step II that it cannot occur. The residue of the half-integral 


. 2 . . * l 
weight Eisenstein series is, up to a constant factor, y20(z), where 


ce 2Qnin*z 
aZ)= Me 


n=—C 
denotes the classical theta function. As a consequence, one obtains the inter- 
esting result that 


1 dxd 
FOLO Z2 =0. 


y2 
To(44?)\b? 
Finally, from the growth properties of É(z, s, x), one may obtain the EBV 


(entire and bounded in vertical strips of fixed width) conditions needed for the 
completion of the proof of the Gelbart-Jacquet lift. 














7.4 Rankin-Selberg convolution for GL(3) 


The Rankin-Selberg convolution has been extended to automorphic forms on 
GL(n) by Jacquet, Piatetski-Shapiro and Shalika (1983). A sketch of the method 
in the classical setting had been given in (Jacquet, 1981). We now work out, 
following (Friedberg, 1987b), the convolution for the special case of the group 
SL(3, Z). 

It is necessary to introduce the maximal parabolic Eisenstein series for 
SL(3, Z). Let 


x 06K EK 
P=|« x «| e SLG,Z). 
001 


Lemma 7.4.1 The cosets of PNSL(3, Z) are in one-to-one correspondence 
with the relatively prime triples of integers via the map: Ty — last row of y. 


Proof One easily verifies that the map is well defined and injective. It is 
surjective because every relatively prime triple of integers can be completed to 
a matrix in SL(3, Z). 














Lemma 7.4.2 Letz € b? have the representation 


1 x2 xs yiy2 
z= 1 x yı 
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* k ox 
Lety =| x x x | be arepresentative for the coset fASLQ, Z). Then 
a b c 
Det(z) 
Det(yz) — 


3 E 
(yZlazo + b? + (ax; + bx; + c)? 


where z2 = x» + iy», and Det: p? — Rt denotes the determinant of a matrix, 
where the matrix is in Iwasawa canonical form as in Proposition 1.2.6. 











Proof Brute force computation. 





We now introduce the Eisenstein series 
Det(y zy? 
Eger ow EE 
y efASLQ,Z) 


Lemmas 7.4.1 and 7.4.2 then imply that the series above converges absolutely 
for 9i(s) > 1, and has the explicit representation 





! Gi») 
Finder - ud) 
is (»?|aza + b|? + (axs + bx + 2) 7 


The most important properties of E(z, s) are given in the next proposition. 


Proposition 7.4.4 The Eisenstein series E(z, s) has a meromorphic continu- 
ation to all s € C and satisfies the functional equation 


nr(2) QE, Sa SOS (= =) EB — 3s)E(z, 1 — s), 


where E(z, 1 — s) = E(w'z-!w, s) is the dual Eisenstein series, and w is the 
long element of the Weyl group, as in Proposition 6.3.1. Furthermore, 


E*(z, s) :— aer range, s), 


is holomorphic except for simple poles at s = 0, 1, with residues —2/3, 2/3, 
respectively. 


Proof The results will follow from the Fourier- Whittaker expansion in exactly 
the same way in which they were obtained for Eisenstein series on SL(2, Z) 
in Theorems 3.1.8 and 3.1.10. We break the sum for E*(z, s), given in (7.4.3), 
into two pieces corresponding to a = 0 and a ¥ 0. It follows that E*(z, s) 
= Ei(z,s) + E53(z, s) where 


3 2y)* 
Eiz, s) = E 61») 


35/2" 
2 ) bee 770,0) (ib? + (bxi Fc) 
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and 


y 


v 
[te 


EX(Z, s) = 2(y1yz) 


co 
is J 


ge 5210372) . e ?riGwrtv) 
2 
taza + u|" + (axs + ux + v}? 


(ds 


ll 
MS 


a —oo0 


dudv. (7.4.5) 





) 35/2 


t 5 
But Ej(z, s) is ( yi y2) times an SL(2, Z) Eisenstein series with Fourier expan- 
sion given by Theorem 3.1.8 from which it follows that 


NE mme 
EtG, s) = 2(y2y2) bi "uu v"r( eas) 


I 3s 
oO aie soap (SS Des -1) 





1 
+2y? Y Imi 8726, smipK 


s (27r |m] yije? | . 
m,40 


(7.4.6) 


Now E*(z, s) has a Fourier- Whittaker expansion of type 


E*(z,s)= D Po,m (Z) + y» 2 2. bns (7 JJ) 


mMmEZ y €T MSLQ,Z) mı#0 meZ 
(7.4.7) 
where 
DES 2 & l 
bmm f f f m 1 & |z e 2ri(m& emi) dtd. 
0 0 0 1 


We immediately observe that (7.4.6) only contributes to the Fourier expan- 
sion (7.4.7) when mz = 0. On the other hand, after some change of variables 
in (7.4.5), the contribution of E5(z, s) to the Fourier coefficient @n,,m, is given 
by 


arar (E). obs) Í J l Y X 


x ei (£aGs FE FE HG — £00 +81))a (x2 H2) mi &i ma E) 


PME giri tray Gc +é1)—J)) 
das f [- zz dudv dé\dédé. 
x 7 
^ 2, (via? +1) + v?) 
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But this vanishes unless £ = 0, and, in this case, m, = 0 also. Further, if 
m» #0, we get a contribution only when aj = m», and when m; = 0, we 
must have j — 0. Consequently everything simplifies to 


3s $S 2mimox 
baa arer ( Jota iuc 


—2nim»y;u 
e 
x pe Ir je dudv, 


a|ma (yj ?y3a? (u? +1)+v 





when m Æ 0, and to 


3s F 
Ón0- as 9r) (yry2) 
oo OO 
= —3s/2 
2 Yi ay i i (vixza? a? +1)+ v?) dudv, 
a=1 


—00 —0O 


when m» = 0. It follows that the Fourier coefficient $m, m,)(z) is given by 


1 Sol 3:1 ; 
4(y2 ys) vé Iml ei-ss mi DK aa Qe Imilyoe?n mo, 
if mı Æ 0, m = 0, 





m 7 





4y, ma? -lo as(ImaDK s, Q mz | y2)? "2, 
if m, = 0, m» Æ 0, 
2yP yin FP (¥)CGs) + 2y yn? T (5:)£Gs - 1) 


cs 1y2-35g1- $ p (8: — es if m, =m — 0. 


The meromorphic continuation and functional equation of E(z,s) are an 
immediate consequence of the above explicit computation of the Fourier 
coefficients given in (7.4.7). 














The Rankin-Selberg convolution for S L(3, Z) is very similar to the convo- 
lution for SL (2, Z) given in Theorem 7.2.4. The idea is to take the inner product 
of two Maass forms with the Eisenstein series (7.4.3). Let 


[m= »- D 5 D iss (M( J^ V, Vi, a). 


y eUX ZNSLQ,Z) my—1 mz70 [mim | s 
(7.4.8) 


eo B(m,,m 
g(z)= ) ) ) PRESB yo. M E Z, v „Wie 
|mım2| 1 mai 
y €U2(Z)\SL(2,Z) my=1 m240 
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be Maass forms of type v,v', respectively, for SL(3,Z). Here M 
m |m» | 
= mı 


1 


Theorem 7.4.9 (Rankin-Selberg convolution) Let f, g be Maass forms for 
SL(3, Z) of types v, v', as in (7.4.8). Then 


L gxg(s) = £8) Y Y Pm a) Poni mo) 
m3 


mı=1 m=l1 





has a meromorphic continuation to all s € C with at most a simple pole at 
s = 1. The residue is proportional to (f, g), the Petersson inner product of f 
with g. 

Furthermore, if 


oo oo 
> ; s dyidy2 
Gy w(s) = Ki Wiacqua (Y, V, Wi) y W Jacquet CY ; V, Wi) (y7y2) yy , 
172 
0.0 





then L fxg satisfies the functional equation 


3 
iaasa Je vv G)L xg) = Az.g( = s), 


where f, & denote the dual Maass forms as in Proposition 6.3.1. 


Proof We compute the Rankin-Selberg inner product of f - g with the Eisen- 
stein series E(z, s) given in (7.4.3). It follows that 


dua BES f O EG, 5) dz, 
SLQ,Z)N5? 


with d*z, the invariant measure as given in Proposition 1.5.3. If we now apply 
the usual unfolding trick, we obtain 


1 = 7 
(f8 EG) — 5 f f(2)g@)- (vix) az. (7.4.10) 
fb? 


Now 


— 
Il 
ox * 
ox * 


* 
* | C SLG, Z) 
1 
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is generated by matrices of type 
a b 0 10 e 
c d Of, 0 1 f 
0 0 1 0 0 I1 


with a, b, c, d, e, f € Z, ad — bc = 1. Consequently, if we define U2(Z) = 
P 1) c SLQ, Z), 


1 
U (’ 5v = UND, (7.4.11) 
y € UXZASLQ,Z) 
where 
l o * 
U3(Z) = 1 x | c SLB, Z). 
1 


This result was also obtained in Lemma 5.3.13. Since the Fourier expansion 
of f (7.4.10) is given by a sum over SL(2, Z), we may unfold further using 
(7.4.11) to obtain 


(fg, EG, 8) 

1 9o AGn,m | | 
= 2 > p» Be Moss V, yi e? ri mono tina) 
U3(Z)\b3 mi=1 m240 [m m»?| 


< E XX 


Bim), m?) 








ded 
oe mio a 
( JenansreD 
c d 
i . azj4b 
> ome eo mo (2) | 
yiy2 
a ; |cza--d| ; 
x W Jacquet M y- |cz2 + d| QU. Wil 


1 
x (vix). d*z, 
after applying Theorem 6.5.7 to g. Further, 
1 1 1 0 œ 
Ae tea a 


U3(Z)\b3 xı=0 x2=0 x3=0 yı=0 y2=0 
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It then follows by the standard techniques introduced in Section 6.5 that 


COs)(f -g, EG 8) = Lexg(s) Gov(). 


The theorem is now a consequence of the functional equation of the Eisenstein 
series given in Proposition 7.4.4. 














We will end this section with an explicit computation of the Euler product 
for L fxg assuming that f, g are both eigenfunctions of the Hecke operators and 
L f(s), L,(s) have Euler products as given in Definition 6.5.2. 


Proposition 7.4.12 (Euler product) Let f, g be Maass forms for SL(3, Z) 
with Fourier coefficients A(m,, m5), B(m, m»), respectively, as in (7.4.8). Let 


L pxe(S) = CBs) 3 jn e AGED) 
m 


m;j—lm;-l 





be the Rankin-Selberg convolution. Assume L ¢, L, have Euler products: 


Lo = [IG - 5 c LG) = Hr- 23 


p i=l p j=l 





then 


yos Ts P, =l 
L.o-TITITI( - z sf) | 
P 


i=l j=l 


Proof The proof is based on a special case of Cauchy's identity (Weyl, 1939), 
(McDonald, 1979), (Bump, to appear), which takes the form: 


3 3 o œ 
JĮ [a —ajBjx) | = » p Skik (01, 02, 03) Sk, a (B1, B2, Bs)x 
i=l j=l ky =0 k;—0 


x (1 — @107038) B2Bsx*)"', — (7.4.13) 


where 
ky thy +2 ky thy +2 ky ka 42 
31h 2+ Po 2+ a 2+ 
ki kil kil 
Xi X5 X3 
1 1 1 
Ski ko (X1, X2, X3) = ere 





A X5 X3 
X1 X2 X3 


1 1 1 


is the Schur polynomial given by a ratio of determinants. We shall defer the 
proof of Cauchy’s identity for the moment. In the meantime, we will show 
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that 


A(p^, p*) = Sr n(@1,p, 02,5. 05,5)  B(p^, p?) = St (Bip. Pop. B3,p)s 
(7.4.14) 


from which the proposition follows after choosing o; = oj, Bj = Bi. p 
for (1x i, j < 3) and x = p^? in (7.4.13). 
To prove (7.4.14), we DM (Bump, 1984). We require the identity: 


oo oo 
XO M Suas, 02, 03)p "p? (7.4.15) 
kı=0 ky=0 

=(1- py[]u-a 1 [[ d-aajp oy. 


1<i<j<3 


This is proved by noting that the ratio of determinants in the definition of the 
Schur polynomial can be computed explicitly to yield 


Shey ky (1, 05, 03) 
ky tko+2( Kil kl ki+k2+2/ kl kl kitk2+2/ ky +1 kl 
ay (a; — 05 ) +a, (a; — 04 ) + a, (ai — a, ) 








(o — a1)(o3 — &2)(&1 — o3) 


If we then multiply both sides of the above formula by p *1^*?* and sum over 
kı, ko, then the identity (7.4.15) follows after some algebraic manipulations. 
Now, by Section 6.5, we have 


1—A(, pp ^-A(p, Dp ? —p 5 = (1 — ap) — ap“) — esp 7), 
1 — A(p, Dp™ + AQ, pp? — p™ = (1 — aa p™ (1 — eso p 7) 
x (1 — o1aop ^). 


It follows that 


Me 
Me 


A(p^ é pl?) p ET 


= 


0 k;—0 


k1—0 k2=0 k<min(ky ko) 


= =(1 EM po) »3 yal p^ ,1)A (1, (1, p) p With» 


=0 k= 
—2s -—s —2s —3s -1 
-(ü-p BS Dp^ + AQ, pp ^ — p?) 


p 
—s —2s —3s\ 7! 
x (1— AC, pp™ + A(p, Dp ^ — p^) 


1 


7.4 Rankin-Selberg convolution for G L(3) 231 


-ü-p?y-oep?*)'ü-aep*)-op*) 


x (1 —on03p) (1—0501p^) (1—01052p^) | 


oo 
—(ki +ko)s 
2a Sy, (Q1, 05, 013) p 15, 


B 


Finally, Gain: is obtained by comparing coefficients on both sides. 

It remains to prove Cauchy’s identity (7.4.13). Note that Schur’s polynomial 
is a ratio of determinants. The matrix in the denominator is a Vandermonde 
matrix, which is a matrix whose columns all have the form (1, x ;, xn eer x"7l) 
for some x; and some n > 2. Now, if two of the x ;s are equal, then two columns 
of the matrix are the same and the determinant is zero. This means, that as a 
polynomial, the determinant must have (x; — x;) as a factor for all 1 <i < j 
< n. Consequently, the determinant of the Vandermonde matrix must have 


lI] 6-2» (7.4.16) 


lxi«jzn 


as a factor. By comparing degrees one easily sees that the determinant of the Van- 


dermonde matrix is the product (7.4.16) up to a constant factor. To show that the 
constant factor is 1, one may consider the main diagonal term x; : ia xl 


nn? 


which is exactly what one gets by taking the first positive terms in each factor 
of the product (7.4.16). This proves that 


n AF a » go 
rm 2 im n MET qoe 
= I] (x; — xj). (7.4.17) 
xi X) b. Xn l<i<j<n 


Next, we consider Cauchy’s determinant which is defined to be the deter- 
minant of the n x n matrix whose i, jth entry is 1/(1 — x;y;) where x;, yj 
(1x i, j € n) are variables and n > 2. We write this matrix as 


b) 
l — xiyj en 


Lemma 7.4.18 (Cauchy’s determinant) Let n >2 and xj, y; e CU <i 
< n). Then 


I| @-+x,) [II Qi- y) 


pa (; 1 ) )- l<i<j<n - l<i<j<n 
— Xiyj 1<i,j<n II à -— xiy;) 


1 j=1 





=| 


i 
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Proof We know the determinant is a rational function. The determinant will 
be zero if any two of the x; or any two of the y; are equal since, in this case, either 
two of the rows or columns of the matrix would be the same. Consequently, 
the numerator of the determinant must have factors [ [(x; — x DIO: — yy). 
Clearly, the denominator of the determinant must have (1 — x; y;) as a factor 
for every 1 <i, j < n. This suggests that the determinant should be a constant 
multiple of 


I| @-*x, II 6i—»p 


l<i<j<n l<i<j<n 





(7.4.19) 


= 


—. 


(A — xiyj) 
1 


i-lj 


ns 
Il 


In fact, the numerator of (7.4.19) has degree n(n — 1) while the denominator 
has degree n? which is also the case for the determinant because all of its terms 
are products of n factors, each having one term in the denominator and none 
in the numerator with a net increase of n in the denominator. To show that the 
constant multiple must be 1, let x; — =y! fori = 1,2,...,n. In this case, 
(7.4.19) becomes 


II Qi — yj) 
27^ . l<i<j<n . 
I] Qiy? 
l<i<j<n 
We may now fix y2, ys, ..., y, andlet y; — oo. The above expression collapses 
to 
Gi — yj) 
27^. 2<i<j<n 
II Qty? 
2<i<j<n 
Next, fix y3,..., y, and let y — oo. Continue in this manner. The expression 


(7.4.19) turns into 2^". On the other hand, all upper triangular terms of the 
matrix become 0 after taking the above limits, while the diagonal terms are all 
i. So the value of Cauchy’s determinant must also be 2^". This completes the 
proof of Lemma 7.4.18. 














We shall conclude this section by proving a more general version of Cauchy's 
identity (7.4.13). In order to do this, however, it is necessary to introduce a 
more general Schur polynomial. Let n > 2 and k = (ki, k2, ..., k, 1) be a set 
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of n — 1 non-negative integers. We define 





























ky +ko+---+ky-1+n—-1 ky +ko+---+ky»-14+n-1 
3 2 n—1 neve xi 2 1 
ky tkg+-+-+ky_2+n—2 ky +kg+---+k,-2+n—-2 
xp 2 n-2 men xn 2 2 
kil kil 
Xi Xn 
1 1 
Si(x1, X2, ..., Xn) = n—l n—1l n—1 , 
Xi n X5 » Ut X8 
n— n— n—2 
X1 X5 eee Xn 
X1 X2 e Xn 


where the denominator is the Vandermonde determinant which has the value 
given by (7.4.17). 














Proposition 7.4.20 (Cauchy’s identity) Let n > 2 and oj, Bj € C for every 
i — l,...,n. For x e C and |x| sufficiently small, we have the identity 


JI [a - Bix" 


i=l j=l 





L E Sletten) SB Ba) NR 
h-0 ky 4=0 1 — ax" 
k=(kı,...,kn-1) 


where a = [| a; and B = [] £i. 
i=l i=l 


Proof We follow (Macdonald, 1979). 


1 
Det{ | ———— = Det| (1 + xiy; - x2y? ---), 
“((45).....) «( i2 cu legs) 


oo oo Ey. 
= y a3 »3 Daf Eiaa) 


f= £,—0 
oo 
£ Ln 
= J oe» l@s aD yb, 
£120 £,—0 


£= (C1, .0€n) 
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where 
li )) = Y eG)o (xy! xp), 
0 €S, 
in which S, is the group of permutations of (1, 2, ..., n}, and e(o) is the sign 
of the permutation o. 
It is clear that the polynomial a¢(x) := ae((X1, ..., Xn)) satisfies 
o(ae(x)) = e(o )ae(x) 

for any o € $,, and, therefore, vanishes unless £1, ..., £, are all distinct. So, 


we may assume £, > £2 >--- > £, > 0. In view of the skew symmetry, we 
may write 


(€1,.--,4n) = Ar +n—1, Ax +n—2, 43 +n—3,...,An). 


It follows that 


Aj+n—j 
aj(X) = d448 = De (3 d jen) 


where A = (41,...,A4,)andó =(n—1,n—2,...,1,0). 
Ifthe above computations are combined with Lemma 7.4.18 (Cauchy’s deter- 
minant) we obtain the identity 





T T = aes (X)ax a Cy) 
(1—xyj)!- zc AO 
HH 1 2 H €; -xp II oy) 
l<i<j<n l<i<j<n 
where the sum goes over all A = (A1,...,An) € Z” with Ay > Ag > -> Àn 


> 0. To complete the proof, note that if we choose 
à = kites kn, ki +: kni, a ki), 


then 


an+ (x) 
CO bd ca X1 Xs 29 Xn). 
I] (KX j) SES 
l<i<j<n 
Cauchy’s identity (Proposition 7.4.20) immediately follows from this after 
renumbering (k2,k3,..., kn) to (ki, k2, ... , K, 1), and replacing x;, y; with 
a;x, Bj;x, respectively in the identity (7.4.21). 














GL(n)pack functions: The following GLí(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


HeckeMultiplicativeSplit SchurPolynomial. 


8 


Bounds for L-functions and Siegel zeros 


8.1 The Selberg class 


We have investigated carefully the theory of automorphic functions for the 
groups $L (2, Z) and SL(3, Z) as well as some of their subgroups. In these and 
all other known examples of Dirichlet series with arithmetic significance there 
has appeared certain expectations: a type of Riemann hypothesis will hold 
if the Dirichlet series has a functional equation and an Euler product or a 
converse theorem will hold allowing one to show that the Dirichlet series is, in 
fact, associated to an automorphic function on an arithmetic group. Following 
(Langlands, 1970), if 
zi 


is the L-function associated to a Maass form on GL (n), then one may consider 


LG v5: [Ip [I (= (errepi apn) p), 





Li) = [TIG - 2 


pis 


the symmetric kth power L-function which is conjectured to be a Maass form 
on GL(M) where 


M-M(n- 9» x 

We have shown this conjecture to hold in the case n = 2, k = 2 in Chapter 7. In 
this case, itis the Gelbart-Jacquet lift from G L (2) to GL (3). More recently, Kim 
and Shahidi (2002) proved this conjecture in the case of the symmetric cube lift 
from GL(2) to GL(4), i.e., when n — 2, k — 3, and Kim (2003) obtained the 
symmetric fourth power lift from GL (2) to GL(5). See also (Henniart, 2002). 

Selberg (see (Selberg, 1991)) axiomatized certain expected properties of 
Dirichlet series and L-functions and introduced the Selberg class S, consisting 
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of all formal Dirichlet series (L-functions) 


oo 
L@)= 3 7m, (a, = 1, am € C form = 2,3,4,...) 


m=1 


which satisfiy the following axioms. 


Axiom 8.1.1 (Analyticity) The function (s — 1)'L(s) is an entire function of 
finite order for some non-negative integer £. 


Axiom 8.1.2 (Ramanujan hypothesis) For fixed e > 0, we have |am| Ke m‘, 
for all m = 1,2,3,..., where the constant implied by the « symbol depends 
at most on e. 


Axiom 8.1.3 (Functional equation) Define A(s) := A'G(s)L(s), with A > 0, 

where G(s) = || L(Ajs + uj) with Xj > 0,91(u;) = 0. Then we have the 
j=l 

functional equation 


A(s) =€- A(1 — 5), (lel = 1). 


Axiom 8.1.4 (Euler product) We may express log L(s) by the Dirichlet series 


oo Din 
log L(s) = Se us 


m=2 


where bm = 0 unless m is a positive power of a rational prime and |bm| & m°? 
for all m = 2,3,4,... with some fixed 0 < 5. 


Selberg made a number of interesting conjectures concerning Dirichlet series 
in S. He also introduced the notion of primitive elements in S which cannot be 
factored into the product of two or more non-trivial members of S. In (Murty, 
1994), it is shown that Selberg's conjectures imply Artin's conjecture on the 
holomorphy of the L-series attached to finite-dimensional complex representa- 
tions of Gal(Q /Q), and that the 6 of Axiom 8.1.4 behaves like 0 on average. 
Here are Selberg's conjectures. Sums of type >> p tefer to sums over rational 
primes. 


Conjecture 8.1.5 (Regularity of distribution) Associated to each L € S, 
there is an integer n; > 0, such that as x — oo, 


lapl? 
22 —— =n, loglog x + Ó(1). 


pzx 
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Conjecture 8.1.6 (Orthonormality) If L, L' € S are distinct and primitive, 
then nj, = ny, = 1 and 


y a og), 
p 


psx 


Conjecture 8.1.7 (GL(1) twists) Let x be a primitive Dirichlet character and 
oo oo 

for L(s) = Y; am/m* € S define Ly(s) = YS am x(m)/m? to be the twisted 
m=1 


Dirichlet series. Then up to a finite Euler product, Ly is also in S. 


Conjecture 8.1.8 (Riemann hypothesis) The Dirichlet series L(s) € S have 
all their non-real zeros on the critical line (s) = L. If L(B) = 0 with B € R, 
then B = 1 or B <0. 


See (Kowalski, 2003), (Ramakrishnan and Wang, 2003) for further discus- 
sions of the following very interesting conjecture. 


Conjecture 8.1.9 For any L(s) € S, if it has a pole of order k at s = 1, then 
CY |L(s), i.e., Ls) = £GY Lis), with Li(s) € S. 


It follows from (Conrey and Ghosh, 1993) that Conjectures 8.1.5 and 8.1.6 
imply Conjecture 8.1.9. 

In order to classify the Dirichlet series L(s) in the Selberg class, it is conve- 
nient to introduce the degree d; of L € S as 


j=l 


A fundamental conjecture asserts that the degree is always an integer. It has 
been shown by Richert (1957) that there are no elements in S with degree 
d satisfying 0 « d < 1. Another proof was also found later by Conrey and 
Ghosh (1993) who also showed that the only elements of degree zero in S 
are the constant functions. Kaczorowski and Perelli (1999) determined the 
structure of the Selberg class for degree 1, showing that it contains only the 
Riemann zeta function and shifts of Dirichlet L-functions. Soundararajan (2004) 
found a simpler proof of this result. In another paper, Kaczorowski and Perelli 
(2002), showed that there are no elements of the Selberg class with degree 
1 <d « 5/3. It seems likely that the only elements in the Selberg class with 
degree d < 3 are L-functions associated to automorphic functions on GL (2), 
GL(3). 
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8.2 Convexity bounds for the Selberg class 


The maximum principle (see (Ahlfors, 1966)) states that if f(z) is analytic on 
a closed bounded set E, then the maximum of | f (z)| is taken on the boundary 
of E. A variation of the maximum principle is given in the following version 
of the Phragmén-Lindelóf theorem (Phragmén and Lindelóf, 1908) which has 
important applications to the theory of Dirichlet series. 


Theorem 8.2.1 (Phragmén-Lindelóf) Fix real numbers o1 < o». Let $(s) be 
holomorphic in the strip (s | o1 < R(s) x o3). Suppose that $(s) satisfies the 
bound 


ló(a +it)| < Ce", ^ (for some a,C > 0) 
in this strip. Assume further that 
Ibo tinh SBAI, lor i| BA +I, 


for fixed constants B > 0, Mi, Mz > 0, and for all t € R. Then 
Mi(o» — o) + Mo(o — o1) 


02 — 01 


l$ -- i) <BA+ I", with M(s) = 





for allo, € o € o and t ER. 


Proof | We first consider the simpler case that M; = M» = 0. Fix an inte- 
ger m >a such that m 222 (mod 4). Then for S(s) = t — -Foo, we have 
s/|s| — i, so that (s/|s|)" — —1. Consequently, there exists To > 0 such 


that 
T 1 
a| (Ż\ |<- 
|s 2 
for t > To. 
Now fix e > 0, and define Pe m(s) = et ds). Since 


98(es") =e- R (=) ) 3 |s|” < _£ $ |s|” 
Is] 2 


it follows that for Te > To, sufficiently large, that 
(Dem) < e SPP. qoc) < [ó(s) < B, 


for 9i(s) = o1, 9i(s) = o5, S(s) = t > Te. Consequently, |Pe m(s)| < B on 
any line segment Lr (with T > Te) where 


Lr = fs | Ss) =T, e x Rs) x o}. 
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Therefore, 
ip(s)| < et^" B (8.2.2) 


on Zr. A similar argument can be given for the case t < 0 from which it follows 
that (8.2.2) also holds on any such £. 7. By the maximum principle, we can 
now assert that (8.2.2) holds for any € > 0 on the entire strip with vertical 
sides consisting of the lines 3i(s) = 0), 9i(s) = o». Letting € — 0 in (8.2.2) 
establishes that 


Ié(s)) < B 


everywhere inside this strip which proves the theorem in the particular case 
considered. 
In the general case, let 


u(s) — eM) log((—is)*) 
where the logarithm has its principal value. Then the function u(s) is holomor- 


phic for o, < R(s) < o5, and S(s) = t > 1. If we write M(s) = M(o) + ibt, 
then 


R(M(s)a log(—is))=R((M (o0) ibt) - a - log(t — io)) 2a M(o)log t4- Ó(1). 


Hence |u(s)| = |r|V 9 e€0, and, therefore, the function (s) = $(s)/u(s) 
satisfies the same conditions as $ (s) did in the first part. Thus, (s) is bounded 
in the strip and the theorem follows. 














The Phragmén-Lindelóf Theorem 8.2.1 allows one to obtain growth prop- 
erties of holomorphic L-functions in the Selberg class. The key idea for doing 
this is that we know L(s) is bounded in its region of absolute convergence 
9i(s) > 1 + e, say. By the functional equation of Axiom 8.1.3 we may obtain a 
polynomial bound (in |s|) for the growth on the line —e. The Phragmén-Lindelóf 
theorem then gives us the growth of L(s) in the critical strip 0 < 9(s) < 1. 
Growth properties obtained in this manner are called convexity bounds. We 
now establish such convexity bounds for the important subfamily of the 
Selberg class S where 4; = Az = -++ =A, =A and the u; (j = 1,2,...,n) 
occur in conjugate pairs. Recall that these quantities occur in the Gamma factors 
of the functional equation of Axiom 8.1.3. 

Restricting to this particular subfamily is not necessary. The reader may, 
with a modicum of effort, obtain convexity bounds in more general situations 
at the expense of more complicated notation. However, this subfamily includes 
all the examples treated in this book, so we will not consider other cases. 
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Theorem 8.2.3 (Convexity bound) Let L(s) € S have a pole of order € at 
s — land satisfy the functional equation 


AG) = A | [TAs +uL) 2 e: A0 — 8). (lel = 1), 
j=1 
where à > O and uj = yj + ik; (with y; > 0,k; € R, j = 1,2,..., n) occur 
in conjugate pairs. Then for every € > 0, there exists an effectively computable 
constant C, > 0, such that 


-1 £ A l—o+e 
(==) ILG) < C (^ Teen) 


j=l 





for all s = o+ it with 0 < o x land t € R. 


Proof By Axiom 8.1.2 we know that for every fixed € > 0, the L-function 
L(s) converges absolutely in the region 9i(s) > 1 + e, and, hence, is bounded 





in this region. Let s = —e + it. By the functional equation 
(ieee app A p uc eee Ih 


In order to proceed further, we need to estimate the right-hand side of the above 
equation. We make use of Stirling’s asymptotic formula 


I (o +it)= VIn (ity 7i et (3) fı +O ()] ; (8.2.4) 


which is valid for fixed c and |t| sufficiently large. It follows that 


IG(+e—in| j 


GERI [Jat parte) 


j=l 





rAd + € —it)+p;)| f A(1+2€) 
« 


n 
AS + itj 
j=l 


We have thus established that L(s) is bounded for 3i(s) = 1 + e and is bounded 
by 


2 A(1--2€) 
Alte (Ie + |At +) 
j=l 


for 9i(s) = —e. Before applying the Phragmén-Lindelóf Theorem 8.2.1, we 
first multiply L(s) by ((s — 1)/(s + 1)* to remove the multiple pole. The result 
then immediately follows from Theorem 8.2.1. 














A key ingredient in the proof of the convexity bound (Theorem 8.2.3) is 
Axiom 8.1.2 which states that the mth Dirichlet coefficient of an L-function in 
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S satisfies the Ramanujan bound of O (m*). The e here reappears as the e (not 
necessarily the same €) in the convexity bound. Molteni (2002), using an idea 
of Iwaniec (1990) (see also (Murty, 1994)) showed that Axiom 8.1.2 will auto- 
matically hold on average (which is all that is really needed for applications to 
convexity bounds) if certain symmetric square L-functions satisfy the expected 
growth properties. 


8.3 Approximate functional equations 


Itis possible, in many cases, by the use of approximate functional equations, to 
obtain slight improvements on the convexity bound obtained in Theorem 8.2.3, 
i.e., one may replace the term 


(^ fie ies) 
j=l 


by a power of the logarithm. Such considerations become important, for exam- 
ple, when estimating L-functions on the line R(s) = 1. Improvements of this 
type, based on the method of approximate functional equations, have a long 
history (see (Titchmarsh, 1986)). 

In (Chandrasekharan and Narasimhan, 1962), the method of approximate 
functional equations is applied for the first time in a very general setting corre- 
sponding to the Selberg class. Their main interest, however, was in deducing the 
average order of the Dirichlet coefficients of an L-function rather than in obtain- 
ing bounds for the L-function in the critical strip. They made the surprising dis- 
covery that better error terms are available in the case where the Dirichlet series 
has positive coefficients. Lavrik (1966) obtained an explicit approximate func- 
tional equation for a very wide class of L-functions. See (Iwaniec and Kowalski, 
2004) for a detailed exposition of more recent developments along these lines. 

Following Lavrik (1966), (see also (Ivić, 1995), (Harcos, 2002), (Iwaniec 
and Kowalski, 2004)), we now derive a very general form of the approximate 
functional equation for L € S. We assume that L(s) satisfies a functional equa- 
tion of the type 


AG) = AT [POs + up) LG) 2 e- ^0 — 8), (lel 2 D, (8.3.1) 
j=l 
as given in Theorem 8.2.3. Define 


qu := A: | [6 + law + pj)". (8.3.2) 


j=l 
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oo 
Theorem 8.3.3 (Approximate functional equation) Let L(s)= $a, /m?€$, 


m=1 
be entire and satisfy the functional equation (8.3.1). Define qu, as in (8.3.2). 
Then there exists a smooth function F : (0, o0) — C such that for every w € C 


with 0 < R(w) x 1, we have 
oo 
iEn) ERG) 
2. m" dw E di-w 
where Ay = AY G(1 — w)/ A"G(w). 
The function F and its partial derivatives F“, (k = 1,2, ...) satisfy, for 
any o > 0, the following uniform growth estimates at 0 and oo: 








1+ O, (x?) i y 
F = F = Os : 
(x) | Des (X) = O (x77) 


The implied O,—constants depend only on c, k,n. 


Remarks The approximate functional equation allows one to effectively 
compute and obtain bounds for special values of the L-function. It effectively 
reduces the computation to a short sum of « max(|qu|, |q1-wl) terms. One 
may also easily obtain a version of the approximate functional equation for 
L-functions with a pole at s = 1. 


Proof Let h(s) be a holomorphic function satisfying 
h(s) = h(-s) = hG), h(0) — 1, (8.3.4) 


and which is bounded in the vertical strip —2 < R(s) < 2. For every w € C, 
and x > 0, we define 





2+i00 
NENE.. G(s + w) _, ds 
A(x) :— Oni Í G(w) h(s)x pu (8.3.5) 
2—ioo 


where 


G(s) =] [TOs + 4. 


j=l 


as in Theorem 8.2.3. We assume that h has sufficient decay properties so that 
the integral in (8.3.5) converges absolutely. 

As a first step in the proof of Theorem 8.3.3, we first derive an approximate 
functional equation in terms of the function H,. For any small e > 0, and 
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w € C with 0 < 3i(w) < 1, consider the integral 








1+€+i00 
1 AS G(s + w)L(s + w) ds 
Ij(w):— - f h(s) —. 
2mi A"G(w) sS 
1+€—i00 


If we shift the line of integration to the left we pick up a residue of the pole of 
the integrand at s = 0. It follows, after applying the functional equation (8.3.1), 
and then transforming s — —s, that 

















—1—€+i00 
1 e A^ 57"G(1— s — w)L(1 — 5 — wb) ds 
I =L I— h 
ET J A"G(w) D 
—]-e-ioo 
Al-"G(1— w) 
=L 
(0) — "ari AG) 
1+€+i00 
e At! "G(s + 1 — w)L(s -1— w) 
x ky , 
Al-"G(1-— w) s 
1+€—i00 
or equivalently 
A! ”’G( — w) 
L(w) = Ii(w) +e - AG Cw) Ij(1— w), (8.3.6) 


oo 
where L(s) = Y; Gn /ni denotes the dual L-function. In (8.3.6) we may substi- 
m=1 
tute the Dirichlet series for L(s) and L(s) and integrate term by term. It follows 
that 


Li) = > 4 Hy (> ) + oh Do ae Hv (T). (8.3.7) 


nisi ^ 


To pass from (8.3.7) to the approximate functional equation in Theorem 8.3.3 
it is necessary to choose a suitable test function h so that H,, takes the form 
of the function F in Theorem 8.3.3. To this end, we analyze H,, further using 
Stirling's approximation for the Gamma function. Let w = u + iv, s =o + it. 
It follows from (8.2.4) that 


jw + s|" t272 


|w[72 


eS (wl - Ios) 





FS +s) 
r(w) 





« (w| +37 eH, 
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Consequently 


T IF Qo +s) +n) 
a Kaz etl, (8.3.8) 
II IPG w +n, 
j=l 





= +s) 
G(w) 





Next, following (8.3.5), we define 


F(x) = Hw(qu +x) = 





1 24i "« ) d 
S+w RY 
h wx)" —. (8.3.9 
Oni J Gai oM" Sic ree 
2—ioo 

In (8.3.9), under the assumption that A(s) has sufficient decay, we may shift 
the line of integration either to the left (picking up the residue 1 at the pole at 
s = 0) or we may shift to the right. After shifting to an arbitrary line R(s) = o 
and differentiating k times with respect to x, we obtain from (8.3.9) that 


(£) r )-8 Cor 
gr APO m 


o+i00 
x f SEE TDe(GrTk-Dqjx7 ue 
G(w) kj 


c —ioo 
(8.3.10) 
1] o <0, k=0, 


where 55,4 = À 
O otherwise. 


It now follows from (8.3.8) and (8.3.10) that 
o+i00 


d i 

(+) F(x) = ôok + Oc, f erl G + [sp A) x7 |ds| 
o—ioo 

To complete the proof of Theorem 8.3.3 it is enough to choose a test function h 

with sufficient decay properties so that the above integral converges absolutely. 


As an example, one may choose A(s) = (cos(x s / PAYS : 














As an example of the approximate functional equation, consider a Dirichlet 
L-function L(s, x) associated to a primitive Dirichlet character (mod q). Then 
the functional equation (see (Davenport, 1967)) takes the form 


m —(s+a)/2 sta t(x) ] 
A(s, x) = (Z) r( 2 ) 26. x) = it /q . A(l —58, X) 








0 ifx(-D-l, 


where T(x) is the Gauss sum, as in (7.1.1), and a = 
1 ifx(-1)—-l1. 
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In this case, q,, as defined in (8.3.2), satisfies 


Idul « Vig|-C + lwl). 


It immediately follows from the approximate functional equation given in 
Theorem 8.3.3 that 


ILC, x)| « log lg]. (8.3.11) 


8.4 Siegel zeros in the Selberg class 


In the Selberg class S determined by Axioms 8.1.1—8.1.4, let us fix the integer 
n > l,and we assume that we have a subfamily S,,, all of whose elements have 
exactly n Gamma factors which are all of the same form. We shall now define 
Siegel zeros for this subfamily. Note, however, that by Selberg's Conjecture 
8.1.8, we do not expect such Siegel zeros to exist. 


Definition 8.4.1 (Siegel zero) Fix a constant c > 0 and an integer n > 1. Let 
L(s) € S, satisfy the functional equation given in Axiom 8.1.3. Assume that 
L(B) = 0 for some real B satisfying 


rr eae 
log(àA + 1) 


where à = max (A; + |uil). Then B is termed a Siegel zero for L(s) relative 
<i<n 


to c. 


Interlude on the history of Siegel zeros Let D « 0 denote the fundamental 
discriminant of an imaginary quadratic field k — QD). Then D = 1 (mod 4) 
and square-free, or of the form D = 4m with m = 2 or 3 (mod 4) and square- 
free. Define 





nD) = #| 


group of non-zero fractional ideals k 
group of principal ideals (a), œ € k* 
to be the cardinality of the ideal class group of k. Gauss (1801) showed (using the 


language of binary quadratic forms) that h(D) is always finite. He conjectured 
that 


h(D)— œ as D--—oo, 


which was first proved by Heilbronn (1934). 
The Disquisitiones also contains a number of tables of binary quadratic forms 
(actually only even discriminants were considered) with small class numbers. 
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Gauss made the remarkable conjecture that his tables were complete. In modern 
parlance, we may rewrite Gauss' tables in the form (see also (Goldfeld, 2004)): 





h(D) 1 2 3 4 5 
# of fields 9 18 16 54 25 |. (8.4.2) 
largest |D| 163 427 907 1555 2683 











The case of class number 1 is particularly interesting, because in this case, it 
can be shown that the imaginary quadratic field has the unique factorization 
property — that every integer in the field can be uniquely factored into primes. 
Note that unique factorization fails in Q(4/—5) because the integer 6 can be 
factored in two distinct ways, i.e., 


6=3.2, 6 = (1 +4755) SH vV=5), 


andeachof2, 3, 1 — /—5, 1 + v —5, cannot be further factored, so are primes. 
For the case of class number 1, Gauss’ conjecture takes the explicit form that 
there are only nine discriminants 


d = —3, —4, —7, —8, —11, —19, —43, —67, —163 





where the imaginary quadratic field Q(./—d) has class number 1. 

The problem of finding an algorithm which would enable one to effectively 
determine all imaginary quadratic fields with a given class number / is now 
known as the Gauss class number problem, and itis in connection with this prob- 
lem that Siegel zeros first arose. If such an effective algorithm did not exist, then 
a Dirichlet series associated to an imaginary quadratic field with small class 
number and large discriminant would have to have a Siegel zero. More con- 
cretely, it had been shown that if Gauss' tables (8.4.2) were not complete then a 
Siegel zero would have to exist and the Riemann hypothesis would be violated! 
This problem has a long and colorful history, (see (Goldfeld, 1985)), the first 
important milestones were obtained by Heegner (1952), Stark (1967, 1972), 
and Baker (1971) whose work led to the solution of the class number 1 and 2 
problems. Finally Goldfeld, Gross, and Zagier (see (Goldfeld, 1976, 1985), 
(Gross and Zagier, 1986), (Iwaniec and Kowalski, 2004)) solved the Gauss 
class number problem completely. In (Watkins, 2004), the range of the com- 
plete (unconditional) solution for Gauss' class number prolem was extended to 
determining all imaginary quadratic fields with h(d) < 100. This was achieved 
after several months of computer computation. 

Why are Siegel zeros so intimately related to the class numbers of imaginary 
quadratic fields? Although it may not seem so at first, the answer to this question 
is the substance of the following lemma. 
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Lemma 8.4.3 Let L € S have non-negative Dirichlet coefficients. Assume 
that L(s) has a simple pole at s = 1 with residue R, and that L(s) satisfies a 
growth condition on the line X(s) = 5 of the form 


L I dt 
-+i 
2 


for some M > 1, B > 0, and all t € R. If L(s) has no real zeros in the range 
1 — (1/log M) < s < 1, then there exists an effective constant c(B) > 0 such 
that 


< M 4 [r^ (8.4.4) 





R! < c(B)log M. 


Proof Letr > B be a fixed integer. We shall make use of the well-known 
integral transform 


1 i ag |iüu-1', xed, 


— ds — 
2xi Jaio S(s d 1): (s +1) 0, 0<x <1, 





which is proved by either shifting the line of integration to the left Gf x > 1) 
or to the right (if 0 < x < 1), and then computing the sum of the residues with 
Cauchy’s theorem. Now, 


oo 


i B a(m) 


ms 





m=1 


with a(1) = 1, a(m) > 0, for m = 2,3,... It follows that for all x > 2, and 


any 4 <6 <1, 
1 2+100 L 5 
lx j SSH A (8.4.5) 
2zi Jo-ioo s(s-F 1): (s +r) 





Here, as throughout this proof, the constant implied by the <—symbol is effec- 
tive and depends at most on B. Now (8.4.4) implies that L(s) has polynomial 
growth on the line R(s) = i Further, L(s) is bounded by L(3) on the line 
9t(s) = 3. By a convexity argument, one obtains that L(o + it) = O(|t|) for 
all : <o <3, t > l.Itfollows that one may shift the line of integration of the 
integral on the right-hand side of (8.4.5) to the line (s) = i — p < 0, picking 
up residues at s = 1 — £, 0. Thus the integral becomes 


Rx! L(f) 
q0-5Q-B--Cc-1-5 n 


If we now choose x = MC, for a sufficiently large constant C, it follows from 


1 


+ O(Mx?-*). 
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(8.4.5) and the above residue computations that 


RMCC-P) 
1 &« — ——— + L(). (8.4.6) 
Leg 

The key point is that for real s > 1, the function L(s) is positive. On the other 
hand, for 1 — (1/log M) < s < 1, the function L (s) becomes negative since we 
have crossed the pole ats = 1 where there is a sign change and we have assumed 
that L(s) has no zeros in the interval. One may then choose 1 — 8 = 1/log M 
so that L(B) < 0. Then (8.4.6) implies that R^! « log M. 














Let us now use Lemma 8.4.3 to relate the Siegel zero with the Gauss class 
number problem for imaginary quadratic fields. Let D < 0 be the fundamen- 
tal discriminant of an imaginary quadratic field k = Q(/D). The relation is 
through the zeta function 


oo. a(m) 


&G) = S)L (8) Y 


s 





mal 


where x (m) = (D/m) is the Kronecker symbol (primitive quadratic Dirichlet 
character of conductor D) where a(1) = 1, and 





a(m)=}_ x(d) 20 (8.4.7) 
d|m 
for all m = 1,2,3,... It is a classical theorem of Dirichlet (see (Davenport, 
1967) that £,(s) has a simple pole at s = 1 with residue 
h(D 
poe (8.4.8) 
|D|2 


provided D < —4. Further, by the convexity bound given in Theorem 8.2.3, 
t (s) satisfies the growth condition 





1 
a (5*0) « |D|?** - (1 + p. (8.4.9) 


Actually, much stronger bounds are known, but we do not need them here. It 
follows from (8.4.7), (8.4.8), (8.4.9) that ¢;(s) satisfies the conditions required 
in Lemma 8.4.3. It then follows from Lemma 8.4.3 that ¢(s) has a Siegel zero 
if the class number A(D) is so small that 


ID]? 
log|D|' 





h(D) « (8.4.10) 


The above result was first published by Landau (1918), but Landau attributes 
this result to a lecture given by Hecke. 
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8.5 Siegel's theorem 


It was shown in (8.4.10) that if the class number A(D) of an imaginary quadratic 

field k = Q(/D) is too small, then the zeta function ¢;(s) of k must have a Siegel 

zero. In fact, since £i (s) factors as £(s)L(s, x), and the Riemann zeta function 

£(s) does not vanish for 0 < s < 1, it follows that the Dirichlet L-function 

L(s, x) must have a Siegel zero. This result goes back to Landau (1918). 
Fifteen years later there was further, rather surprising, progress. 


* Deuring (1933) proved that if the classical Riemann hypothesis is false then 
h(D) 7 2for —D sufficiently large. 

* Mordell (1934) showed if the Riemann hypothesis is false, then h(D) — oo 
as —D — oo. 


* Heilbronn (1934) proved that the falsity of the generalized Riemann hypoth- 
esis for Dirichlet L-functions implies that h(D) > oo as —D — oo. 


When combined with the Landau—Hecke result (8.4.10) this gave an uncondi- 
tional proof of Gauss' conjecture that the class number of an imaginary quadratic 
field goes to infinity with the discriminant. The surprising aspect of this chain of 
theorems is that first one assumes the Riemann hypothesis to establish a result 
and then one assumes that the Riemann hypothesis is false to obtain the exact 
same result! This is now called the Deuring-Heilbronn phenomenon, but has 
the defect of being totally ineffective. Siegel (1935) practically squeezed the 
last drop out of the Deuring-Heilbronn phenomenon. He proved the following 
theorem, which is the main subject matter of this section. 


Theorem 8.5.1 (Siegel’s theorem) Let Q(/D) be an imaginary quadratic 
feld with fundamental discriminant D « 0 and class number h(D). Then 
for every € > 0, there exists a constant c. > 0 (which cannot be effectively 
computed) such that 


A(D) > ce|D|2™. 


Remarks Landau (1935) proved Theorem 8.5.1 with € = i (also not effec- 
tive). Siegel's theorem, with any € > 0, appeared in the same volume of Acta 
Arithmetica, but did not reference Landau's result at all! 


Proof of Siegel's theorem We follow Goldfeld (1974). In view of Dirichlet's 
theorem (8.4.8), it is enough to prove that for every fixed € > 0 and for all real 
primitive quadratic Dirichlet characters x (mod D), that 


L(1,x) > cc|D| *. 
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Note that since h(D) is a positive rational integer, it follows from (8.4.8) that 
LU, x) > IDI. 


Let x’ be a real primitive quadratic Dirichlet character (mod D’) for some 
other fundamental discriminant D’. Consider the zeta function 


Z(s) = £CG)EGOOLGS » EO XX"), 


and let R = L(1, x)L(, x )L(1, x x^) be the residue at s = 1. In view of the 
Euler product 


3 zi 4 -1 / -1 
zie rp I XP) XP) pK) 
I] ps p) pi Dr 

P 


and the fact that x, x’ can only take values among (—1, 0, +1}, one readily 
establishes that Z(s) is a Dirichlet series whose first coefficient is 1 and whose 
other coefficients are non-negative. 








Lemma8.5.2 Foreverye > 0, there exists x’ (mod D")and p € R satisfying 
]—e«fg«1suchthat Z(p) < 0 independent of what x (mod D) may be. 


Proof If there are no zeros in [1 — e, 1] for any L(s, x), then Z(6) < 0 if 
1—e < B <1 since Z(8) < 0 and all L-functions L(s, x) will be positive in 
the interval. Here we use the fact that L(s, x) is positive for 9i(s) > 1 and can 
only change sign in the interval [1 — e, 1] if the L-function vanishes in the 
interval. 

On the other hand, if such real zeros do exist, let 6 be such a zero, with x’ 
the corresponding character. Then Z(B) = 0 independent of x. 














Next, fix 8 as in Lemma 8.5.2. It follows, as in the proof of Lemma 8.4.3 
that for x > 1, 
1 2-Hioo 
1 « — I Z(s 4- B)- ds 
2xi SS) sCs + DG + 2) + 3G + 4) 


2—ioo 


xs 








- R.x!-8 " Z(B) a ee) 
(0—8)2—8)8—8Y4—B)5—B) 4! 1-6 

after shifting the line of integration to9R(s) = — P and using convexity bounds of 

Theorem 8.2.3 for the growth of Z(s). But Lemma 8.5.2 tells us that Z(B) < 0. 


Therefore, 





xl-P 
IKR. 
sE 





6.6 The Siegel zero lemma 251 


if |DD'[** « x, since R > 1/|D D'|. Consequently, since 
R « L(1, x) dog |D D'I) (log |D)), 


by (8.3.11), we get 


|D [ere #) 


LA, Dee o 
d,x) > Tog DI 


where the implied constant in the >>—sign depends only on x’, and, therefore, 
only on e. This proves Siegel's theorem if (2 + €)(1 — 8) < €/2 and |D] is 
sufficiently large. 














Tatuzawa (1951) went a step beyond Siegel and proved that Siegel's 
Theorem 8.5.1 must hold with an effectively computable constant ce > 0 for 
all D « 0, except for at most one exceptional discriminant D. This shows that 
the family of real Dirichlet L-functions can have at most one L-function with a 
Siegel zero. It can be shown (see (Davenport, 1967)) that complex Dirichlet 
L-functions cannot have Siegel zeros. Thus, the entire family of GL(1) 
L-functions can have at most one exceptional L-function with a Siegel zero. 
The exceptional L-function must correspond to a real primitive Dirichlet char- 
acter associated to a quadratic field. 


8.6 The Siegel zero lemma 


The following lemma plays a crucial role in all the recent work on the non- 
existence of Siegel zeros. It first appeared in (Goldfeld, Hoffstein and Lieman, 
1994). While we have defined Siegel zeros relative to a constant c > 0, we shall 
suppress the constant in the following discussion because it can be easily com- 
puted and it is not really important to the flow of ideas. 


Lemma 8.6.1 (Siegel zero lemma) Let L(s) € S have non-negative Dirich- 
let coefficients and satisfy the functional equation in Axiom 8.1.3. Assume 
L'(s)/L(s) is negative for s real and > 1, and that L(s) has a pole of order 
m at s = 1. Assume further that A(s) = s"(1 — s)" A*G(s)L(s) = A(1— 5), 
where G(s) = [| T(Ajs + nj), as given in Axiom 8.1.3, is an entire function 
j=l 

of order 1. Then L(s) has at most m Siegel zeros. 

Proof | Since A(s) is an entire function of order 1 it has (see (Davenport, 
1967)) a Hadamard factorization and can be represented in the form 


AG) =e [T ( 7 =) ele, (8.6.2) 


A(p)=0 p 
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for certain constants a, b. If R(s) > 1, we may take logarithmic derivatives in 
(8.6.2) to obtain 


m m G'(s) Ls) | 1 1 
Ra pA tio Pt (sap tg): 











By the functional equation 


E51) EG) 














so that 
1 
b=-)°-. 
p P 
It follows that 
m m G'(s)  L'(s) 
— + —— + log A 
Qo qp UB T S - = 


p 


Now, by assumption, L'(s)/L(s) is negative for s € IR, s > 1. Also, if we pair 
conjugate roots, then every term of ` (s — p)! is positive, so there exists an 
absolute effective constant co > 0, such that 





: 1 
3 zu olo. 
1s— Êj 


where r denotes the number of real zeros B; of L(s) in the interval 
[1 — (c/log M), 1]. Here the the constant co can be computed from the integral 
representation 


log T(z) eli d dde) «f Lo Aree ee ey 
o = o o 
cmi E M EA QD MET ME QC Sr 


for the Gamma function. If the constant c is chosen small enough, compared to 

















the constant co, then a contradiction is obtained whenever r > m + 1. 





8.7 Non-existence of Siegel zeros for 
Gelbart-Jacquet lifts 


The existence of Siegel zeros for classical Dirichlet L-functions has been shown 
to be equivalent to the existence of primitive quadratic Dirchlet characters x 
with the property that L(1, x) takes on too small a value. This follows from 
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Lemma 8.4.3 when we choose ¢(s)L(s, x) as our Dirichlet series, which has 
all the required properties of Lemma 8.4.3 and has a simple pole at s — 1 with 
residue L(1, x). A real breakthrough was achieved in (Hoffstein and Lockhart, 
1994) when they took the study of Siegel zeros outside the classical domain of 
Dirichlet L-functions and considered, for the first time, the question of whether 
such zeros could exist for L-functions associated to automorphic forms on 
GL(3) occurring as symmetric square lifts (Gelbart-Jacquet lifts) from G.L (2). 
It now became possible to obtain lower bounds of special values of L-functions 
in the same way as the classical methods (using the Deuring-Heilbronn phe- 
nomenon) gave lower bounds for L(1, x) with x a real primitive Dirichlet 
character. This established a powerful new tool in modern analytic number 
theory. 

In (Hoffstein and Lockhart, 1994), it was shown that if f is a Maass form 
for SL(2, Z) which is an eigenfunction of the Hecke operators, and F is its 
symmetric square lift (Gelbart-Jacquet lift) to SL(3, Z), then the lifted L- 
function, 


L px gs) 


HE E) 


, (8.7.1) 
given in Theorem 7.3.2 cannot have a Siegel zero. Actually, they proved a 
more general result valid for congruence subgroups of SL (2, Z) and also con- 
sidered Gelbart-Jacquet lifts of both holomorphic modular forms and non- 
holomorphic Maass forms. Their proof was based on a generalization of Siegel's 
Theorem 8.5.1 and, thereby, was not effective. In the appendix of their paper 
Goldfeld, Hoffstein and Lieman (1994) obtained an effective version of their 
theorem which was based on the Siegel-zero Lemma 8.6.1. This effective proof 
is the subject matter of this section. 

The key idea in the proof of the non-existence of Siegel zeros for L-functions 
of type (8.7.1) is the construction of an auxiliary L-function which has non- 
negative Dirichlet coefficients and a multiple pole at s = 1, and satisfies the 
requirements of Lemma 8.6.1. Accordingly, we introduce 


Z(s) = CG)LEGYL pg). (8.7.2) 


Here, if Lr(s) = 3 c(m)m ^, then Lryr(s) = £(3s) X IcGm)|?m- as we 


m=1 m=1 
recall from Proposition 7.4.12. In terms of Euler products, if 


a —i a’ —1 
L = = 2) (1 E r) ; 
f(s) I] ( p: p: 
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with ap - o, = 1, and 


a? -l 1 —1 al? zl 
Lg(s) = 1— 4) ( -) ( 4 ) ; 
m(-3) 6-3 3 





then 


way a2 \~" Love: a2 \ 
Lrxr(s) = I] ( = z ( s) (1 :) 1— — 
D» p p P p 
-1 
1 —1 al? 1 —1 
63€) e 
p5 p? p5 
al? - P =l 
x |1- = po ; (8.7.3) 
p5 p5 


Recall that the symmetric square lift of F is given by 














ot -l ag -l 1\7! 
P p p p 

=i = 
1 —1 al? gt 

x (1 I =) 1- 1- . 
Dp? p5 Dp 


Lrxr(5) = Le(s)Lr(s, V2). 





It follows that 


This actually factors further since 


Lr(s, V) = t(s)L f(s, v^). 


Finally, we obtain 


Z(s) = CG)Lr(SYLr(s, V’). 


(8.7.4) 
oo 
Lemma 8.7.5 Let Z(s) = Y, a(m)m™ be given by (8.7.2). Then a(1) = 1 
m=1 


and a(m) > 0 form = 2,3,4,... 


6.7 Non-existence of Siegel zeros for Gelbart-Jacquet lifts 255 


Proof The fact that a(1) = 1 is an immediate consequence of the Euler prod- 
uct for Z(s). Now, the Euler product for Z(s) takes the form 


II ( = ta) 


P p 





where the product is taken over all sixteen possible pairs (€;, €2), and where 
€1, €2, independently run through the values 2, 0, 0, 2. If one takes logarithms, 
it follows that the pth term in the expansion of log Z(s) is 


Y (a +a” 4- 2)(9?* + o7? 4 2) 
ep’ E 





t=1 


Since a”, o, are either non-negative real numbers or lie on the unit circle, it 


follows that the above series has non-negative terms. Consequently, so does the 
series for Z (s). 














Theorem 8.7.6 Let f be a Maass form for SL(2, Z) which is an eigenform 
for the Hecke operators. Let F be its symmetric square lift to SL(3, Z). Then 
L p(s), given by (8.7.1), has no Siegel zero. 


Proof We make use of (8.7.4). It follows from the Euler product that for s € R, 
s > I that Z'(s)/Z(s) < 0. In (Bump and Ginzburg, 1992) it is shown that when 
f is not a lift from GL(1), then Lr (s, v?) has a simple pole at s = 1, and any 
zero of Lp(s) will be a zero of Z(s) with order at least 3. Consequently, if 
L(F, s) has a Siegel zero, then Z(s) = C(s)L p Lp(s, V2) will have 3 Siegel 
zeros. Since Z(s) has a pole of order 2, we obtain a contradiction from the 
Siegel zero Lemma 8.6.1. 














In the classical case, the non-existence of Siegel zeros implies a lower bound 
for the class number of an imaginary quadratic field. One may ask what takes 
the place of class numbers in the GL(3) setting. The answer to this question 
is given in Lemma 8.4.3 which says that we will obtain a lower bound for the 
residue (at s — 1) of the relevant L-function. We state an important and useful 
corollary to Theorem 8.7.6. 


Corollary 8.7.7 Let f be a Maass form for SL(2, Z) of type v. Then the 
Petersson inner product of f with itself satisfies 


UI IGI p 
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Proof Let F be the symmetric square lift of f. Then 
Lex ls) = CG)L (S), 


and L y f(s) has no Siegel zero and satisfies the conditions of Lemma 8.4.3. 
This gives a lower bound for L -(1) of the type stated in Corollary 8.7.7. But, 
we know that Lr (1) = c- (f, f) (for some constant c) by Theorem 7.2.4. This 
proves the corollary. 














Remark Corollary 8.7.7 can be generalized to the case of holomorphic mod- 
ular forms and Maass forms for congruence subgroups of SL(2, Z). It can also 
be further generalized to L-functions in the Selberg class satisfying Langlands’ 
conjecture on the automorphicity of certain symmetric power L-functions. 


8.8 Non-existence of Siegel zeros on GL(n) 


We have already shown at the end of Section 8.5, that there is at most one 
classical Dirichlet L-function with a Siegel zero. The exceptional L-function, if 
it exists, will be associated to a real primitive Dirichlet character attached to a 
quadratic field. This is the situation for L-functions on GL(1), and it has been 
known for a long time (Davenport, 1967). 

With the breakthrough of Hoffstein and Lockhart (1994) it became possible, 
for the first time, to show the rarity of Siegel zeros of L-functions associated 
to Maass forms on GL (n) with n > 2. We give a brief account of the known 
results and also specify the particular L-function used in conjunction with the 
Siegel zero Lemma 8.6.1 to obtain these results. 

In accordance with Theorem 7.2.4 and Proposition 7.4.12, it is natural to 
formalize a more general version of the Rankin-Selberg convolution in terms 
of Euler products. Let 


Lj - HIT( -5 


p i=l 





v)" opit 


p i=l 


be two L-functions in the Selberg class S. We then define the Rankin-Selberg 
L-function, L fxg by the new Euler product 


1 
1,40 = [TITI - tebie) l (8.8.1) 


p i-lj-l 
In (Hoffstein and Ramakrishnan, 1995) it is shown that there are no 
Siegel zeros for L-functions associated to cusp forms (holomorphic or non- 
holomorphic Maass forms) on GL(2). Their proof works over any number 
field. The idea of the proof is as follows. Let f be a cusp form on GL(2) where 
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L f(s) has a Siegel zero. Let L f(s, v?) denote the symmetric square lift as in 
Theorem 7.3.2, which is associated to a cusp form F on GL (3). 
Now, construct 


t(s) - Lels, V) Lg(s), 
—— — V ee —— —— 
GL(1) GL(3) GL(2) 


which corresponds to an automorphic form G on GL(6). Let Le G(s), as in 
(8.8.1), denote the L-function of the Rankin-Selberg convolution of G with 
itself which will have non-negative Dirichlet coefficients. Then we have the 
identity 


Lexe(s) = tG)Lrxr(G)L px G)LgGYLL p(s p(s, v5), 


which can be verified by comparing Euler products. It follows from results of 
Bump and Ginzberg (1992), Bump, Ginzberg and Hoffstein (1996) and Shahidi 
(1989) that Lacs) has a triple pole at s = 1. If L p(s) had a Siegel zero then 
Lgxg(s) would have to have four Siegel zeros which contradicts the Siegel zero 
Lemma 8.6.1. 

We now consider the case of a non-self dual Maass form f on GL(n) for 
n > 3. We follow (Hoffstein and Ramakrishnan 1995). Define 


Z(s) = C(S)L (SL (s), 


where f denotes the Maass form dual to f. Let D(s) denote the Rankin-Selberg 
convolution of Z(s) with itself. Then D(s) will have a pole of order 3, but it 
will have two copies of L p(s) and an additional two copies of L 7s) as factors. 
So if L p(s) has a Siegel zero then D(s) will have four Siegel zeros and a pole 
of order 3 at s = 1 which again contradicts the Siegel zero Lemma 8.6.1. This 
establishes that L-functions associated to non-self dual Maass forms on GL(n), 
for n > 3, cannot have Siegel zeros. Note that this situation is analogous to the 
way one proves that complex Dirichlet L-functions cannot have Siegel zeros. 

Finally, we consider the case of self dual Maass forms on GL (n) with n > 3. 
We again follow Hoffstein and Ramakrishnan (1995) who proved that Siegel 
zeros cannot exist if one assumes Langlands' conjectures. Let f denote a self 
dual Maass form on GL(n). Assume there exists some g Z f where g is not 
an Eisenstein series such that 


L gx p(s) = Lels): D(s) 
for some other Dirichlet series D(s). Construct 


Z(s) = &G)LsG)L f(s), 
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and take the Rankin-Selberg convolution of Z with itself. Then this Rankin- 
Selberg convolution will have non-negative coefficients, a pole of order 3 at 
s = l, andit will have L f(s Y^ as a factor assuming everything else is analytic. If 
L p(s) had a Siegel zero, then this would contradict the Siegel zero Lemma 8.6.1. 

For the case of GL (3), Hoffstein and Ramakrishnan (1995) proved there are 
no Siegel zeros subject to a certain analyticity hypothesis. This hypothesis was 
subsequently proved in (Banks, 1997) which establishes that there are no Siegel 
zeros on GL(3) except for the obvious cases. 


9 


The Godement-Jacquet L-function 


9.1 Maass forms for SL(n, Z) 


We briefly review Maass forms which were introduced in Section 5.1. Forn > 2, 
the generalized upper half plane b" (see Definition 1.2.3) consists of all n x n 
matrices of the form z — x - y where 


l x12 x13 °°: Xin yiy2°** Yn-A 
1 x23 ++: X2.n y12: 77 Yn-2 
x= : , y= à 
1 Xn—1,n yı 
1 1 


with x; j e Rfor1 <i < j < nandy; > Oforl <i<n-1. 


Remark 9.1.1 It is particularly convenient to relabel the super diag- 
onal elements of the unipotent matrix x so that x12 = Xn-1, X23 = 
Xn—2; ce iS Xn—l,n = Xl, i.e., 


l Xna X13 > Xin 
1 Xn-2 °°" X2.n 

Asa E 
1 X1 

1 


Henceforth, we will adhere to this notation. 


Let U,, denote the group of n x n upper triangular matrices with 1s on the 
diagonal as in Section 5.2. Consider a Maass form $(z) with z e SL(n, Z)Nb" 
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as defined in Definition 5.1.3. Then $ has a Fourier expansion of the form: 


we X LEM) 


yeUn_-1(Z)\SL(n—-1,Z) mi—1 Mn—2=1 m, 4:0 


where the sum is independent of the choice of coset representatives y, 


with u € U, (IR) given by (5.2.1) and 


d*u = du; -< -dun I] dui, j. 


l<i<j+1<n 


Note the change of notation in the Fourier expansion above to conform with 
Remark 9.1.1. 

Now, we have shown that Qo, MT m, ,) 2) is a Whittaker function. Further, 
Pom, a m, X) Will inherit the growth properties of the Maass form $ and will 
satisfy the conditions of the multiplicity one theorem of Shalika (1974) which 
states that only the Jacquet Whittaker function (5.5.1) can occur in the Fourier 
expansion of a Maass form for SL (n, Z) and that Pim A m, ,) Must be a constant 
multiple of the Jacquet Whittaker function. It follows from Theorem 5.3.2 and 
Proposition 5.5.2 that if @ is a Maass form of type v = (vi, ..., v4 1) € cr! 
for SL(n, Z) then 


Je 





E ` A(m,...,Mn—1) 


w= » X o 


y€U, ACDNSL(1—1,Z2) m1—1 m, 2—l mp-140 I] [mz I7 972 
k=1 


x Wracquet (m: (’ SE V, Vi set). (9.1.2) 
ma-1 





where 


mm, [mal 


mini» > A(m,...,Mn-1) € C, 


My, 


9.2 The dual and symmetric Maass forms 261 


and 
1 Un-1 
1 Un—2 * 
Wile Neo 88 = dne recent 
1 uy, 
1 
A ih . 
The particular normalization AMin Mn) is chosen so that later formulae are 

T |Ime- 

=1 


as simple as possible. 
Lemma 9.1.3 (Fourier coefficients are bounded) Let ¢ be a Maass form for 
SL(n, Z) as in (9.1.2). Then for all non-zero integers mj, ..., ms, 


A(m;, cv mg 4) em OU) 


n-l 
IH [m, |" 972 
k=l 
Proof Letz € b". By the Fourier expansion, we know that 


A(m,, tt, my 4) 





- Wyacquet (my, V, V E 1 aut, ) 
n—1 


n—i 
I Im, [972 
k=1 


1 1 
—2: Te n- 
=f- foor mi [mix +Mn—1Xn— |] d*x, 
0 0 


where 
d*x = dx,---dxy_1 I] dxi,j. 
1l<i<j+l<n 
Choosing y; = [mi|- lei, yo = [ma|7! co, ..., yai = |tn—1| 6,4, for suit- 
able c1, ..., Cn—1, and noting that $ is bounded implies that 
A D,..., Mgt 
AMi, +, Mai) = O(1). 


n-l 
I [m, | 97 
k=1 














9.2 The dual and symmetric Maass forms 


Let (z) be a Maass form for SL(n, Z) as in (9.1.2). We shall now define, 
$(z), the dual Maass form associated to $ which plays an important role in 
automorphic form theory. 
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Proposition 9.2.1 Let (z) bea Maass form of type (v, ... , v4.4) € C"! as 
in (9.1.2). Then (for | x | the largest integer < x) 


(— E9721 


$C) := p(w -' (27!) - w), w= 


is a Maass form of type (vn—1, ..., v) for SL(n, Z). The Maass form $ is 


called the dual Maass form. If A(mi, ..., m, 4) is the (mj, ..., m, 1)-Fourier 
coefficient of @ then A(m, 1, ..., mi) is the corresponding Fourier coefficient 
of 9. 


Proof First, for every y € SL(n, Z), 
(yz) = p(w (yz) ')- w) = é(y'w-'G^ )-w) = 66) 


since y’ = w-'(y7!)- w € SL(n, Z). Thus $ satisfies the automorphic condi- 
tion (1) of Definition 5.1.3 of a Maass form. 
Next, note that if 


l X&a X3 c0 Xp 312777 Yn-1 
l  X&2 t Xn Y1Y27 +t Yn-2 
Z — : , 
1 XI yı 
1 1 
then 
1 dbx; X127 * Yn-1 

1] =x * Yy2Y3 ` `t Yn-2 


w t (z7!) . w= 


where 6 = ely One may then show that 


$z) du = 0, 
(SL(n,Z)NU)\U 
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for every upper triangular subgroup U of the form 


"m 
I, * 


with rı 4- r2 4----rpy =n. Here J, denotes the r x r identity matrix. Thus ĝ 
satisfies the cuspidality condition (3) of Definition 5.1.3. 
Now 


Iy ys v, a) = 1 yid p(w A ae) K w~!) 


since the involution z > w-'(z !)- w7! interchanges y j and y,_; for j = 
1,2,...,n — 1. This shows that ¢ is a Maass form of type (v, 4, ..., vi). 
Finally, if we integrate 


1 1 
Je Js A(z) Edi mixi t +Mn—-1Xn- i d*x 
0 0 


to pick off the (mı, ..., m, .1)-Fourier coefficient, then because x; and x, j 
are interchanged (for j = 1,...,” — 1) we will actually get A(m, 1, ..., mi). 














In the SL(2, Z) theory, the notions of even and odd Maass forms (see 
Section 3.9) played an important role. If a(n) is the nth Fourier coefficient 
of an SL(2, Z) Maass form then a(n) = -Ea(—n) depending on whether the 
Maass form is even or odd. We shall see that a similar phenomenon holds in the 
case of SL(n, Z) when n is even. On the other hand, if n is odd then all Maass 
forms are actually even (see Section 6.3 for the example of n — 3). 

Consider a diagonal matrix ô of the form 





ee ee 


where à; € (4-1, —1} for j = 1,...,n — 1. We define an operator Ts which 
maps Maass forms to Maass forms, and is given by 


Ts(Z) :— (625) = $(8z), 
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since $, as a function on D", is right-invariant under multiplication by O(n, IR). 
Note that 


1 Xn-1 Y1y¥2°°* Yn-1 
l x42 * Y1Y27 7 Yn-2 
T; $ 
1 XI yı 
1 1 
(9.2.3) 
1 Ôn—1Xn—1 y1y2°°* Yn-1 
l ó4 2Xn-2 * Y1y2°°* Yn—2 
= o : 
] ôx yı 
1 1 


Clearly (T5)? is the identity transformation, so the eigenvalues of T; can only 
be +1. 





Definition 9.2.4 A Maass form $ of type v = (vi, ..., v1) € C"! for 
SL(n, Z) is said to be symmetric if Ts = +¢ for all Ts as in (9.2.3). 





Remark Note that every Maass form is a linear combination of symmetric 
1s. 


Proposition 9.2.5 Assume n > 2 is an odd integer. Then every Maass form $ 
for SL(n, Z) is even, i.e., Ts = @, for all Ts of the form (9.2.3). Furthermore, 
if A(mi, ..., m, 4) denotes the Fourier coefficient in the expansion (9.1.2) 
then 

A(mi, ..., mayo, my) = A(Mı, ..., Mn—2, —mga), 


for all mj > 1 (with j = 1,2,..., n — 1). 


Proof | Any Maass form ó is invariant under left multiplication by elements 
in SL(n, Z) of the form 
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with e; € {+1, —1}, for j = 1,2, ..., n and II €; = 1. It is also invariant by 
j=l 
the central element 
—1 
—1 


-1 


which has determinant — 1. Since these elements generate all possible Ts, this 
proves 759 = ¢ for all T5. 
Next, let 


1 
Then since 69269 transforms x,_; — —x,-, and fixes x; with 1 < j <n—2, 
it follows that the integral 
1 1 
f B J Tao) erp mea] quy 
0 0 


picks off the A(m,..., m, 5, —mj 1) coefficient of $, and this must be the 
same as A(m,, ..., m, 5», Mn—1) because Tso = $. 














We next show that the theory of symmetric Maass forms for S L(n, Z) (with 
n even) is very similar to the SL (2, Z) theory. Basically, there are only two 
types of such Maass forms, even and odd Maass forms. 


Proposition 9.2.6 | Assume n > 2 is an even integer. Let à be a symmetric 
Maass form for SL(n, Z) with Fourier coefficients A(m,, ..., m, 1) as in the 
expansion (9.1.2). Fix 


1 


Then for all m; > 1 (with j = 1,2,...,n— 1), we have 





A(mı, e Hg, Dy) = +A(m,, +++) Mn-2, —Mn-1); 





according as Ts ==. The Maass form $ is said to be even or odd 
accordingly. 
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Proof The diagonal elements with +1 entries are generated by such elements 
with determinant 1 and the additional special element T;,. Since @ is invariant 
under left multiplication by SL (n, Z) it follows that $ is symmetric if and only 
if T; = +¢. 

Now 69269 transforms x, ., — —Xx,_, and fixes x; with 1 < j < n — 2, it 
follows that the integral 





1 1 
J- f re gi memes] d*x 
0 0 


picks off the A(m,..., m, 5, —mj.1) coefficient of $, and this must be the 
same as -EA(m,, ..., m, 5», m, 4) because T;,6 = X. 




















9.3 Hecke operators for SL(n, Z) 


We recall the general definition of Hecke operators given in Definition 3.10.5. 
Consider a group G that acts continuously on a topological space X. Let T 
be a discrete subgroup of G. For every g in CG(T), the commensurator of 
T in G, (ie., (g ! 'g) NT has finite index in both I and g^ !T'g) we have a 
decomposition of a double coset into disjoint right cosets of the form 


Tel = U l'o;. (9.3.1) 


For each such g, the Hecke operator T, : L? (T\X) > £°(P\X) is defined by 
Df e fua 


where f € (TAX), x € X, ando; are given by (9.3.1). The Hecke ring consists 
of all formal sums 
P2 Ck T,, 
k 


with integer coefficients cg and gx in a semigroup A as in Definition 3.10.8. 
Since two double cosets are either identical or totally disjoint, it follows that 
unions of double cosets are associated to elements in the Hecke ring. Finally, we 
recall Theorem 3.10.10 which states that the Hecke ring is commutative if there 
exists an antiautomorphism g  g"* (i.e., (gh)* = h*g*) for which T* = T and 
(Tgr)* =T gl for every g € A. 

We now consider, for n > 2, the general case 


G = GL(n, IR), r = SL(n, Z), X = GL(n, R)/(O(n, R) - R*) = b”. 
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For every n-tuple of positive integers (mo, mj, ..., mj .,), the matrix 
Mo lw gy 


€ Cc (l), 
Mom, 


mo 


the commensurator of F in G (defined in (3.10.2)). We define A to be the 
semigroup generated by all such matrices. As in the case of SL(2, Z), we have 
the antiautomorphism 


gtr ‘sg, ged, 
where ‘g denotes the transpose of the matrix g. It is again clear that the conditions 
of Theorem 3.10.10 are satisfied so that the Hecke ring is commutative. 
The following lemma is analogous to Lemma 3.12.1, which came up in the 


SL(2, Z) situation. 


Lemma 9.3.2 Fix a positive integer N > 1. Define the set 


Cy C12 ^7 Cin 
^ ce > 1 (£-1,2,...,n) 
C2 Uc € n 
SN = . p TT ego 
O<cie<ce (1&i «£zn) 
Cn 


Then one has the disjoint partition 


mo-::: Wy 


BN. E r= ra. (933) 


mim! m, 4—N mom, acSn 


Proof First of all we claim the decomposition is disjoint. If not, there exists 


Vit Yàó2 5*7 Yin 


yi ¥2,2 c Yn 
, 2 : er 


Ynl Yn2 ^^ Ynn 
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such that 
J $ J 
Yi, 1 Y1,2 co^ Yin Cy C12 77° Cin Ci Cig c7 Cin 
Pi "d 
¥2,1 2,2 °°" Y2zn C2 >>> Czn eg; PEA Ch 
^ _/ 
Yn,1 Yn,2 ri Yn,n Cn Ch 


This implies that y; ; = 0 for 1 < j <i < n. Consequently, yc; : ce = Ch, 


for 1 x £ < n. But [[ yc; = 1 and ce, c, 2l1(1x4£« n). It easily follows 
£21 
that 





yup ynac °° — yaac d. 


Note that the above shows that c; = c; (1 < £ < n). Therefore, (9.3.4) takes 
the form 


^ _/ / 

1 012 n Yn C1 C12 ov s Cin C1 Cio P Chin 
^ J ^ / 

1 ... Y2,n C2 t C2.n C2 ... C5 n 

1 €; Cn 


Since 0 < cj ,, Ci < ce for 1 <i < £ € n, one concludes that y; — 0 for 
1 <i < £< n, and the decomposition is disjoint as claimed. 

Now, by Theorem 3.11.2, every element on the right-hand side of (9.3.3) can 
be put into Smith normal form, so must occur as an element on the left-hand 
side of (9.3.3). Similarly, by Theorem 3.11.1, every element on the left-hand 
side of (9.3.3) can be put into Hermite normal form, so must occur as an element 
on the right-hand side of (9.3.3). This proves the equality of the two sides of 
(9.3.3). 














By analogy with the SL(2, Z) situation (see (3.12.3)), it follows that for 
every integer N > 1, we have a Hecke operator Ty acting on the space of 
square integrable automorphic forms f(z) with z € b". The action is given by 
the formula 


Cp. C12. ee Chin 
1 C2 dod C2.n 
Ty fG) = xu m^ NW zc em 5935 
[I e=N i c 


D 
O<ci,¢<ce (1Si<<n) 
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Note the normalizing factor of 1/N“~)/? which was chosen to simplify later 
formulae. Clearly, T; is just the identity operator. 

The C-vector space C?(T'V5") has a natural inner product, denoted (, ), and 
defined by 


Tm i f@e@ d*z, 
TA" 


for all f, g € Z?(TV5^), where d*z denotes the left invariant measure given in 
Proposition 1.5.3. 

In the case of SL(2, Z), we showed in Theorem 3.12.4 that the Hecke oper- 
ators are self-adjoint with respect to the Petersson inner product. For S L(n, Z) 
with n > 3, it is no longer true that the Hecke operators are self-adjoint. What 
happens is that the adjoint operator is again a Hecke operator and, therefore, 
the Hecke operator commutes with its adjoint which means that it is a normal 
operator. 


Theorem 9.3.6 (Hecke operators are normal operators) Consider the Hecke 
operators Ty, (N = 1, 2,...) defined in (9.3.5). Let Ty be the adjoint operator 
which satisfies 


(Ty f, 8) — (f. Tyg) 


for all f, g € C(VNb"). Then Ty is another Hecke operator which commutes 
with Ty so that Ty is a normal operator. Explicitly, T is associated to the 
following union of double cosets: 


N “mo! 
N - (mom)! 


U r " T. 


mim m, -1 =N 
—1 
N - (mo-- -ms—1) 


(9.3.7) 


Proof It follows from (9.3.3), and also from the fact that transposition is an 
antiautomorphism (as in the proof of Theorem 3.10.10), that 


o oT Us r=(Jre=|Jer. (38) 


"ln, =N mom, aeSy aeSy 
mo 
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Since the action of the Hecke operator is independent of the choice of right 
coset decomposition, we obtain 


1 PER 
(Ta f. 8) = oz f / >. f (@z)3@ dz 





T acSu 
1 AS 
= N«-DA2 Í fG) > g(a!z) d*z (9.3.9) 
Th aeSy 
N 
1 he » . 
= Ne-on fC) 25 8 a ac -z | d*z, 
T^ aeSy 


after making the change of variables z — oz. Multiplying by the diagonal 
matrix (with Ns on the diagonal) above does not change anything because g is 
well defined on 5". 

Now, it follows from (9.3.8) that for 


we have 


mpo-:::mg.j 


U DL.o Us TD 


mim? m, 4 —5N mom, 
mo 
zi 
Mo 
= 
(mom) 
= U r- . T. 
mgmt) mn 1=N k 


(mo +++ my)! 
(9.3.10) 


Finally, if we multiply both sides of (9.3.10) by the diagonal matrix 
N 


, with N = mim! a4, it follows that the adjoint Hecke 
N 
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operator defined by (9.3.9) is, in fact, associated to the union of double cosets 
given in (9.3.7). This completes the proof. 














The Hecke operators commute with the G L (n, IR)-invariant differential oper- 
ators, and they also commute with the operators Ts given in (9.2.3). It follows 
by standard methods in functional analysis, that we may simultaneously diago- 
nalize the space £? (SL(n, Z) V5") by all these operators. We shall be interested 
in studying Maass forms which are eigenfunctions of the full Hecke ring of all 
such operators. The following theorem is analogous to Theorem 3.12.8 which 
came up in the SL(2, Z) situation. 


Theorem 9.3.11 (Multiplicativity of the Fourier coefficients) Consider 








$c) = - 
yeu,_1(Z)\SL(n—1,Z) mı=1 ma 2—l ma 470 I Im, [972 
k=1 
mı +++ [Mn] 
As y 
X Wiacquet . ipo” Vi, tma. f> 
mı Imn-—1l 


1 


a Maass form for SL(n, Z), as in (9.1.2). Assume that $ is an eigenfunction 
of the full Hecke ring. If AA, ..., 1) = 0, then $ vanishes identically. Assume 
ġ + 0 and it is normalized so that A(1, ..., 1) = 1. Then 


Tmo = A(m,1,...,1)-¢, Vm=1,2,... 
Furthermore, we have the following multiplicativity relations 
A(mim!., — m, m, 1) —A(m;,...,mga)- A(m|, En mass 


if (mı <- ms a, mim, 4) = 1, and 


AGH 1,..., DAM, omis yA (zs mm - m 


C1 C2 Cn-1 





n 
II ce=m 
t=1 


cilmi camo, 054 maa 


Addendum Let ¢ denote the Maass form dual to $. As in Proposition 9.2.1, 
the (mı, ..., m, 4) Fourier coefficient of ĝ is A(Mn—1, ..., mi). If $ is an 
eigenform of the full Hecke ring then 


A(Mn-1, .-., mi) = Ami... maa), 


i.e., it is the complex conjugate of the Fourier coefficient of $. 
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Proof Letz=x-y with 


l xi» X13 co Xin Y1Y2:** Ya-1 
l x23 c Xan 12:7: Yn-—2 
x= : , y — 
l / Xy yı 
1 1 


In view of Theorem 5.3.2, Remark 9.1.1, and formula (9.1.2), we may write 
for, mi, ..., Mp1 È 1, 


1 1 
f ac I (z) eg Dri Cmi Xni n tmXn-2n-1 HH Mn-11,2) q* y 
0 0 


mM1y1 +*+ Mn—1Yn-1 


A(Mı, ..., Mn—1) e 
= = =. Wiacquet ` QV. Visa. 
k(n—k)/2 mı yı 
[[ m 
EY 1 
(9.3.12) 
where d*x = [|  dx;,;. While the notation adopted in Remark 9.1.1 is 


Ixi«jzn-l 
useful in Mosi Tease: it makes the Hecke operator computations extremely 
gruesome, so we temporarily return to our earlier notation for x. 
If $ is an eigenfunction of the Hecke operator T,, defined by (9.3.5), then we 
have Tm f(z) = Am f (Z) for some eigenvalue àm. We can compute Àm directly 
using a variation of (9.3.12). We begin by considering for m — 1,2,..., 


miyj +++ My-1Yn-1 
A(m,...,Mn_1) ; 
ER E Wijacquet E > V, Vi lis 1 
k(n—k)/2 m 
T m, (n—k)/ 1y1 i 


m 


m 
= TaQ(z) eg Dri mosca acemaxsca acabe ms ana) d*x 
m^-— so}: J 
0 
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m m 
1 
= go Da—b/2 25 | 
0 0 


n 
II ce=m 
pe 


O<ci,e<ce (1&i «£xn) 


"E l Xi2 X13 c0 Xin 
Cy C12 -^^ Cla 1 
" " X23 >t Xn 
C2 $m C2.n 
xo Bt Uy 
1 Xn—l,n 
Cn 1 
x g rimis emaxs aab maa) d*x. (9.3.13) 
Next, if we let 
. l Xi2 X13 cc Xin 
Cy C12 -^^ Cin 
A l: xa = X23 
C2 Sg C2.n 
1 Xn—1,n 
Cn 1 
z 
1 xp X13 Xin 
1 x M 
X2.3 X2 s 
C2 
1 
1 Xn—=1,n C 
1 n 
then we may solve for Xj (1x i « j< n), and obtain 
1 j 
1 
Xi, = o— > Ci kXk, js (9.3.14) 


Cj yu 


with the understanding that c; ; 


= cj and x;; = l fori = 1,2,...,n. Note the 
special case: 


CiXi,i Ci,i : 
vc —— (212,..,0-1, — (93.15) 


of (9.3.14). 
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With the computations (9.3.14), (9.3.15), the right-hand side of the identity 
(9.3.13) becomes 





eim Ci kžk,j 
5j TE 5j 
1 
(nt 1(n—1y/2 > I] 
m cd Ixiejen 
liso un) 
Oxc;, «c, (1i «£xn) k=i+1 J 
/ / * 
1 xiz XQs co Xin z 
] xa its X5 ! 
23 2,n c2 
xo UY 
/ 
1 Xn—1,n C 
1 n 
2. I frr 1? n—r 2. Mem Crl"ün—r 4 A 
PES y tux o E rr 
xe ri -e r=1 = dx; j- 


Ci 


In view of the periodicity of the above integrand, we may deduce that it takes 
the form: 





cim 
i cj 
(n+1)(n—1)/2 > f 
m n l<i<j<n 
I ce=m 0 
ps 
O<c;,¢<ce(1<i<t<n) 
/ / / 
| oxi X13 ct Xin č 
] xj4 5 0x i 
2,3 2,n 
C2 
xo UY 
1 
1 Xn—1,n C 
1 n 
d Cr r1" n—r Eu Cri" n—r I 
2xi Y; i 2ni J, 2E ua Cj , 
xe r -e ral <- — dx; ;. 


Ci 


But the above integral vanishes unless c,| c,.4171, ,. for all r = 1,2, 
n — 1. Furthermore, in this case we have 


n 
n-l, UA A 
dni Y. rx [I ém! if c, |m A <r <n), 
Qr Um t=2 


Oxci, «cu doi etn) 0 otherwise. 
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Consequently, it follows that our integral (9.3.13) may be written in the form: 


1 ae 
See as [I«" fH 


Voie t=2 l<i<j<n 0 
fel 
1 
|] Xiz X3 co Xin . 
1 x xj sa 
2,3 2,n C2 
xo y 
/ 
1 Xil 
1 a 
DE Cr 1)" in—r. 7 
—miiQ Lx Cj 7 
Xu tal -— dx; ;. 
: Jd 
Ci 


Further, if F : R — C is a periodic function satisfying F(x + 1) = F(x) and 
M is a positive integer, then f F(x)dx =M. f F (x) dx. Consequently, the 
integral above is equal to 


1 


z m a-0/2 b p / 


n Al < 
E <i<j<n 0 
é=1 
/ , , 
|] xiz XQqoc Xin i 
1 , 7 Cl 
i TUS IE Ü 
2 
xo y 
/ 
1 Xn—1,n C 
1 n 
2 T» fr" n—r |, 
mi; Nu 
xe rà dx; j. (9.3.16) 
Finally, the multiple integral, | [| f- , above can be evaluated with 


lxi«jzn 


(9.3.12) and has the value 
A (2s macna mae) 








Cn-1 Cn-2 C1 
n—l k(n—k)/2 
I (ate) Mini 
Cn— 
E n-k 
my 77 Pis—| yn—1Cn 
x Wijacquet ` QV. yi Eas 1 , 


miyj1€, 
Cn 
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from which it follows from (9.3.13) and (9.3.16) that 


miyi::: Mn—1Yn-1 








A(m;,..., my 1) "es 
at = sd x Wyacquet QM. V1 DaF 1 
I me? mı yı 
k 
k=1 1 
A HC , mM2Cn-1 des Mn—-102 
ci^ 1 Cn-1 Cn-2 C1 
ma- x. I f n—1 k(n—k)/2 
om t=2 II Cn+1—kMk Ca 
n CL kel Cn—k 


miyj::: Pg yn—iCn 


x Wijacquet t > V, V 355» 1 
M1yıCn 
Cn 


Note that we may cancel the Whittaker functions on both sides of the above 
identity because the Whittaker functions are invariant under multiplication by 
scalar matrices. Further, one easily checks the identity 


= (c0 cu D = med, 





n—l k(n—k)/2 
JI Cn+1—k 
ut one ) 


It immediately follows that 





MıCn mc, Dy 4c 
As AQUi, ..., Mp1) = Ns a( dE 
Cn-1 Cn—2 C1 
n ce=m 
Cu i|mi, Cn almi pees cima 
(9.3.17) 
We now explore the consequences of the assumption that A(1,...,1) =0 


It follows easily from (9.3.17) that A(k, 1, ..., 1) = O for all integers k, and 
then the left-hand side of (9.3.17) vanishes for all m, m; as long as m» = m3 








=--- = Mp- = l. By choosing m =---=m,-1 = 1, m =p, m=p 
one obtains A(1, p, 1,..., 1) = 0. Arguing T we may choose m2 = 
-=M 1 = 1l, m =p, m= p! for £ = 1,2,... from which one can con- 


clude that A(p*, p. Ll. ...,1) 20 for all €=0,1,2,... One can continue 
to show that A(p^, p^, 1,..., 1) = 0 for all non-negative integers i, i2, and 
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proceeding inductively one may show that 
Ap"; p; s phe) =0 


for all non-negative integers i1, ..., 7, .,. One may then proceed to products 
of two primes, products of three primes, etc. to eventually obtain that if 
A(1,..., 1) = 0 then all coefficients A(mi, ..., m, .,) must vanish. 

If f 40 then we may assume it is normalized so that A(1,..., 1) — 1. 
If we now choose m, = m» = --- = Mp1 = 1, it immediately follows from 
(9.3.17) that àm = A(m, 1,..., 1). Substituting this into (9.3.17), and changing 
indices (on the c;s), proves the identity 





A(m,1,...,DAQn;, ..., ms) 


mc, M2C1 Mn—1Cn—2 
= ) A gc eg : 


C1 C2 Cn-1 





cimi, co|mo,..., Cn—1|Mn-1 


The rest of the proof of Theorem 9.3.11 follows easily. 

To prove the addendum, consider the identity (T$, $) = (¢, T*¢), T isa 
Hecke operator and T* is the adjoint operator, and ( ) denotes the Petersson 
inner product. The addendum follows from Theorem 9.3.6. 
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Let 


fyc: Y ii 5 3 DORIA , my) 


y€ULA(LASL(n—1,Z) mi-l — m, 3-21 m, 40 T Imi ko- k)/2 








k= 
Mi ++: Mp2: [m4] 
x " 
x Wijacquet mim» s Z, V, Vi. L 7 , 
m, 
1 
be a non-zero Maass form for SL(n, Z), normalized so that A(1,..., 1) = 


1, which is a simultaneous eigenfunction of all the Hecke operators as in 
Theorem 9.3.11. We want to build an L-function out of the Fourier coefficients 
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of f. Lemma 9.1.3 tells us that we may form absolutely convergent Dirichlet 
series in a suitable half-plane. 

The sum over y € U,_\(Z)\SL(n — 1, Z) in the Fourier expansion of f 
creates seemingly insurmountable complications, and it is not possible to simply 
set 


xij =0 (10xi«jzn) 


and then take the n — 1-fold Mellin transform in yj, y2,..., ya-1 Which 
would be the exact analogue of what we did to create L-functions in the 
SL(2, Z) situation. The ingenious construction of the L-functions and the 
proof of their functional equations was first obtained by Godement and Jacquet 
(1972). 

By Theorem 9.3.11, the Fourier coefficients, A(m1, ..., mj 1), of f satisfy 
the multiplicativity relations 


A(m,1,..., DAQn;, ..., ms) 


MıCn MC) Mn—1Cn—2 
= J A LA TL gia : 


C1 C2 Cn-1 





It follows that for all k = 1,2,... 


A(p*,1,..., DAG 1,..., 1) = A(p*Ť!, Esc DEAD’ T ÉL 
A(p*,1,..., DA p, L,..., D = A(p*, p, 1,..., 1) 
LAG, 3 p,1,...,1), 
A(p*,1,..., DA 1, p, L,..., D— A(p*, 1, p, 1,..., 1) 
SACO C Tob p,1,..., 1), 


A(p*,1,..., DAs, ls p) = A Vb Pp) AO TU el 


with the understanding that A(1, ..., p 7, ..., 1) = 0 for any j > 1. 
Therefore, 





1 n—2 
: —1Y A(p-7,1,..., DACL,..., p,..., 1 
35 24 y A(p AC p ) 


position r 4-1 
c A EE DECIZA TES sss (9.4.1) 
ps A ts 
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If we define 
© AUC DE d 
$p(5) = 35 —— 5, 
k=0 P 


then, after summing over k, equation (9.4.1) implies that 


n—2 
$p(s) - P GS AC ria, DP™ 
r=0 m 41 
position r 


= Qs) p' = p + (—1) 9, (s)pC"*s, 


Solving for $, (s) yields 


$5) = (1 - A(p,..., DP™ + AC, p, ..., Dp 5 — 
ee + (SITA, pypC" + Cap") . (9.4.2) 


In a manner completely analogous to the situation of SL(2, Z), as in 
Definition 3.13.3, it is natural make the following definition. 


Definition 9.4.3 Let s € C with R(s) > (n + 1)/2, and let f(z) be a Maass 
form for SL(n, Z), with n > 2, which is an eigenfunction of all the Hecke 
operators as in Theorem 9.3.11. We define the Godement-Jacquet L-function 
L p(s) (termed the L-function associated to f) by the absolutely convergent 
series 


Lys) 2 3 A(m,1,..., m? = | ] op). 
m=1 p 


with $,(s) given by (9.4.2). 


Remark Itis clear that the L-function associated to the dual Maass form f 
takes the form 


oo 
Ley = > A(L, ..., 1, mm. 
m=1 


By analogy with the GL(2) situation, we would like to construct the L- 
function L f(s) as a Mellin transform of the Maass form f. However, before 
taking the Mellin transform, it is necessary to kill the sum over SL(n — 1) in the 
Fourier Whittaker expansion (9.1.2). The procedure to do this uses an auxiliary 
integral which requires some preliminary preparation. 
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Set 


mj: mg-- [mai 


M = mm» , 
m, 
1 
and z = xy with 

l Xni X13 c0 Xin 

1 Xn—2 °°" X2.n 

x= : ; 
1 X1 
1 
Yiy2°** Yn-1 
12757 Yn-2 
y = 
yı 
1 
A simple computation gives 
lY |my—1|Xn-1 
* 
M-x= M 
1 M2X2 
1 MX, 
1 
It follows from Definition 5.4.1 (2), that for any integers €1,..., €,—1, the 


Jacquet Whittaker function satisfies 
— p2ni [mie1x14- mg _2€n—2Xn—2+ | n—1 [En—1 Xn 
Whacquet (Mz, V, We, ace Ey) =e [ sei aah HSA i 
x Whacquet (M “ys, vy We, ing Gut): 
Further, for any SL(n — 1, Z) matrix 
a1, oo Q1,n-1 


42,1 "i Q2,n-1 


y= f ] j (9.4.4) 


Qn-11 ^^^ 4n-1,n-1 
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we may put the GL (n, IR) matrix, y :) - Z, into Iwasawa form: 


n-l L5 Xin 
1 x 2 1 

y . VA — . 
1 = : 
1 xr 

1 

YD Ya 
Y? Xa 
x "n (mod Z, O (n, R)), 
y 
1 


(9.4.5) 


where x]. = d, 1X1, + dn-12X2,n +-+ + an—1,n-1X1- 
It immediately follows from Proposition 5.5.2, (9.4.4) and (9.4.5) that we 
may write 


W 'acquet (w t G j| tZ. V, bbs) 


; x Y Y 
= eri [mieu i ioa tax arai) emaeax] Tema les-ixLa] 


y Ern Ya 
x Whacquet M. 2 y > V, Vi i 1 . (9.4.6) 
yı 
1 


Finally, we obtain the following theorem which is the basis for the construc- 
tion of the L-function L ; (s) (given in Definition 9.4.3) as a Mellin transform. 


Theorem 9.4.7 Let f(z) bea Maass form of type v for SL(n, Z) as in (9.1.2). 
Then we have the representation, 


fo- y 3 9k Y y EU sec my) 


yeUn-1(Z)\SL(n—-1,Z) mı=1 my-2-l mn-140 TI Im. [Fee k)/2 
k=1 


eatin (dnt ach rasan) gri (max Tem, ax) a) 


x Wyacquet(M E y’, V, Vi d 1) 





x 
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where y is given by (9.4.4) and, x* , y* , are defined by: [n i) =x. y”, 
as in (9.4.5). 


Proof The proof follows from the Fourier expansion (9.1.2) and the identity 
(9.4.6). 














Note that Theorem 9.4.7 is a direct generalization of Theorem 6.5.7. The 
explicit realization of the Fourier expansion of the Maass form f given in 
Theorem 9.4.7 is of fundamental importance. It is the basis for the construc- 
tion of the Godement-Jacquet L-function as a Mellin transform of a certain 
projection operator acting on the Maass form f. 


Corollary 9.4.8 Let f(z) bea Maass form of type v for SL(n, Z) as in (9.1.2). 
Then 


1 0 > 0 un 
. : "s. er : : n—2 
pols 1 0 Un—2.n *Z erin du; | [dujn 
0 0 1 u j=l 
1 





oo oo 
- x yey yD 
y EUn-2(Z)\SL(n—2,Z) m2=1 Mn-2=1 my—140 


A(l, m»,..., Mn-1) 2xi(ci max] max a) 


n-l 
Im, (eae 
k=2 





Y Y 
m2: +- [Mny ct Ya 


x Wiacquet mayiy? > V, Vi ds 1 


N 
1 


Proof We may use Theorem 9.4.7, to compute the integral: 


1 i lij 
1 1 ". : n2 
^ i ] —2ziu| . 
EE 1 unan | 7 |* au, | [dujn. 
EET 
0 0 1 an i 


1 
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The key point is that the integral 


1 1 
n—2 
J- oeste n 1,11, T7 n 1,n-2Un-2,n d" n1; — ui) e iui du, ] [duja 
0 0 


j=l 


vanishes unless 7a; 1,1 = 1 (which implies m; = 1,a, 1,1 = 1), 
and 


an-1,1 = 0, an-1,2 = 0, eG » An—1,n-2 = 0. 


The proof of Corollary 9.4.8 follows from this after noting that 


ai, ase d1 n—2 [NI 
2.1 CUN Q2. 4—2 Q2. n—1 
y- : poe : : € U,_-\(Z)\SL(n — 1, Z) 
ü,—2.1 An—2,n—2 On—2,n—1l 
0 0 1 
forces d1,4 1 = d2,5—1 = +++ = dy 2,41 = O, so that y takes the form 
dic An2 — 0 
d21 e 024-2 0 
y= : "m : > | € Un-2(Z)\SL(n — 2, Z). 
an—2,1 dn—2,n—2 0 
0 TE 0 1 














Theorem 9.4.9 Let f(z) bea Maass form of type v for SL(n, Z) as in (9.1.2). 
Then for 


1 0 U1,3 ss U1,n 
1 Un—2 *** Urn n—2 
i= E û = I] uj I] duj,;, 
j=1 2<i<j—l<n-1 
1 Uy J Si<j-ts 
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we have 
1 1 
3 en d*f 
0 0 
A at m) 2niMXpn—1 e?it -+Xn—-2) 
PaT imp ^ paOMn-2 
Im | 
1 
x Wijacquet y; V, Vi is 1 
1 
GL(n)pack functions 


The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 
HeckeCoefficientSum 


HeckeOperator 
HeckeEigenvalue 


HeckeMultiplicativeSplit. 


HeckePowerSum 


10 


Langlands Eisenstein series 


The modern theory of Eisenstein series began with Maass (1949), who formally 
defined and studied the series (see Section 3.1) 


S 


1 y 
E 3 = , 
(6) ms 2 lez + ds 





taking the viewpoint that it is an eigenfunction of the Laplacian. In (Roelcke, 
1956), Eisenstein series for more general discrete groups commensurable with 
SL(2, Z) were investigated. It was in (Selberg, 1956, 1963) that the spec- 
tral theory and the meromorphic continuation of Eisenstein series was fully 
worked out for GL(2). The Selberg spectral decomposition given in Section 
3.16 underscores the supreme importance of Eisenstein series in number theory. 
In (Selberg, 1960) (see also (Hejhal, 1983)) an extremely ingenious analytic 
method is introduced for obtaining the meromorphic continuation of Eisenstein 
series for higher rank groups, but it was not clear if the method would work 
for Langlands Eisenstein series twisted by Maass forms defined on lower rank 
groups. 

The completion of this program in, perhaps, the most general context was 
attained by (Langlands, 1966, 1976). There were two main parts to Langlands 
theory. 


¢ The meromorphic continuation of Eisenstein series. 
* The complete spectral decomposition of arithmetic quotients UNG where G 
is a reductive group and V is an arithmetic group. 


An excellent summary of Langlands theory of Eisenstein series was given in 
(Arthur, 1979). In the intervening years, two books have been published giving 
expositions of Langlands theory of Eisenstein series: (Osborne and Warner, 
1981) and (Moeglin and Waldspurger, 1995) (see also (Jacquet, 1997)). A few 
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years ago, anew proof ofthe meromorphic continuation of Langlands Eisenstein 
series has been attained by Bernstein (2002). 

Another important direction in the theory of Eisenstein series was also ini- 
tiated by Langlands who had the idea of studying automorphic L-functions by 
investigating the constant term (see (Langlands, 1971)) in the Fourier expan- 
sion of Eisenstein series. This theme was further developed in (Shahidi, 1981, 
1988, 1990a, b, 1992), and is now called the Langlands-Shahidi method. This 
method has had a number of striking successes, one of the first being (Moeglin 
and Waldspurger, 1989) that the completed Rankin-Selberg L-function for 
GL(n) x GL(m) is holomorphic in the region 0 < R(s) < 1. More recently, 
Gelbart and Shahidi (1988), Shahidi (1985, 1990a,b), Cogdell, Kim, Piatetski- 
Shapiro and Shahidi (2001), and Kim and Shahidi (2000) have led to many 
new examples of entire L-functions including the symmetric cube and fourth 
power lifts of GL (2) Maass forms. The remarkable fact is that these particular 
symmetric power L-functions occur in the constant term of Eisenstein series 
which are associated to exceptional Lie groups! Unfortunately, since there are 
only a few exceptional Lie groups this puts a severe constraint on what one can 
expect to get by this method. 

In this chapter we shall give an elementary exposition of Langlands Eisen- 
stein series for the group SL(n, Z). We only discuss meromorphic continuation 
that can be obtained from Fourier-Whittaker expansions or the Poisson sum- 
mation formula. These methods work quite well for Eisenstein series that are 
not twisted by Maass forms of lower rank. We present a short elementary intro- 
duction to the Langlands-Shahidi method with an application to non-vanishing 
of L-functions on the line 9i(s) = 1. Finally, in Section 10.13, we give a simple 
proof (due to M. Thillainatesan) of the Langlands spectral decomposition for 
GL(, R). 


10.1 Parabolic subgroups 


We shall define the standard parabolic subgroups for GL (n, R) (with n > 2) 
in an explicit manner, avoiding the more general abstract theory. Briefly, 
the standard parabolic subgroups are certain subgroups containing the stan- 
dard Borel subgroup B which consists of all upper triangular non-singular 
matrices. 

Each standard parabolic subgroup of G L (n, R) is associated to a partition 


n =n +n +: +r, 


where 1 < n1, n2,..., n, < n are integers. 


10.1 Parabolic subgroups 287 


Definition 10.1.1 The standard parabolic subgroup associated to the partition 
n =n; +m E n, is denoted P,,...,,, and is defined to be the group of 
all matrices of the form 


36355, 


my, x 
0 m, 
0 0 
0 0 e m, 


" 


where mn, € GL(n;, R) for 1 < i <r. The integer r is termed the rank of the 
parabolic subgroup Ps,...5,. 


Example 10.1.2 (Parabolic subgroups of GL(3, R)) There are three stan- 
dard parabolic subgroups of GL(3, IR) corresponding to the three partitions: 


3=1+4+1+1, 3=1+2, 3=2+1. 


Explicitly, we have 


* OK * OK 
Pii = 0 x 7 Pi2= 0 x » 
0 0 O x 
* OO 
P21 = * Ox 
0 0 


Example 10.1.3 (Parabolic subgroups of GL(4, IR)) There are seven stan- 
dard parabolic subgroups of GL(4, IR) corresponding to the seven partitions: 


Pee AEA. p) 
4224141, 42143, 422-42, 4=3+41. 


Explicitly, we have 


* k k*k * * OK k*k * 
O * ox x O ok xk ox 

P = , P = , 
tia 0 O0 x x nas 0 O0 x x 
0 0 0 x 0 0 x x 
* k k*k * OK k*k * 
O ok ok * * k k * 

P = , P. = , 
a O o ok * 214 0 0 x x 
0 0 0 x 0 0 0 x 
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OK k * * ok k*k Ox 
O o * x * ok k * 

Pi3= 2, Pas i 
O * * c * k k Ox 
O x ok * 000 x 
EO k k * 
e ae E 

Po = 

: 0 0 * x 
0 0 * x 


Definition 10.1.4 (Associate parabolics) Fix integers n>2, 1<r<n. 
n Pwi, P, Of GL(n, R), corre- 


1 
be np 


Two standard parabolic subgroups Pr, 
sponding to the partitions, 


Sio 


, / 
n= +: +n, =n tcn, 


are said to be associate (Py,...., n.) if the set of integers (ni, . .., Nr} 


is a permutation of the set of integers {n',,..., ni}. 


n, ~ Py, 


$555 


Definition 10.1.5 (Weyl group of associate parabolics) Fix n > 2 and 
| «r x n. Let P = Pj, 5, P' = Py, 
groups of GL(n, IR) corresponding to the partitions, 


n. be two associate parabolic sub- 


eei 


The Weyl group, denoted Q(P, P^), consists of all o € S, (permutation group 
onr symbols) such that n; = noa for alli = 1,2,..., r. We shall also let (P) 
denote Q(P, P). 


10.2 Langlands decomposition of parabolic subgroups 


Let n > 2, and fix a partition n = ny + n» +--+ n, with 1 < ni, n2, ..., n, 
« n. The parabolic subgroup (see Definition 10.1.1) 


mao * 
0 m, 

Picci = Ui. wo cue ox (10.2.1) 
0 0 e ma 


Py, cor ny — Nn, yes n, ^ Mn, TS n, (10.2.2) 
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where 
Dao x * 
O Im e 
Nri, = 0 d > x (Ik = k x k Identity matrix), 
Oo O are A 
is the unipotent radical and 
Mn, 0 MAS 0 
0 m, 0 
Mnn = 0 0.09 (m, € GL(k, R), 
0 0 +) m, 


f 


is the so-called Levi component. The Levi component further decomposes into 
the direct product 





Mn js Hit An, ore ng My, -— ny. (10.2.3) 
where A,,... ,,, is the connected center of M,,...,,.: 
ti: In 0 vx 0 
0 to: In, 0 
Anat, = 9 Do Se^. x9 (tj; €R, t; > 0), 
0 0 e the Tn, 
and 
a 0 -.- O 
0 m, 0 
M,, MP n, — 0 0 2: 0 (det(m;) = + v =). Jf) 
0 0 .— m 


Definition 10.2.4 (Langlands decomposition) The Langlands decomposition 
of a parabolic subgroup of the form (10.2.1) gives the factorizations (10.2.2), 
(10.2.3). 


Example 10.2.5 (Langlands decomposition on GL(3,IR)) We explicitly 
write down the Langlands decomposition for the three parabolic subgroups 
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of GL(3, IR). 
*o 
Pii = k x 
0 0 
1 x 
4: 
0 0 
OK 
no |(' x 
0 x 
1 x 
4: 
0 0 
*o 
lf: * 
0 0 
1 0 
0 0 
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* 

) 

* 

* t 0 
1 0 0 
* 

) 

* 

* t 0 
jJ h 
1 0 0 
* 

) 

* 

* t 0 
* 0 ft 
1 0 0 


ts 


oo 





TT 
oor 





a & 


© 


one 








0 0 
+1 oll. 
+1 
(ty, t2, t3 > 0) 
0 0 
a b ; 
c d 


(fi, b > 0, ad — bc = +1) 





0 
0 
+1 
(ti, t2 > 0, ad — bc = +1). 








Example 10.2.6 (Langlands decomposition for P; 5?) Finally, we shall give 
an example of the Langlands decomposition for the parabolic subgroup P; 5.» 
of GL(6, IR). We have 


* 


P135 = 


KOK k * 
KOK k OX 
kOe k * 
kOe k OX 
* 
* 
KOK k x 
100 x 
0 1 0 x 
0.0 1 x 
1 
0 


unipotent radical 


* * X X X X 


m Qo * * x* * 


Levi component 
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and the further decomposition of the Levi component 


* 


x Ok 
* Ok 


Levi component 


ti * 
t 0 0 * ok ox 
= 0.5 0 OOK Ok 
ls 0 0 b f kok o ? 
t3 0 * 
0 t * 
Ai,3,2 Mi 32 





where fi, f2, t3 > 0 and the block matrices in M 132 have determinant +1. 
The parabolic subgroups of GL(n, R) can be characterized as stabilizers of 
flags on IR". A flag of IR" is a sequence of subspaces: 


CVCV- CV, =R" 





where C denotes a proper subset, and $ is the empty set. The action of GL(n, IR) 
on a flag (Vi, ..., V,) is defined in the canonical way. That is if g € GL(n, IR) 
then the action is given by (V1, ..., V.) = (8V1, ..., gV,-), where the action 
of g on an element (q1,...,a,) € R” is given by matrix multiplication 
g:'(a1,...,a,). The standard complete flag is $ C Vi C--- CV, =R” 
where V; = Re; Q --- Q Re; and e; is the vector (of length n) with a 1 in 
the ith position and zeros elsewhere. The stabilizer of a subflag (Va,,..., Va.) 
(with 0 < dj <--- < d, = n) of the standard flag has the form 














mi; M2 mis 
0 m2 mo 


Gs. Or indere I (10.2.7) 


where mj; is a square matrix of size d; — dj_; fori = 1,2,...,r, where, by 
convention, do = 0. 

Ifa parabolic subgroup P < GL(n, IR) isthe stabilizer of a flag (Vi, ..., V;), 
then for every g € P, we must have gV; = V; fori = 1,...,r. It follows that 
g induces an automorphism g; of V;/V;-1 for every 1 <i < r. Here, we set 
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Vo to be the empty set. In the case that P takes the form (10.2.7), we have 
gi = mj;. The unipotent radical Np of P is the subgroup of all g € P so that 
gi is the identity on V;/V;_; for every i. For P of the form (10.2.7), m;; must 
be the identity matrix for every i. In a similar manner we may define the Levi 
component using flags. For each 1 < i < r choose a complementary subspace 
Xj C R” so that V; = Vi. ® X;. The Levi component Mp of P is defined to 
be the subgroup of P consisting of all g € P which stablize each X;. In the 
case that P is of the form (10.2.7), the Levi component requires that m;; = 0 
forl<i<j<n. 


10.3 Bruhat decomposition 


Let S, denote the symmetric group of all permutations of n symbols. We have 
a homomorphism of S, into GL(n, IR) whose image is the Weyl group W, 
consisting of all n x n matrices which have exactly one 1 in each row and 
column, and zeros elsewhere. 


Example 10.3.1 (Weyl group for GL(3, R)) The Weyl group W3 is the group 
of six elements: 


1 0 0 1 0 0 0 1 0 
0 1 0], 0.0 Ij, 100], 
0.0 1 0 1 0 0 0 1 
0 1 0 0.0 1 0 0 1 
0.0 1], 100], 0 1 0 
100 0 1 0 1 0 0 


Recall that the standard Borel subgroup B, of GL(n, R) is the group of invertible 
upper triangular matrices. 


Proposition 10.3.2 (Bruhat decomposition) For n > 2, we have 


GL(n, R) = BW, Bn. 


Proof Let 
811. 812 -^^ Sin 
$21 822 -^* 82n 
g= ; ; € GL(n, R). 


$n 8n2 c^ Em 
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Let g,¢ denote the first non-zero entry in the bottom row of g. Then by right 
multiplication by some b, € B,, we can change this entry to 1 and make the 
rest of the bottom row 0. The matrix gb; now takes the form 


gi e Sie ee Sin 
85 Sos Sop eg £5, 
hs ; : 
£543 Sy E, p Bs 
0 iet 1 Mx 0 


If we now multiply gb, on the left by some matrix 


b b bua c b 

0 by bay s ba 
p-|[9 9 b3 o Ban | © By, 

0 0 0 >. 1 


itis easy to see that we may choose the b; ;jüsi«jzn)sothat bi gb, takes 
the form 


Gin Ste: oe € 
gia quel cue 3g 
bigb, = : : 
gite tee a ee 
0. 2h dI ee 0 


We call this clearing the (7)th row and (£)th column. 

We next consider the first non-zero entry in the (n — 1)st row of bi gbi. 
Suppose itis g; _ 1,4" We may again multiply bi gb; on the right by some element 
b» € B, so that we change this entry to 1 and make all other entries in the 
(n — 1)st row 0. By left multiplication by some 5; we can make all the other 
entries in the (£;)st column 0 which results in clearing the (n — 1)st row and 
(€,)st column. 

Continuing in this manner, we obtain a set of n matrices 


bigh, bb,gbibo, bbb gbibobs, ..., bi bb gbibabs +++ bn 











where the last entry must lie in W,,. 





We now seek a more explicit realization of the Bruhat decomposition. We 
follow (Friedberg, 1987a,c). It is necessary to introduce some more notation. 
Fix an integer n > 2. For every 4 = (£1,..., 4) € Z^ (with 1 < k < n) and 
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g € GL (n, IR), define M,(g) to be the k x k minor of g formed from the bottom 
k rows and the columns £,,..., €g, indexed by the elements of A. We may 
express M;(g) using wedge products of e1, e5, ..., €n, where e; denotes the 
column vector of length n with a 1 at position 7 and zeros elsewhere. We 
have 


Mi(g)e& A+++ Nen = € ^cc A^ ea EI^ (s . eu) AA (g . eu). (10.3.3) 


We shall also define 


U, = 23 C Bn, (10.3.4) 
0 1 


to be the subgroup of upper triangular unipotent (1s on the diagonal) matrices. 


Definition 10.3.5 Letw € W,. We define w € S, to be the permutation of the 
set (1, 2, ..., n} associated to w, and defined by we; = eona foralll <i <n. 


Proposition 10.3.6 (Explicit Bruhat decomposition) Every g € GL(n, R) 
(n > 2) has a Bruhat decompostion g = ujcwu» with uj, u2 € Un, w € Wn, 
and 


E€/Cn-1 
Cn—1/Cn-2 


c2/C1 
C1 
e = det(w)det(g), cj AOU <i <n). 


Furthermore, for each 1l € i € n — 1, 





with c as in Definition 10.3.5, and M (on), on—1) ate o(n—it)) (9) defined by 
(10.3.3). 


Proof  Iteasily follows from Proposition 10.3.2 that every g € GL(n, R) has a 
Bruhat decompostion g = u4cwu» with uj, u2 € U,, w € W,, and c a diagonal 
matrix. To determine c, we utilize (10.3.3) and write 


My(g)ei ^s: ^e m €1 ^c A^ Esci ^ Blain) ^ 7*7 ^ S€o(n-i41) 
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with A = (cn), œ(n — 1),..., a(n — i + 1)). Since ue; — e; € Span(e,,.. 
ej 1) for any u € U,, ande; ^ e, = 0 for any 1 < k < n, it follows that 


t5 


Mi(g)ei ACA Eg = C1 Aves A eni ^ CWU? + Cain) A+++ A CWU + Ca(n-i+1)- 

(10.3.7) 

We now write uz = (i,j) (where u; ; denotes the i, j entry of the matrix 
u2). Note that for any 1 < £ <n, 


£ 


Ug = J Ur ger. 


rcl 


It follows from this and (10.3.7) that 


on) 
My (ger A+++ Aen = € A+++ A Enzi A (^ 25 son 


ri-l 


c(n—1) a(n—i+1) 
A | cw p» Ur o(n—1)€ra A+++ AN} Cw 5 Uy; o(n—i4-1)€ri 


r2=1 n=l 


a(n) 
=i Nt Neni ANIC Xo Uri oln)! (ri) 


ry=l 


@(n—1) @(n—i+1) 
Tope 2s Ur, on-1€o7105) | ^ A YC 2 Ur; (n-i +1) ri) 
r2=1 ri-l 


= 0| A+++ A^ Oni ^ Cen ^ Cen] A+++ ^ Cen i4] 


= Cj€| NE A+++ Neni A En I^ tt ^ Cnil. 














10.4 Minimal, maximal, and general parabolic 
Eisenstein series 


The minimal (smallest) standard parabolic subgroup for GL(n, IR) (n > 2) is 


x eee E 
Pri. 
PEU 
n ones 
* 


Set T = SL(n, Z) and Pmin = P11, AT. 
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Let z € 5" take the form 


l xio Xi3 e Xin 132: ** Ya-1 
l x23 s Xn Yy132:7* Yn—2 
Z— : 
1 Xn—l,n yı 
1 1 


Then the function (see also (5.1.1)) 


n—ln—1 


1 - [TE [x 


i21 j21 

with 
— ij ifi+j <n, 
" lm-Dn-j ifi+j>n, 


and s € C"-! is invariant under transformations of the form 
ze pz 
with p € Py. It follows that the sum 
Ep. 5): M», L(yz (10.4.1) 
y € Pig M^ 


is well defined provided it converges absolutely. 


Definition 10.4.2 The series (10.4.1) is called the minimal parabolic Eisen- 
stein series for V. 


Proposition 10.4.3 The minimal parabolic Eisenstein series (10.4.1) con- 
verges absolutely and uniformly on compact subsets of 5" to aT invariant 
function provided s = (s1, .. . , $4 1) and Re(s;) is sufficiently large for every 
i —1,2,...,n— 1. 


Proof The fact that E p(z, s) is invariant under I" is easy to prove because 
the function is formed as a sum over a coset of the group T. For the absolute 
convergence, we follow Godement (see (Borel, 1966)). It is enough to show 
that for every point zo € I'V5" and some (non-zero volume) compact subset C ;, 
of T\b” (with zo € C5), that the integral 


f |E Paa (Z, 5)|d"z 
Cz 


10.4 Minimal, maximal, and general parabolic Eisenstein series 297 


converges. Here d*z is the invariant measure given in Theorem 1.6.1. Without 
loss of generality, we may assume the s; to be real. It follows that it is enough 
to show that the integral 


Lz I,(yz) d*z = / I,(z) d*z 


Y Pnis V (Pais V) 


converges. Now, it follows from Proposition 1.3.2 that there will be only finitely 
many y € Pai, M' such that yzo € Xx p By a continuity argument, one may 
deduce, for sufficiently small C,,, that there are only finitely many y € Pmin\T 
such that yz € X Aa for all z € C,,. We immediately deduce that there exists 


some a > 4/3/2 such that 


yz Dal 


for all y € Pu M, z € C4. It follows that 


1 1 a a n—ln-1 
x M ri bis; T 
Jj Lads s | UN f UID ]I 4; 


1« c 
(Pris M) Cap ae 


n—1 


—k(n—k)-1 
x x ^" ax, 
k=1 


where the integrals from 0 to 1 are integrals for the variables 
x;,;(1 <i « j x n) and the integrals from 0 to a are integrals with respect 
to the variables yi, y2,..., Y,—1. It is clear that the latter integral converges 
absolutely if the s; are all sufficiently large. 














The two largest (maximal) parabolic subgroups of T = SL(n, Z) are 


O x e x 

Puaa-l.. Db Pri = 
: oe os « *K tts k k 
0} ct ek Se 0. 0 


In a manner similar to the way we defined the minimal parabolic Eisenstein 
series (10.4.1), we would like to define maximal parabolic Eisenstein series, and 
more generally, Eisenstein series associated to any standard parabolic subgroup 
P of GL (n, R). Since the function /,(z) is not usually invariant under transla- 
tions z œ> yz (with y € P NT), we cannot simply sum over all left translations 
y € P AT\FI as we did in (10.4.1). Nevertheless, we will show that for proper 
choice of s we can make /,(z) invariant under left multiplication z — yz with 
yePnr. 
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The construction of such a P -invariant function /,(z) requires some prelim- 
inary preparation. We shall make use of the Langlands decomposition 


In, kx 00x m, O0 > O0 
0 Ij, ss * 0 mu e 0 
P=NM= 0 0 --- xilo Q0 > O 
0 0 > J, 0 0 +++ m, 


r 


(10.4.4) 
where m, € GL(k, R). 


Definition 10.4.5 Let P,,...,, be a parabolic subgroup of GL(n, R), asso- 


ciated to the partition: n =n, +----+n,, with a Langlands decomposition 
E 


(10.4.4). Let s = (s1,...,5,) € C" satisfy Y, nis; = 0. Let K = O(nj, R) x 
i=1 

O (n5, R) x --- x O(n,, R) be the direct product of orthogonal groups. We 

define the function, Is(*, Pn,,...n,), which maps, 


eres 





P4, s K(K RÀ) > C, 
by the formula 
I;(g, P Qu ny) E I] |Det(m,,(g)) i 
i=l 

for all 

fi Se ae o ma(g. 0 > 0 

0 Inm 235 * 0 m, (g) s 0 
pcd: ecu ux "ug De 200 (eges 

B: ado rio s 0 0 +++ m,(g) 


Remarks Here m,, is the whole group GL(n;, IR) while m;, (g) is a particular 


element in this group. The condition Y^ n;s; = 0 insures that 
i=l 


Nota 


defined on P,,.. 
k € K since the determinant of an orthogonal matrix has absolute value 1. 
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It follows that /, is well defined on the generalized upper half-plane 5". This 
is because we may bring each matrix m,,(g) € GL(n;, R) (i = 1,...,r) into 
diagonal form by right multiplication by an orthogonal matrix (see Proposition 
1.2.6, the Iwasawa decomposition); and, then, with an additional multiplication 
by tI, with t € IR* we may bring the entire matrix into Iwasawa form. 

In particular, if 


l xXi2 X13 c0 Xin 12777 Yn-1 
l X23 +++ Xan XY1Y2:77 Yn-2 
z= : Eb”, 
1 Xn—l,n y 
1 1 
then z € Py, ...n,, since the standard Borel subgroup lies in every parabolic 


n,- It follows that 


TE 


n 51 n—n 52 
Is(z, P C n= ( I] n) t ( I] a) 


jı=n—nı+1 j=n—-nı—n+1 


n—nj—na 53 n, Sr 
dC x ute de. 
js-n—ni—n3—nal j-l 


where we have defined Y;, Yo,..., Y, by 


Y y1y2°°* Yn-1 
” Y, y1y2 s: Yn—2 


yı 
Y 
i 1 


One easily checks that 7;(z, P,,.....,,) is precisely the standard function /,-(z) 
for suitable choice of s’ depending on s. 


gesi 


Langlands decomposition (10.4.4). Let s € C" where X` nisi = 0. The function 


i-l 
I5 Cr, Pny,....n,), as in Definition 10.4.5, satisfies 


3856. 


for all y € Pn, 


UM 
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Proof Ify € P4. ASL(n, Z), then y has a Langlands decomposition 


eco 








Ing x 0 0x mn, (y) 0 EE 0 
O In c+ 0x 0 muy) ++: 0 
y= 0 0 +s xf. 0 0 e 0 
0 0 over 0 0 eo Ma (y) 
where Det(m,,(y)) = X1 for all i = 1l,...,r. The lemma immediately 
follows. 











yig 


with a Langlands decomposition (10.4.4). Let s € C" where Y nis; = 0. We 


i=l 
define the Eisenstein series associated to P, denoted Ep(z, s), by the infinite 
series 


Ep, s):= J. Lz, P), 


ye(POT)\P 
where I;(z, P) is given in Definition 10.4.5. 


The absolute convergence of the Eisenstein series E p(z, s) for s ina suitable 
range follows from Proposition 10.4.3. This is because the function /,(z, P) is 
actually a special case of the I-function given in (5.1.1) and the set PO T\P 
has fewer elements than the set Pmin\I since Pmin C POT. 


Example 10.4.8 Maximal parabolic Eisenstein series for SL(3, Z) Let 
Pı 2, P2 denote the two maximal parabolic subgroups of GL(3, R) given 
in Example 10.1.2. Then for s = (51,52) € C? satisfying sı +2527 = O 
and 


1 xi» X13 ny» 
Dic 1 X23 47° y» € b), 
1 1 


we have 
lows 
Lz, P2) = ny» y = (vèz) j 
Similarly, for s = (s1, 52) € C? satisfying 25; + s2 = 0, we have 


LE, P21) = (yiy2)" 
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10.5 Eisenstein series twisted by Maass forms 


Let P = P,,.....,, be a parabolic subgroup of GL(n, IR) which has a Langlands 
decomposition P — N M as in (10.4.4). 
We define a function: 


mp:P—M, 


by the formulae 


Mn, (8) 0 Pom 0 
0 Mn (g8) >>> 0 
mp(g-| 0 O. ex € 
0 0 m, (g) 
for all 
In, x 00 0x Mn, (g) 0 Zr 0 
0 In mr * 0 m, (8) deos 0 
g= 0 0 * 0 0 e 0 € P. 
ü- ege ode 0 0 vx ma (2) 


(10.5.1) 


Here, each m,,(g) € GL(n;, R) (i = 1,...,r) as in (10.4.4). Note that every 
z € b” is also an element of P so that mp(z) is well defined. 

Let $ bea Maass form for the group M . Then @ is really a set ofr Maass forms 
$1, %2, ..., 0, where each ¢; is a Maass form for GL(n;, R) (i = 1,2,...,r). 
For g € P, of the form (10.5.1), we define 


$ (m»() = | [6i (m, ()). (10.5.2) 
i-l 
We may now define the Langlands Eisenstein series twisted by Maass forms of 
lower rank. 


Definition 10.5.3 Let P = P,,,..,, be a standard parabolic subgroup of 
GL(n,R) with Langlands decomposition: P = NM, as in (10.4.4). Let 
S = ($1,..., Sr) € C" satisfy 


r 


3 Nisi = 0, 


i=1 
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and put V = SL(n, Z). Then for à a cusp form on M and z € b”, we define the 
Eisenstein series Ep(z, s, $) by the infinite series 


Ep(z,s,@)= OM. ó(mp(y2):l(z, P), 


yePnrTAr 
where I;(z, P) is given by Definition 10.4.5 and $ is given by (10.5.2). 


Example 10.5.4 (SL (3, Z)-Eisenstein series twisted by Maass forms) There 
are two classes of Eisenstein series twisted by Maass forms in the case of 
SL(3, Z). Let $ be a Maass form for SL(2, Z) with Fourier expansion 


y x 
$ 1 = Yan) Vy K, Qa jn ye", (x ER, y 2 D; 
1 nz 


say, as in Proposition 3.5.1 Note that, in order to conform to the notation (10.5.2), 
it is necessary to consider $ as being defined on 3 x 3 matrices. Let s = (51, 52) 
with 25; + s2 = 0, and 


l xiz. X43 ny» 
Z= 1 X23 |- yı € p^. 
1 1 


The first class of such Eisenstein series is associated with the parabolic subgroup 


* ok o 
Pais {|x x * |, 
0 0 x 


and consists of series of the form: 


Ep, s, $) = > I,(yz, Pao (mp, (v2). (10.5.5) 
ye(P2,1SL(3,Z))\SL(3,Z) 


We seek a more explicit version of (10.5.5). By Example 10.4.8, we have 
I,(z, P1) = (yiya) = Det(z)". 
It is also easy to see that 


y2 X12 0 yı 0 0 
mea z)=|0 1 o[[0 x» 0 
0 0 1 0 0 1 


Then we have the explicit representation: 


Ep, C,5,0) = b» Det(yz)' -ó(mp,,(yz)). (10.5.6) 
ye(P2,1SL(3,Z))\SL(3,Z) 
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10.6 Fourier expansion of minimal parabolic 
Eisenstein series 


Let n > 2 and consider Ep (z, S), the minimal parabolic Eisenstein series 
defined in (10.4.1). We shall first compute the Fourier coefficients of E p. (z, 5) 
as in Theorem 5.3.2.Letm = (m1, m2, ..., m, 4) € Z"-!. Then the mth Fourier 
coefficient is 


Em(Z, s) = Ep,,,(u -Z,S) Va D) d*u, 
U(Z)\U(R) 
where 
Wn (U) = e?ii Miu 2+ +Mn-iUn-,n) 
and U denotes the group of upper triangular matrices with 1s on the diagonal. 


The computation of this Fourier coefficient is based on the explicit Bruhat 
decomposition given in Proposition 10.3.6: 


GL(n,R) = |] Gu, 
weW 


where W denotes the Weyl group and 
Gy, =UDwU =UwDU, 


with U the group of upper triangular matrices with 1s on the diagonal (as 
above), and where D denotes the multiplicative group of diagonal matrices 
with non-zero determinant. Consider Pmin(Z) = Pmin O SL(n, Z). 

The minimal parabolic Eisenstein series E p (z, $) is constructed as a sum 
over the left quotient space Pmin(Z)\SL(n, Z). By the Bruhat decomposition, 
we may realize this left quotient space as a union: 


Pmin(Z)\SL(n, Z) = | ) Pmin(Z)\(SL(n, Z) N Gu). 


weW 


It is natural then, for each w € W, to study the left coset space 
Pmin(Z)\(SL(n, Z) N Gy). (10.6.1) 


We would also like to take a further quotient of (10.6.1) on the right. In Lemma 
10.6.3 we show that 


D, - (w^! à ' Pmin(Z) E w) N Pmin(Z) 
acts properly on the right on (10.6.1), so that 
Prin(Z)\(SL(n, Z) N Gu) /Tw (10.6.2) 


is a well defined double coset space. 
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Lemma 10.6.3 Thegroupl, = (w^! E Prin(Z) - w) N Pmin(Z) acts properly 
on the right on the left coset space Pmin(Z)\(SL(n, Z)N Gy). 
Proof  Foreach w € W, we introduce two additional spaces. 
Uy —(w-U-w)nU 
E (10.6.4) 
Oy = (w -'U-w)nU. 


To get a feel for these spaces, consider the example of GL (3, IR) where we have 


] x * 1 1 
Un = 1 x| AU, Uses NU, w= 1 ; 
1 * x* 1 1 
1 x o 1 1 
Uy, = 1 NU, Üs, = * 1 x| QU, w= 1], 
* ] * 1 1 
1 * 1 * 1 
U Ede 1 sU Dm 1 QU, w3=] 1 i 
1 * x* 1 1 
1 ] * * 1 
Ue | ee 1 «Eb D e 1 QU, wa= 1], 
* 1 * 1 1 
1 x 1 * 1 
Vin = 1 NU, ise = | age ae. cs emu ] 
* x 1l 1 1 
1 ] x * 1 
Uy, =| * 1 NU, Ces 1 x| NU, w= 1 
* x 1l 1 1 
1 * 1 * 
For example, Uw, = 1 and U mm ] x | . We may think of 
1 1 


Ü „ as the space opposite to U,, in U. It is clear that for each w € W, we have 
Uma sU us m rep. (10.6.5) 


Returning to the proof of our lemma, it is plain that for every w € W, the group 
I, acts on Pmin(Z)\(SL(n, Z) AO Gu) in the sense that right multiplication by 
Tu maps left cosets to left cosets. We only need to show that this action is 
proper, i.e., only the identity element acts trivially. To show this, suppose that 


yerT,- (w^! " * Pain (Z2) * w) N Pmin(Z) = U »(Z) 
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fixes the left coset Pi (Z) - b1cwb» where c € D, and without loss of generality, 
bi € U,, by EU y. 
Since 


Pmin(Z) . bicwb2 ny — Prin(Z) 4 biıcwbz, 
it follows that 


bjyb;! € U, OU» = (1). 











This proves that y must be the identity matrix and the action is proper. 





We now return to the computation of the Fourier coefficient €,,(z, s) initiated 
at the beginning of this section. In order to simplify presentation of formulae, 
we introduce the notation 


Gy = nin(Z)\(SL(n, Z) n Gy), 


with Gw = U DwU as in the Bruhat decomposition in Proposition 10.3.6. The 
Bruhat decomposition tells us that 


Pnin(Z)\SL(n, Z) = |J Gw. 
weW 
We compute, using Lemma 10.6.3, (10.6.5), and the Bruhat decomposition 
above, 


£y, 5) = $5 (yuz) sao d*u 


U (ZU qo) Y Poi D\SLO.2) 


> ya X > I I,(bycwb2£uz) Wm(u) d*u 


weW, c bjeU,(Q), bU, (Q) lel w 
"Pacta c Gus Ts UUR) 


DID ms 2 


weW, € bj€eU,(Q), bE (Q) lel y=U V (Z) 
bycwb2 € Gy / Tw 





x f I,(cwb2luz) Wm(u) d*u 


Uw(Z)\Uw(R) TO y(Z)\Uw(R) 


Xo > Wm(b2) + Is(C) 


weW, € by EUy(Q), b»eU »(Q) 
bicwb? € Gu / Tw 


x / I (wuz) Wy(u) d*u. 
U,(Z)\Uy(R) Ty (R) 


The double integral above can be explicitly computed as follows. By 
(10.6.5), every u € U(R) can be written as u = uj - u» with u € U,(IR) and 
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uz € Üa R). Clearly Ym(u1u2) = Wn(u1)Wm(u2). Since wu, = uw for some 
u € U(R), we may, therefore, write 
Is(wuz) Wm(u) d*u 
Uw(Z)\Uw(R) ÜR) 
= I, (u; wuz) Wm (Ujur) d*u; d*us. 
Uy(Z)\Uw(R) Ty R) 


- i ds dug: f L(wwuoz) Pati) d'u: (10.6.6) 
Uw(Z)\Uw(R) U,(R) 





Note that the last integral on the right-hand side of (10.6.6) will be a degenerate 
Whittaker function, as in Definition 5.10.1, if w is not the long element of the 
Weyl group. 

It is instructive to illustrate the double integral (10.6.6) with an example. We 
shall consider GL(4, R). In this case 


l x o x 
UR) = a 
1 x 
1 
For our example, we will let 
1 
1 
ES 1 
1 
In this case, 
1 ] x k x 
1 * = 1 x 
Uy (R) = , U,(R) oa , 
1 x 1 
1 1 


and the double integral (10.6.6) takes the form: 


1 ] oo oo oo oo 
f ema | S I orsus 
0 —oo J —oo J —oo J —oo 





where 
l uio Ups Uia 
1 uz 3 
, * 
U = 1 , d U = dui 2du; 3du1 du23. 
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In the special case that w — wy is the long element 
1 


Wo = x , 


1 


we have U ,,(IR) = U (IR) and Uw, (R) is trivial. In this case, the double integral 
(10.6.6) is precisely the Jacquet Whittaker function given in Section 5.5. If the 
(n — 1)-tuple m = (mi, m2, ..., m, 1) satisfies m; Æ 0 for alll €i xn-— 1l, 
i.e., the character Ym is non-degenerate, then the double integral (10.6.6) will 
vanish unless w = wp is the long element. This is because U,,(Z)\Uy(R) will 
be non-trivial and just a direct product of intervals [0, 1], so that 


Vs (1) d*u; = 0. 
Uw(Z)\Uw(R) 
In general, the integral f Wm(u1) d*u, will be either 1 or 0, while 
Uw(Z)\Uw(R) 
the other integral 
i Iy(wuoz) Wm(u2) d*u2 
UR) 


will be a Whittaker function. 


10.7? Meromorphic continuation and functional equation 
of maximal parabolic Eisenstein series 


Let us fix (for this section) the notation 


PESE eee Ses eques 
0 `. 0 1 


to be the maximal parabolic subgroup of whose elements have bottom row 
equal to (0, ..., 0, 1). Fors € C,z € b”, consider the maximal parabolic Eisen- 


stein series 


Ex(z,s) = 2-27 (>) t(ns)Ep(z, s) 


where 


Ep(z,s)= Y Det(yz)", (R(s) > 2/n), (10.7.1) 
PAD 


308 Langlands Eisenstein series 


and where Det is the determinant function on b". While it is not yet clear that 
(10.7.1) converges absolutely for N(s) > 2/n, this will follow directly from 
(10.7.4). Note that in (10.7.1), we must put yz in canonical Iwasawa form (as 
in Proposition 1.2.6) before actually taking the determinant. The meromorphic 
continuation and functional equation of Ep(z,s) can be obtained from the 
Poisson summation formula 


Y fm.» = Bec 2 fm- €27”), (10.7.2) 


meZ” 





which holds for smooth functions f : R” — C with sufficient decay at coo. 


Here 
"e 
f... f is f Fis oos peT H dt sss dits. 
EA 


In order to be able to apply (10.7.2), it is necessary to rewrite the maximal 
parabolic Eisenstein series in the form of an Epstein zeta function. This is done 
as follows. 

First note that if 


x , x 
= = r 
, (,, 1 v 5 G es "E 


then there exists p € P with y’ = py ifandonly if (a1, ..., an) = (aj, - - . , @,). 
Consequently, each coset of PXT' is uniquely determined by 7 relatively prime 
integers (a1, ..., an). 
Furthermore, 
1 yı P Yn-1 


wp Jb oc 
y zs a1 PR x. dn E yı 
ES * 
m by o ba)’ 


where 


bi = a1y1 +++ ya 
by = (a1X1,2 + a2) 1° 7: Yn-2 


bn = (a1X1,n F a2X2,n TR Og — 1 Xn—1,n it an). (10.7.3) 
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On the other hand, by the Iwasawa decomposition (Proposition 1.2.6), 
yz=t-k-rh, 


where k € O(n, R), 0 <r € R, I, denotes the n x n identity matrix, and T is 
the canonical form for the Iwasawa decomposition. By comparing norms of the 
bottom rows, which amounts to the identity (yz) - '(yz) = (tkr In) -'(rkrI4) = 
t't-r?I,, one obtains 


Bee nr. 
Consequently 


Det(yz) = Det(t) = |Det(y)| Det(z)r " 
= Det(z) [b +---+ 2] "^. 


It immediately follows that 


—ns/2 


C(ns)Ep(z,8)=Det(zy — $^ [bp +++ +A] 6.00324) 


(a1,...,an)e Z^" 


with b; given by (10.7.3) for i = 1,..., n. The right-hand side of (10.7.4) is 
termed an Epstein zeta function. We multiply by z(n5) on the left to convert 
the sum on the right to a sum over (aj, ..., an) € Z”, eliminating the relatively 
prime condition. 

Next, we utilize the Poisson summation formula (10.7.2) to show 
that Ep(z,s) has a meromorphic continuation and satisfies a functional 
equation. 


Proposition 10.7.5 The maximal parabolic Eisenstein series E p(z, s) defined 
in (10.7.1) has meromorphic continuation to all s € C and satisfies the func- 
tional equation 


E$ (z, s) := nT (>) t(ns)Ep(z, s) = ESC}, 1— s). 


Further, E}(z, s) is holomorphic except for simple poles at s = 0, 1. 
Proof Fix u > 0. For x = (x1,..., Xn) € R”, define 
fug) = eret, 


Then we have the Fourier transform f u(x) = (1/ u"/?) fu (x /u) . We shall make 
use of the Poisson summation formula (10.7.2) with this choice of function fu. 
It follows from (10.7.3), (10.7.4), and the integral representation of the Gamma 
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function that 


jo o Day [| x fu((ai, ..., an): Z) — f... 
0 (a, 


Ji Pn 
u 


x 


The proposition follows by breaking the integral into two parts: [0, 1] and 
[1, oo], and then applying the Poisson summation formula (10.7.2) just as we 
did in the proof of the functional equation of the Riemann zeta function given 
on page 1. 














10.8 The L-function associated to a minimal parabolic 
Eisenstein series 


To obtain the Fourier coefficients of the minimal parabolic Eisenstein series in 
a more precise form, we follow the method in Section 3.14. This method can 
also be used to obtain the meromorphic continuation and functional equation 
of the Eisenstein series. We compute the action of the Hecke operator (9.3.5) 
on the I-function. The I-function is an eigenfunction of all the Hecke operators, 
and the eigenvalue of the Hecke operator Tm, will give us the (m, 1,..., 1)th 
Fourier coefficient of the minimal parabolic Eisenstein series as in Theorem 
9.3.11. Although Theorem 9.3.11 is stated for Maass forms, it can be easily 
generalized to Eisenstein series. Note that this method works up to a normalizing 
factor. We shall prove the following theorem. 


Theorem 10.8.1 Let s = (s,,...,5, 1) € C^! with n > 2. Define s — 1 to 
be (sı — 1, e Spo] — H). For z € B", let E(z, s) be the minimal parabolic 
Eisenstein series (10.4.1), for T = SL(n, Z), with Fourier expansion 


E(@z,s)=Cz,s)+ M. M Y, Am, m,..., m) s) 


yeun-1(Z)\P omy =1 m=1 Mn—1 #0 





[mmo -Mnl 


sy y 
X Wisacquet ( 1 Z, S, V4. acl 


Im; 





1 


as in Section 10.6. Here C(z, s) denotes the degenerate terms in the Fourier 
expansion associated to (m,,m2,...,Mn—1) with m; =0 for some 1 <i 
x n — 1. We shall assume E(z,s) is normalized (multiplied by a suitable 
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function of s) so that A((1, 1,...,1), s) = 1. Then for mj = 1,2,3,..., 


Cl 
Aldi D, 5 c. hea 
1<c1,C2,...,CnEZ Cn—1 
II c2m Cn 
£l 


Remarks Itis easy to see that A((m, 1, 1,..., 1), s)= A(Gmi, 1, 1, ..., 1), 
5^) whenever 


L-am) = HFy-ayo(wy) (10.8.2) 


for some fixed w in the Weyl group of GL(n, R) and all diagonal matrices 
y as in (5.9.1). This is due to the fact that the action of the Weyl group on 
the group of diagonal matrices just permutes the diagonal elements so that the 
sum over | < cj, C2, ..., c, € Z does not change. We shall show that E(z, s) 
is actually an eigenfunction of the Hecke operators. The Hecke relations in 
Section 9.3 imply that if A((p^, 1, 1, ..., 1), s) satisfies the functional equation 
s — s’ for s,s’ given by (10.8.2) and all primes p and all k = 1, 2, ..., then 
A((mi, mo, ..., m, 1), s) must also satisfy the functional equations (10.8.2) 


for all mi, m5, ..., my 1 € Z"!. It immediately follows from Theorem 5.9.8 
j-l 
that for sj; = (15, 44; — D/2, we have 


i= 


— 1 1 
E*(z,s)= I] I] 2 up G + s) CC + 25;4)0EG, 8$) — C(z, s)) 


j=l jsksn-1 


= E*(z,s’) (10.8.3) 


for all s, s' satisfying (10.8.2) It may also be shown that C (z, s) satisfies these 
same functional equations. 


Proof of Theorem 10.8.1 ^ Recall the definition (see also (5.1.1)), 


n—ln-l 


I,(z) = I] I] ybi 


i=l j=l 
with 
ij ifitj<n, 
(n—i)(n—j) tfitj =n. 


bij = 
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For m; > 1, we compute, using (9.3.5), 


Cy C12 ++ Cla 
1 C2 M es C2.n 
Tn, Iz) = qa] 5 I; . " Z 
mı n *s " 
[I c 2m 
é=1 Cn 
O<cie<ce(l<i<£l<n) 
al 
1 Fe 
= —-0D/2 yx I; : H5) 
m; n Cu—1 
Il c2mi 
é=1 Cn 
O<cie <ce 1 <i <l<n) 
C1 
2v 2 ` 
ic1- LÍ 
= N M e be - d.) 
n i= Cg— 
T Lors i=} n—l 
é=1 Cg 
C1 
= » In * -I;(z) 
n C em 
T eec n—1 
é=1 Cn 


= A((m, 1,..., 1), 5) - Is(z). 


This computation shows that /,(z) is an eigenfunction of the Hecke operators 
Tm, with eigenvalue A((m,, 1,..., 1), s). We shall next show that this implies 
that E(z, s) is also an eigenfunction of T,,, with the same eigenvalue. 

Let Sm, denote the set of matrices 


Ci C12 -^^ Clan 
C2 $e. C2,n 
Cn 


where [| ce = miandO < cie < ce 1 <i «£z n). 

£1 
Lemma 10.8.4 For m, = 1,2,3,..., there exists a one-to-one correspon- 
dence between Sm, x SL(n, Z) and SL(n, Z) x Sm,- 


Proof It follows from the Hermite normal form, Theorem 3.11.1, that for any 
a’ € Sm y' e SL(n, Z), there exists a unique a € Sm, and y € SL(n, Z) such 
that y'a = ay. The result follows easily from this. 
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It is a consequence of Lemma 10.8.4 that for every a € Smi, y € Py M" 
there exists a unique a’ € $,,, y' € Pmin\T such that ay = y'a’. It now 
follows from the definition of the action of the Hecke operator (9.3.5) and 
the definition of the minimal parabolic Eisenstein series (10.4.1) that for 
m; —1,2,3,..., 


—(n—1)/2 
fugae V Se MC) 


HES, y € Prin VN 


=m" No dz) 


Yy€PmuigM «e$, 
culo tbe Cuv. O day 
Y € Puis V 
= A(mi, 1, 1, ..., 1,5): Ep (Z 5). 


This proves that Ep... (z, s) is an eigenfunction of the Hecke operators. The 
proof of Theorem 10.8.1 is an immediate consequence of Theorem 9.3.11. 
Note that although we only proved Theorem 9.3.11 for Maass forms, it can be 
easily generalized to Eisenstein series. 














Let n > 2. Fr v = (vj,..., v )) e C"! z e b”, let E,(z) = E p, V) 
denote the minimal parabolic Eisenstein series (10.4.1). Finally, we are now in 
a position to compute the L-function associated to E,, denoted Lz, (s), just as 
we did in Section 3.14 for the Eisenstein series on SL(2, Z). It follows from 
Theorem 10.8.1 that 


Lg, (s) = Ya » Ia 
m=1 





Cn-1 
1<c1,C2,...,Cn EZ Em 
n 
II cc=m 1 
4-1 
CIC Cy 
m 
oo 
= ) m^ ) Ix j 
Cy Cg-2€ 
m=1 1<c},...,Cn-1€Z bathe ded 
n—-1 m 
IT ce|m 1 
p 
€i 
m 
oo oo oo . 
—s f. 
= oats MCI +++ Ch Y DT 
3,72, Delmer + ent Li us 
c1—1 Cp-1=1 m=1 WES 
1 
(10.8.5) 


The above computation immediately implies the following theorem. 
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Theorem 10.8.6 (L-function associated to minimal parabolic Eisenstein 
series) For n > 2, let E,(z) = Ep,,,(z, v) denote the minimal parabolic Eisen- 
stein series (10.4.1). Then there exist functions X; : C"! > C, satisfying 
MRA (W)) = 0 if R(v;) = 1 (i —1,...,n — 1), such that the L-function associ- 
ated to E, is just a product of shifted Riemann zeta functions of the form 


Le,(s) =| [os — a). 
i=l 
Furthermore, L g, (s) satisfies the functional equation 
Gg, (s)Lg, (s) 2 Gg, (1 — s)Lg, (1 — s), 
where 
z s-AjQ) sS — Ai(v Ep s — Ai(v 
Gz,(s) = e^ r (=) =~? [Jr (=) : 

and É, is the dual Eisenstein series as in Section 9.2. 


We tabulate Lz, (5) for the cases n = 2, 3, 4, respectively: 


(s+ JHC v+) (f n = 2) 


C(st-vi + 2v2 — 1)¢ (s — 2v1 — vo + D£(s + vi — vo), Gfn = 3) 


3 3 
(sme meos JHC 3v — 2v2 ui) 








1 1 
xe (stu—2— vt 5) remm m5), f n = 4). 
For example, in the last case (n = 4) we have 
3 
A1(v) = z7 v — 2v — 3v3, 


3 
A2(v) = 3v1 + 2v2 + v4 — 7 


1 
A3(v) = —vi + 2v2 + v3 — 7 


1 
à4(v) = —vi — 2v2 + 03 + 2 


Remark 10.8.7 The functions A; (i = 1,...,7) are uniquely determined 
by (10.8.5).1t is easy to see that A,(v) = ((n — 1)/2) — v; — 2v . 
— (n — l1)v,-,. Theorem 10.8.6 is very important. It provides a template for 
all future functional equations. The reader can immediately check that when 
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n = 3 the functional equation of Lg, (s) given above is identical to the func- 
tional equation of a GL (3)-Maass form of type v obtained in Theorem 6.5.15. 
This is not an accident. In fact, the functional equation of Lg, (s) will always 
be identical to the functional equation of a symmetric Maass form of type v 
because the Whittaker functions in the Fourier expansion of the Maass form 
will match up exactly with the Whittaker functions of the Eisenstein series. 
The formal proof of the functional equation only uses the analytic properties of 
the Whittaker functions. The proof is entirely independent of the values of the 
arithmetic Fourier coefficients. 


How to use Theorem 10.8.6 as a template for functionalequations. Let 
us consider the example of twisting a Maass form by a primitive Dirichlet 
character x (mod q). Its L-function will have the same functional equation as 
the L-function associated to the Eisenstein series E, twisted by x which will 
simply be 


n—l 


Lz,(s, x) = | [L6 - 50. x). 


i=l 
Now, the functional equation of the Dirichlet L-function L(s, x) is (see 
(Davenport, 1974)) 


(s+ax)/2 s+a T 
as o = (2) e (FB) 16, 0 Aasa, 
T 2 i*x /q 
where t(x) denotes the Gauss sum in (7.1.1). It immediately follows that 
Lg,(s, X) satisfies the functional equation 








n 


n(sc-ay)/2 = Xi 
Assos (D) ir (HEA) ee o 


i-l 
t(x) V" : 
E Ag (1— s, X). 
(= 2) gu — s X) 
This illustrates the method of obtaining functional equations of Maass forms 


of various types by carefully examining the template arising from the case of 
minimal parabolic Eisenstein series. 





10.9 Fourier coefficients of Eisenstein series twisted 
by Maass forms 


The method presented in Section 10.8 for obtaining the Fourier coefficients of 
minimal parabolic Eisenstein series easily extends to more general Eisenstein 
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series which are associated to an arbitrary standard parabolic subgroup P. This 
is due to the fact that such an Eisenstein series as given in Definition 10.4.7 can 
actually be written in the form 


Ep@,s)= M Iz 


ye(PnPAT 
for suitable s’ as explained in the discussion just prior to Lemma 10.4.6. It 
follows as in Theorem 10.8.1 that the normalized (mı, 1, 1, ..., 1)th Fourier 


coefficient of E p(z, s) is just 


C1 


1<c},C2,...,CnEZ Cn—1 
n 


II cm Cn 
£l 


We now consider the more complex situation of Eisenstein series twisted 
by Maass forms of lower rank as in Section 10.5. Fix a parabolic subgroup 


P=P,,...n, associated to the partition n =n, +---+n,, with r > 2. Let 
o = ($1, ..., @,) be a set of r Maass forms where each 4; is a Maass form of 
type A! = (Qj. ..., A, € C7! @=1,...,1r) for SL(n;, Z), as in Defini- 
tion 5.1.3. 


We shall show, in the next two propositions, that the Langlands Eisen- 
stein series Ep(z, s, $), given in Definition 10.5.3, is an eigenfunction of both 
the Hecke operators for SL(n, Z), as in (9.3.5), and the invariant differen- 
tial operators on GL(n, IR), as in Proposition 2.3.3 provided $ is a Hecke 
eigenform, i.e., each ¢; is an eigenfunction of the SL(n;, Z) Hecke operators. 
These properties allow one to obtain the meromorphic continuation and func- 
tional equation for the non-degenerate part of the Eisenstein series E p(z, s, $), 
just as we did previously in Section 10.8 for the minimal parabolic Eisenstein 
series. 

Recall that a smooth function F : 5" — C is of type v € C"-! if it is an 
eigenfunction of all the invariant differential operators (see Section 2.3) with 
the same eigenvalues as the function /,. In this regard, see also Definition 5.1.3. 


Proposition 10.9.1 Forr > 2, let P = P, n, bea standard parabolic sub- 
group associated to the partition n =n, +---+n,. Let à = (h1,..., br) be 
a set of r Maass forms where each à; is a Maass form for SL(ni, Z) of 
type Al. Then for s = (s1, ...,5,) € C”, the Eisenstein series E p(z, s, @) is an 
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eigenfunction of type à + s' where s' € C"! is such that 


Iy(z) = [ [Det(m,,(2))” 


i-l 


a 
for all z € B", and X € C" is such that | | $;(m,,(z)) is of type A. 

i=l 
Proof Since the invariant differential operators commute with the action of 
GL (n, R), it is enough to check that 


] [6:/(m 6) - Det(m, ©)", (10.9.2) 


j=l 


the generating function of the Eisenstein series, is an eigenfunction. This will 
be the case because each Maass form 4j is a linear combination of Whittaker 
functions W,;(z') of type A! with z/ € B", where 


Wyi(z') = f ly (wn uz!) y; Qu) d*u 
Uy, R) 


is a Jacquet Whittaker function, for some character y; of U„, (R), as in (5.5.1). 
Here w,, is the long element of the Weyl group for GL(n;, IR). 
Wn, 
Wn, 
Now, for w = : ; 


Wn 


r 


[I Ww (rm, ©) Det(m,, 0)" 


i-l 


-H f D; (m,,(wuz)) Yiu) - Det(m,,(z))" d 


x Up, R) 


-H f lj (m, (Qwuz)) V; Q0 yilu) - Det(m,,(wuz))” d *u, 


=) ga 


since Det(wu) = 1. Itimmediately follows that the above, and hence, (10.9.2) is 


n-l 
an eigenfunction because it is obtained from |] M^ for suitable a1, a2, ..., An—1 


t=1 
by integrating a set of left translates. To show that E p (z, s, 6) is an eigenfunction 
of type à + s’ one uses the fact that I, (z) - Is (z) = Iz). 
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Proposition 10.9.3 With the notation of Proposition 10.9.1, let E p(z, s, $) be 
a Langlands Eisenstein series for SL(n, Z). Let s = (sj, ...,5,) € C” satisfy 
nS, +---+n,5, = 0. Assume that $ is a Hecke eigenform, and let T, denote 
the Hecke operator given in (9.5.5). Then for m = 1,2,3,..., 


Tm Ep(z, S, 9) = Am(S)  Ep(z, s, Q) 


where 
sitn Ast Sr+nr 
Am(s)= J, AEDA) Arle) CUI CUP opt, 
1<C1,C2 m C, eZ 
1C? C, 2m 


where ni = 0, and n; = ni + na 4---- -- niji for i > 1. In the above Aj(C;) 

denotes the eigenvalue of the SL(n;, Z) Hecke operator Tc, acting on hi which 

may also be viewed as the (Cj, 1, 1, .. ., 1th Fourier coefficient of Qj. 
——— 


nj —1 terms 


Proof Form — 1,2,..., we compute, as in the proof of Theorem 10.8.1: 


T, | [bi (Mn: ©) - Det(m,,(2))” 
i=l 


= m2 ST gi (my,(cz)) Det(m,,(cy))" — 0094) 
n i-l 
II ce=m 


£-1 
O<ci,¢<ce (1&i «£xn) 


where 
Cy C12 57^. Chan 
C) Con 
c= 
Cn 
Note that 


My, (CZ) = Mn, (C) - My, (2). 
Define n; = ni +n2+---+n;-; with the convention that nı = 0. Then for 
each į = 1,2,...,r, we have 





Cyl Cnil, +2 °° Oni +l nisi 
Cri +2 UCO Cg 
my (cy) = 
Crist 
Y1y2°** Yn—nji-1 
yiy2-°: Yn—nj —2 
x . 


Y1Y2*** Yn=nis1 
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To complete the proof, we rewrite the sum on the right-hand side of 
(10.9.4) so that for each 1 < i < r, the sum turns into the local Hecke operator 
for SL(n;,IR) acting on ¢;. This can be done as follows. Introduce r inte- 
gers 1 < C1, C5, ... C, satisfying C1C5--- C, = [| ce = m. Then (10.9.4) is 


£-1 
equal to 


r 


m "-»? 5 I] (Tc, $i (mn, (z))) i gm ` Det(m,, o)” 
CıC2--C,=m i=l 


= mU? 3  [[A«26(m,G): C^" - Det(m,,0))". 


CiC5?-C,-m i-l 


where Tc, denotes the Hecke operator on  SL(m;,Z) and 
Ni = ny +n +: +i ifi > 1 while nı = 0. 














Propositions 10.9.1 and 10.9.3 allow one to show that the non-degenerate 
terms in the Whittaker expansion of general Langlands Eisenstein series for 
SL(n, Z) with n > 2 have a meromorphic continuation and satisfy the same 
functional equation as the Whittaker functions that occur in the Fourier— 
Whittaker expansion. 


10.10 The constant term 


Forn,r > 2, let P = P,,...,, be the standard parabolic subgroup of GL(n, IR) 
associated to the partition n = nı +--+ n,. Let $ = ($1, ..., 6) be a set of 
r Maass forms where for i = 1, 2,...,7, each $; is automorphic for SL(n;, Z). 


Let s = (S1, ..., 5$) € C" with y» nisi = 0. We are interested in determin- 


i=l 
ing the constant term (in the Fourier expansion) of the Langlands Eisenstein 
series 


Ep(s,z.6)= >> [J ¢i(m,,(vz)) -Det(m,,(yz))” (0.10.1) 


ye(PAP)\P i=l 


as in Definition 10.5.3. In (Langlands, 1966), the concept of the Fourier expan- 
sion along an arbitrary parabolic is introduced for the first time. This is a 
more general notion than the usual constant term and is required for the 
Langlands spectral decomposition. We shall now define this more general con- 
stant term. 
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Definition 10.10.2 (Constant term along an arbitrary parabolic) Con- 
sider, E p(s, z, $), a Langlands Eisenstein series as in (10.10.1).Let P' be any 
parabolic subgroup of GL(n, R) with Langlands decomposition P' = N'M' 
as in (10.4.4). Then the constant term of Ep along the parabolic P' is given 
by 


Ep(nz, s, Q) d*n, 
N'(ZAN'(R) 
where N'(Z) = SL(n, Z) N N'(R). 


Theorem 10.10.3 (Langlands) The constant term of Ep along a parabolic 
P' is zero if P has lower rank than P' or if P and P' have the same rank but 
are not associate (as in Definition 10.1.4). 


Proof We compute, for P(Z) = P T with T = SL(n, Z), 


Ep(uz, s, ġ) d'u 


N'(ZAN'(R) 
; 
mc UN J ] [9i (Mn: (vuz) - Det(m,,(yuz))" d*u 
y€P(ZAT NOWR) i=1 
; 
4 Ss. yn / JIo: (™,(rn'uz)) 
y€eP(GZAT/N'(Z) n'eN'(Z) i=1 


N'(ZAN'(R) 
x Det(m;, (yn'uz))" d*u 


] [6 (man uz) 
(Pay) wawa) I7 
x Det(m, (yuz))" d*u (10.10.4) 


y eP(ZAT/N'(Z) 


because 
P(Z)y N'(Z)u, = P(Z)y N'(Z)uz 


if and only if u1u5! € N'(Z) N (y! P(Z)y). 
Now, by the Bruhat decomposition (see Propositions 10.3.2, 10.3.6), each 


y € PZNAT/N'(Z) 


can be expressed in the form y = wy’ where w is in the Weyl group and 
y’ € B,(Z)\N'(Z). Making this replacement, a typical term in the sum on the 
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right-hand side of (10.10.4) will be of the form 


Í I] Qi (mn, Qwy'uz)) - Det(m,, (wy'uz))" d*u, 
i=l 


(yw P@wy'AN'D)\ N/R) 


which after changing variables u — y" luy! becomes 


Jj I] Qi (m, (wuy’z)) . Det(m„, (wuy'z))" d*u. 
i=l 


(W P(Z)w) WN) \ N' 8) 
Following Langlands, we define 
°N = (M/A) N (uN'w^)). 
Then the above integral becomes 


j J [Té (ms, Qn wuz)) 


i-l 
((w-! P(Z)w) n N' Q2) N o1 N'G)w) wa ^ NODVINQ) 


x Det(m,, (ui wuz))" d*u, d*u. 


Since $ is a cusp form, the inner integral vanishes unless °N is the identity and 
this will only happen if P and P’ are associate with w € Q(P, P"). 














10.11 The constant term of SL(3, Z) Eisenstein series 
twisted by SL (2, Z)-Maass forms 


There are two maximal parabolic subgroups for GL(3, IR). They are P, 2 and 
P5,,asin Example 10.1.2. The maximal parabolic Eisenstein series, associated 
to P21, twisted by an SL(2, Z) Maass form @, as given in (10.5.5), takes the 
explicit form: 





Ep,,(z,8,6) = > (Xi»x)écn|. (10.1.1) 
yePa\P i 
1 X2 X3 yi 92 
where I = SL(3, Z), z = 1 x yı , With z2 = x» + iy», 


1 1 
and the slash operator |, denotes the action of y on z. 
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Proposition 10.11.2 The constant terms of the Eisenstein series E p, (z, s, $) 
given in (10.11.1) n the various parabolic subgroups take the form: 


11 ji 
Hel uj |z,s,ġ | duiduodus = 0, 
0 0 1 
11 A 
/ i Ep ||. 1 m | 28,6) didus = 202Y br), 
0 0 1 
11 is. d 

s 2-25 Ap — 1) 
feed z, s, 0 | duodus = 2y] ^y? yoy eb 
0 0 


where 





AQ RUD C + =) r C + = =) Ej 


(with e 2 Qor 1 DH as @ is even or odd), is the completed L-function of 
the Maass form $ (of type 3 + ir) as in Proposition 3.13.5, and where 
o Js- i if $ is even 
3s+ 3 if is odd. 














Proof Omitted. 


10.12 An application of the theory of Eisenstein series to 
the non-vanishing of L-functions on the line 9t(s) = 1 


The prime number theorem (Davenport, 1974) states that 7 (x), the number of 
primes less than x, is asymptotic to x/log x as x — oo. A key ingredient to the 
analytic proof of the prime number theorem is the fact that the Riemann zeta 
function ¢(s) does not vanish on the line 91(s) = 1. In (Jacquet and Shalika, 
1976/77), a new proof of the non-vanishing of ¢ (s) on the line (s) = 1 was 
obtained. This proof had two very interesting features. 


* [t made use of the theory of Eisenstein series. 
* The proof could be vastly generalized. 


Recently, Sarnak (2004), Gelbart, Lapid and Sarnak (2004) obtained explicit 
zero—free regions for general automorphic L-functions by use of the Jacquet- 
Shalika method. We shall now present a short exposition of this method by 
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considering the classical case of GL(2) and then the not so classical case of 
GL(3). 


Non-vanishing of ¢(s) on (s) = 1 Recall the Fourier expansion, given 
in Theorem 3.1.8, of the SL(2, Z) Eisenstein series 


2n° y s—i minx 
ZENY Y orani K, Cry) 


pu 1—s 
E(z, s) =y + $ó(s)y * l(s)£Qs) n0 





where 
mar 3IO D mare 
" = , Os n) = , 
I'(s) £s) T 
d>0 
and 
kie 1 [ete t, 


If £(1 + ito) = 0 for some tọ € R, then one easily sees that if 
E*(z, s) = t ^F(s)£Qs)E(z, s) = E*(z, 1 — s), 


then E* (z, (1 + to)/2) must be a non-constant Maass form of type 1 + i This 
is because the constant term of the Eisenstein series E*(z, s) will vanish when 
s = (1 + 19)/2. It is easy to show that E* (z, (1 + t9)/2) is non-constant, in 
particular non-zero, because the sum: 


26 eas (mn? K, Qr |n] ye? 
nz 


will be non-zero high in the cusp. The key point is that an Eisenstein series can 
never be a cusp form because Eisenstein series are orthogonal to cusp forms, 


so the inner product 
lf l-ct 
E | *, tho ,E | x, ti 
2 2 


would have to be zero. This contradicts the fact that E (x, (1 + to)/2) is not iden- 
tically zero. Since we have obtained a contradiction, our original assumption: 
that €(s) vanished on the line R(s) = 1, must be false! 








Non-vanishing of G L(2) L-functions on the line R(s) = 1 The argument 
described above can be vastly generalized. We shall give another example based 
on Proposition 10.11.2. Let $ be a Maass form for SL(2, Z) with associated 
L-function Lg(s). Let Ag(A) denote the completed L-function as in Proposition 
10.11.2, and define E>, GG; 5,0) — AQ)EP, (z, s, $). If Lg(s) vanishes on 
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9i(s) = 1, then there exists a special value of s such that Ep, C s, $) will bea 
Maass form for SL(3, Z), i.e., its constant term will vanish. One again obtains 
a contradiction by taking the inner product of E* with itself. 


10.13 Langlands spectral decomposition for SL(3, Z) 5? 


We conclude this chapter with the Langlands spectral decomposition for the spe- 
cial case of SL(3, Z). In order to state the main result succinctly, we introduce 
the following notation. Let u;, (j = 0, 1, 2, ...) denote a basis of normalized 
Maass forms for SL(2, Z) with z € p. Here uo is the constant function, and 
each uj; is normalized to have Petersson norm one. For each j = 0, 1, 2,..., 
and s € C, define 


Ej(z, 8) := Ep, ,(z, 8, uj) 


as in (10.11.1). We also define for s1, s2 € C, the minimal parabolic Eisenstein 
series 


EG, 8, 82) :— E pa, (81, 52)) 


as in (10.4.1). The following theorem generalizes Selberg’s spectral decompo- 
sition given in Section 3.16. We follow the proof of M. Thillainatesan and thank 
her for allowing us to incorporate it here. 


Theorem 10.13.1 (Langlands spectral decomposition) Assume that 
$ € CXSL(, Z5?) is orthogonal to the residues of all the Eisenstein series 
and is of sufficiently rapid decay that (6, E) converges absolutely for all the 
Eisenstein series E. Then the function 


1 
$() — ap |, meh Be s sns, 


1 oo 
ET. "NC Ej(*, s)) Ej(z, s) ds, 


is a cusp form for SL(3, Z). 


Proof Let f(z) be an arbitrary automorphic form on 5?. We shall adopt the 
simplifying notation that fo,o denotes the constant term of f along the minimal 
parabolic, f2,; denotes the constant term of f along the maximal parabolic P» ;, 
and fj,» denotes the constant term along P ». In order to prove the Langlands 
spectral decomposition theorem for SL(3, Z), it is necesssary to show that 
the following identities (10.13.2), (10.13.3), (10.13.4) hold for a Maass form 
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p € C(SLQ, ZB. 


1 
olz) = ———; H ($, E(*, s1, 52)) Eoo(Z, 51,52) dsidso. — (10.13.2) 
(4zi) 


8) 


Note that E j.o9(z, s) = O for j > 1 by Theorem 10.10.3. 
1 
ġa) = zrl T ($, EC, 81, $2)) E21, 81, 52) dsıds2 
ATI Ji» Ja» 


: S) ($, Ej(*,8)) Eja. s)ds, — (10.13.3) 
G 


2i “= 
1 
br) =e |, J, (6. Ee sis) EnG si s dnd 
(4i) (4) 4) 
3 3 


1 oo 
= > ($, Eji, s)) Eji12(2, s) ds. — (10.13.4) 
j=0 (3) 

The idea of the proof is to embed b? in b? and show that $», is invariant under 
SL, Z) with this embedding. Then, we use a GL(2) spectral decomposition 
of 21 $ 

Following (Garrett, 2002), for z € 5? = SL(3, R)/SO(, R), we can write: 


1 0 x 0 l//| 0 0 
z2 [01 x 32 wj 0 1/Jl o0], 
0 0 1 0 0 1 0 0 1 


where x1, x3, | € R and | > 0. Note that z; € b? = SL(2, R)/SO(2, R). 

It can be shown that the constant term $»;, as a function of z2, is invariant 
under y € SL(2, Z) and has constant term $oo. So already the proof of the main 
theorem is reduced to showing (10.13.3) and (10.13.4). 

In the proof of (10.13.3) and (10.13.4) we will need to know ($, E) for each 
of the Eisenstein series that we have defined. We begin by calculating ($, E) 
for the minimal parabolic Eisenstein series. 


Lemma 10.13.5 We have 
(6, E(x, $1, 52)) = boo(2s1 + 52 — 2, 51 + 252 — 2), 
where Qoo is the double Mellin transform of the constant term poo. 


The proof of Lemma 10.13.5 is fairly straightforward and we will omit it. We 
will, however, give the calculation of ($, E ;(*, 5)). It is part of our assumption 


326 Langlands Eisenstein series 


that the integral converges absolutely. 
($, Ej(*,5)) = f $() E ;(z, s) d*z, 
TNB? 


f, T (z) y” y3 uj(z2) d*z. 
21 


With the previous notation, / is given by y? y» = D. As in Section 1.6, we have 
the following change of coordinates. 


P3 V5? = SLQ,Z)NS? x (R/ZY x [0 <1 < oo], 
and 
3 dl 
d*z = 5 I? d*z; dxadxi T 


Continuing the calculation gives 


x 3 oo 1 1 a dl 
CHE c f | f / $(2) 9 ajay) d*z; dx, dx, ©, 
2Jo Jo Jo l 


SL(2,Z)\b2 
3 Eo dl 
= Í $212, D) D? u;(22) d*za T 
SL(2,Z)\ b? 
af 4 dl 
ae f Bietan 7 E. 
2 Jo l 


The above calculation proves the following Lemma 10.13.6. When we use the 
notation of Garrett (2002), we will write $21(z5, I) for œ21 (2). 


Lemma 10.13.6 For R(s)> 1, 


> De 
(6, Ej(*, 5)) = 3 008 — 3), 
where @;(s) is the Mellin transform of 


aj) = (21C, D, uj). 


As observed earlier, the constant term 2; considered as a function of z2, 
has a Selberg spectral expansion. We have given a proof in Section 3.16 of the 
Selberg (SL(2, Z)) spectral decomposition using Mellin transforms. Then 


oo 


1 
$212, L) =) (gail, l), uj) uj(Z2)+ a | e D), E(x, v)) E(Z2, v) dv, 


j-0 


where E(z, s) is the GL (2) Eisenstein series. 
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Note that if we apply Mellin inversion to the results of Lemma 10.13.6 and 
by our assumptions move the line of integration to G), we have the following. 


aj(l) = ($16, D, uj) = = (6, Ej, 5) P ds. — (10.13.7) 


Now we can put this together with the spectral decomposition of ¢21(Z2, I) 
to get 


1 oo 
baea Do 7 Y f(b, Ej m P eds 
Wl = 4 (3) 


1 
er par ($216, D), E(x, v)) E(z2, v) dv. 
TI NG) 


Make the change of variable s — 1 — s inthe first integral. Then the equation 
above becomes: 


1 oo 
$215, l) = Df o E ;(x, 5)) P^ uj(z2) ds 
j-0 4G 


PEET (bo (x, D, E(x, v)) E(z2, v) dv. (10.13.8) 
4ri G) 


We shall need to use Proposition 10.11.2 on the Fourier expansion of the 
maximal parabolic Eisenstein series. It follows that we can rewrite (10.13.8) in 
the form 


daD = n A (6, Ej(*, 5)) Ej: E2, l, s) ds 


+ ul (bai (, D), E(x, v)) E(z2, v) dv. (10.13.9) 
4ri d) 


Let us now assume the following proposition, whose proof will be deferred 
to later. 


Proposition 10.13.10 We have 
Agri 
G) 


"ull $, EG, $1, $2)) Ezi(2, l, 51, 52) dsıds2. 
DH 


1 
a; | ene n £6. v)) E(z2, v) dv 
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Using the above proposition, we can rewrite (10.13.9) in the form 


1 oo 
dul) = — Br E j(*, $)) Eja, s) ds 





ff $, E(x, 51, 52)) Ex162, $1, 82) d s1d so. 
GG 
This proves (10.13.3). This is almost the end because (10.13.4) is proved 


using (10.13.3) and a few properties of Eisenstein series. On GL (3), there is an 
involution which preserves the Iwasawa form. The involution ' is defined by 


1 
tz = w'z™! w, where w= 1 . (10.13.11) 
1 


* un y 


For any automorphic form $(z), we can define another automorphic form, 
also on SL(3, Z), denoted $(z) given by 


$(z) = $(). (10.13.12) 


We let É ;(z, s) = E;(z, s). Itis easy to show that E(z, s1, 52) = E(z, s2, 54). 
It follows that $5; (z) = $15(z) and $1;(*z) = $21 (z). So, applying (10.13.3) 
to $ gives 


ónC)- 2H Ej, s)) Ej21G, s) ds 





ff È, EG, s1, 82)) Eri(z, 81, 52) dsıds2. 
do 


tum 
Since $»i(z) = $12(z), it follows that: 


du) = P» b, Ej, s) Ejailz,s)ds 


+a (Ani if 6, E(x, S1, $2)) Ez (z, S1, 55) d s1d s5. 
G )d ) 


It is easy to see that (6, V) = ($, v). It follows that (@, Ej(*,s)) = 
(o, É j C5. S)). Also, we have the following equalities: 


(6, EG, 51, $2)) = ($, EG s1, 52)) = ($, EC, 52,51). 
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From these statements, we can continue the calculation of $5(z). 


].. «e " ~ 
p(z) = zem > je. Ej, $)) Ej,12(z, 5) ds 
ni J 
(3) 
1 
+ aus | | 6 Bo 90.50) EnG msan. 
GG) 


Lets — 1— s in the first integral. Then 


t= p 
be) = 5 5 [m Ē (x, 1— s)) Éj 122,1 — s)ds 


tuus If ob, E(*, 82, 81)) E12(2, 82, 81) ds;ds5. (10.13.13) 
GG 


Now, the maximal Eisenstein series has the functional equation: 
É (z, 1 — s) = 0(s) Ej(z, s), 


where 
A; — 1) 


0(s) — Aj) 


The coefficients in L ;(v) are real since they come from the Hecke form uj, so 
we know that 6(s) = 0(s). Applying these observations to (10.13.13) gives 


= Lo 0(s E É 1 d 
oul) Lii i (5)(b, Ej(*, s)) Ej 2z, 1 — s) ds 
G) 


Dus ax] f $, E(x, s2, 51)) E12(Z, 82, 51) dsidso, 
GG 


1 oo 
$122) = axi ($, Ej, s)) Ej 12, s) ds 
mi 


a 
— 


1 
2 


E 53) E , 52) ds dsa. 
a (Azi ax] f $, EC, 81, 52)) E122, 81, $2) dd s2 
G )d ) 











This proves (10.13.4), thus proving the main Theorem 10.13.1. 
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Proof of Proposition 10.13.10 It still remains to prove Proposition 10.13.10. 
Let us define for 3i(v4) >> 1 and R(v2) > 1, 


E*G,v, v) 22 M. Qi») EG» v) 
Yy€PaN" 


, 


y 





a series which is a rearrangement of the terms of the minimal parabolic Eisen- 
stein series. We can see this as follows. For R(s1), R(s2) > 1, 


, 


T 25 mc 51 +259 
E(Z, 81,52) = X MI X2 














yeTAT Y 

rs X ^ 2si1--s2...514-(52/2)4-352/2 

= yı Yo , 
YP oo\P Y 


ES 5 (yZy2) 81 +(52/2) ae 


BET oo\Pa1 4€ PT? 





po 


It was shown in Chapter 6 that the function detz — y? y2, is invariant under 
P € P3. So, det Bz = detz. 

Previously we had dropped the dependence of n in the notation, but to avoid 
confusion we need to introduce n in the notation. Thus T(n) = SL(n, Z) and 
l'as (n) is the set of upper-triangular matrices in $ L(n, Z) with 1s on the diagonal. 


E(z, 51, 52) = » (yy erum y yn 








aeP21\T(3) BET (3)\Pai Bla 
s1+(s2/2) 382 
=2 $, i)” UE (s. X 
we Px1\T(3) a 





$2 355 
—E* ; re e ee 
(z sı + 2! 2 ) 


In the above we have used L'55(3)V P5; = l'o0(2)\SL(2, Z), a fact which is easy 
to prove and also follows as a special case of Lemma 5.3.13. 

Now, we will drop the dependence of the notation on n. To prove the proposi- 
tion, we want to calculate the following inner product, in the region of absolute 


convergence of E*(z, vi, v2). In a manner similar to the calculation of Lemma 
10.13.6, we have 


($, E*(*, vi, U2)) = $() E*(z, vi, V2) d'z 
TW? 


= $(z) E*(z, vi, v2) d*z, 
TW? 
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oo 1 1 
=3 f f / l PEY y IEG, v) 
0 0 0 


SL(2,Z)\b? 


dl 
x d*z5 dxa dx, T’ 
ii 3v,-3 * dl 
=3 gai (Z2, DI? E(z5, v2) d'z» T’ 
SLQ,ZNS: 


E = 3v —3 dl 
=3 ($2166, D), E x, v2) ^ T 
0 
Let a(l) = ($21C*, D), E(x, v2)), then we have just shown that 
($, E*G*, vi, v)) = 3á(3vi — 3). 


If we take the inverse Mellin transform of @(v), then for some o >> 0 we 
have 


1 
a(l) = | ü(v)l^" dv, 
201 (0) 


3 
= —— a(3v, — 3) D?" qu, 
2mi (o) 


201 


1 
= | (h, E* (x, Vj, v2)) P7" du. 
G) 


In the last step we have used the assumption that $ is orthogonal to all the 
residues of the Eisenstein series to move the line to Ji(vi) = i 
We have just shown that 


1 
(pa D, EC, TD) = > I (6, E* (x, U7, v3) P?" dvi. (10.13.14) 
G) 


Recall that we want to show 


1 
= / ODER EC AE 
Tl 
G) 
1 


= aus | | 6 56 E51(2, 1, 81, 82) ds1d s5. 


GG) 
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Using (10.13.14), we have that the left-hand side of the above is 


1 
LHS = Ani I ($216*, I), E(x, v2)) E(z2, v2) dv», 
EF) 


: Dr =v 
= xxm]. b (b, E*(x, vj, v2)) PO" E(z5, vj) dv dv», 
dà J 
1 
= sarap |, f, Penn nam 
2 2 
where we have let v; > 1 — vi. Note that /? = y2y». So, 
f vU v: 
LHS = 20niy INA E*(x, vi, 02) y?" y?! E(z5, v2) dvidv. 
2 2 


Now let v; = s; + (s2/2) and v; = 3525/2. From the definition of E*(z, vi, v2), 
we get the following. 
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3 514- (52/2) 
LHS = ——— , E(x, S1, 2y ITS E [ z,, — | dsidss. 
Oni? INK (x, 51,52) (Y12) 22,  dsidso 
(10.13.15) 


Using the fact that 5 (z», L) is invariant under S L(2, Z) and so has a Fourier 
expansion, it is easy to show that for any form ®(z), 


Pal) = 3 0o), 


nez 
where 
foci 1 u us 
to = [ i f o O 1 uij[z]e(—niu, — nouz) duidu»2dus. 
o Jo Jo 0 0 1 


We will need some results from (Bump, 1984) and will use the notation from 
there. In (Bump, 1984), it is shown that the expansion of Eo,, is the sum of 
three Whittaker functions indexed by w € V, where V isa certain subset of the 
Weyl group W. (In the notation of (Bump, 1984), V = (wi, w2, w4).) So, 


1 
Eo, 81 82) = 5 9 dun, si 5) Wy E, w). (10.13.16) 


weV 


Using the expansion of the GL (2) Eisenstein series, it is easy to show that 
the factor (y2y5)'* 9/2 E (z2, 382/2) which appears in (10.13.15) is exactly: 


Se 3s 1 N 
(y?y) ums (=. X) -5 X an(n, 51, S2) Weer W»). 


nez 
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Now in (10.13.15), we will divide the integral into three parts and in each 
part let (s1, 52) — (u(s;), u(s2)) for u € U. We choose the subset U of W in 
such a way as to get the sum over u to give us Eo, (z, 51, 52). We can do this 
because the Whittaker functions have certain transformation properties. We 
will be interested in the transformation of Wer 55) (z, w2) under the action of the 
Weyl group on (s1, s2); specifically for w € V, there exists a u € U depending 
on w, such that 


Wig ONG) = Be Won E, w). (10.13.17) 
Recall that w € V are those that appear in the expansion of E21. 


LHS 


= E ; 51 , Wer »52) sido. 
p? se hd ($, EG, $1, $2)) aw, (1, 51, 52) (z, w2)dsıds2 


=} M uw an J fi (Q, EC, u(s1), U(s2))) aw; Qt, uri), us2)) 


neZ ucU 
OG) 


x Wei (z, w) dsids,, 


1 
=> oar Jj / (Q, Ee, u(s1), u(s2))) aw; Qt, ui), us) 


neZweV ie 
(32() 
x B" WS”) (z, w)dsidss. 


Also note that at Ji(s;) = i we have 9t(u(s;)) = i. 
From Bump again, we can show that for any w € W, 


E(z, w(s1), w(s2)) = qu Gi, $2)E Z, S1, 52) 


for some Yy independent of z. This is done as follows. First, let us define, as in 
(Bump, 1984), the function G(z, s1, s2) in the following way. 


G(z, 51,52) = B (si, 82) E(z, $1, $2), 





where 
£(3s1) £352) tOsi 4-352 — D). (351 382 
B(s1, $2) = Agr 9514352 -1/2 r( 2 ) | 2 ) 
CON. MERE 
XT (AS) E(z, 81,52). 


Now from (Bump, 1984), we know that G(z, s1, 52) is invariant under the 
action of the Weyl group on the pair (s1, s2). In particular, it follows, 


B(w(s1), w(s2)) E(z, w(s1), w(s2)) = B(s1, $2)E(z, 51, 52). (10.13.18) 
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B(s1, $2) {6 (s RM 
So, Qu (S1, 52) = ———— — —— ——.. From the definition B(s,, s2) = B(s1, 52). 
B(w(s1), w(s2)) 


At 2(s;) = 1, we have that 3; = $ — s; and 3t(w(s;)) = 1. It follows that at 
RG) = 4. 


B (i-i e) 








Pw(S1, 52) = B (2 — w(s}), Z z w(s2)) 
Consequently, 
— $81, A = s2) 
LHŞ = = Sam E (6, E(*, 51, 82)) - X 2 PE G-a $ — u(s2)) 


Rs; = 


X dy, Qt, u(51), U(s2)) BY Wie? (z, w)dsidso. 











To prove the proposition, it remains to show the following. 





Lemma 10.13.19 The constant term E»1(z, 51, 82), of the Eisenstein series 
E(z, S1, S2) is 


2 
Eo\(z, 81,52) = = DDE Pean 


2 a wev B (5 u(sı), 3 3c u(s2)) 


Sik See ee 





Proof We have defined coefficients a, (n, 51, 52) in (10.13.16) such that 
En(z, 51,52) = 23 X` aw(n, s1, 52) Wis E, w). — (10.13.20) 
2 ci weV 


By the linear independence of these Whittaker functions, we are reduced to 
showing that 

2 2 
B(3—-5.$—») 


B(3 — u(s)). $ — u(sp)) 





dy (Nn, 51,52) = Aw, (n, u(s1), U(s2)) B, 


(10.13.21) 
where u depends on w as noted in (10.13.17). 


The proof of the above lemma will follow if we put all the definitions and 
transformation properties together. We can write equation (10.13.18) using the 
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expansion (10.13.16). So for any u € U, we have the equalities below. 
B(s1, 82) 
B(u(s1), u(s2)) 


FSi) (51,52) 
2 BUG ua) ^ veh 80 Was av) 


E5(2,51,52) = E1(z, u(s1), u(s2)) 


veV 
= 3 ay(n, u(1), (2) Wo e" (s, w). 
weV 
Now if we consider this last equality along with the transformation property 
yos en. w2) = BY Woe, w) 
and use the fact that the Whittaker functions are linearly independent, we get 
the equality: 
B(s1, 52) 
B (usi), u(s2)) 
= ay (n, (51), u(52) By, WEL? (z, w). 


ay(n, S1, s wE? (z, w) 


So, 
B (s1, 52) 
B(u(s1), u(s2)) 
Now (10.13.21) reduces to showing that 
B(u5)u65) — B($-s.$—s) 
B(s\,52) B ($ — (5), $ — u(s2)) 


ay (n, S1, 82) = ay, (n, u(si), u(s2)) Bj. (10.13.22) 





(10.13.23) 


To prove this and to finish the proof of the lemma, we have to show that the 
product 


B( )B 2 2 
$1, $2 3 $1, 3 $2 


is invariant under the action of the Weyl group on (s1, s2). Since 


2 2 
B(s1, 52) B g^ eg com 


is a product of six gamma functions and six zeta functions and since the quan- 
tities 
351, 38, 38, +3s2— 1, 2-—35,;, 2-352, 3-35, — 352 


are permuted by the Weyl group, this completes the proof of Lemma 10.13.19 
and Proposition 10.13.10. 
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GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


BruhatC Vector 
BlockMatrix 
KloostermanCompatibility 
LanglandsIFun 
MPEisensteinGamma 
MPEisensteinSeries 
MPExteriorPowerLFun 
MPSymmetricPowerLFun 


BruhatForm 
KloostermanBruhatCell 
LanglandsForm 
LongElement 
MPEisensteinLambdas 
MPExteriorPowerGamma 
MPExteriorPowerGamma 
ParabolicQ 


11 


Poincaré series and Kloosterman sums 


Poincaré series and Kloosterman sums associated to the group SL(3, Z) were 
introduced and studied in (Bump, Friedberg and Goldfeld, 1988) following the 
point of view of Selberg (1965). A very nice exposition of the GL(2) theory 
is given in (Cogdell and Piatetski-Shapiro, 1990). The method was first gen- 
eralized to GL(n) in (Friedberg, 1987), (Stevens, 1987). In (Bump, Friedberg 
and Goldfeld, 1988) it is shown that the SL(3, Z) Kloosterman sums are hyper 
Kloosterman sums associated to suitable algebraic varieties. Non-trivial bounds 
were obtained by using Hensel's lemma and Deligne's estimates for hyper- 
Kloosterman sums (Deligne, 1974) in (Larsen, 1988), and later (Dabrowski 
and Fisher, 1997) improved these bounds by also using methods from algebraic 
geometry following (Deligne, 1974). Sharp bounds for special types of Kloost- 
erman sums were also obtained in (Friedberg, 1987a,c). In (Dabrowski, 1993), 
the theory of Kloosterman sums over Chevalley groups is developed. Impor- 
tant applications of the theory of GL(n) Kloosterman sums were obtained in 
(Jacquet, 2004b) (see also (Ye, 1998)). 

Another fundamental direction for research in the theory of Poincaré series 
and Kloosterman sums was motivated by the GL(2) Kuznetsov trace formula, 
(see (Kuznecov, 1980) and also (Bruggeman, 1978)). Generalizations of the 
Kuznetsov trace formula to GL (n), with n > 3 were obtained in (Friedberg, 
1987), (Goldfeld, 1987), (Ye, 2000), but they have not yet proved useful for 
analytic number theory. The chapter concludes with a new version of the GL(n) 
Kuznetsov trace formula derived by Xiaoqing Li. 


11.1 Poincaré series for SL(n, Z) 


Let n > 2 and let s = (51,...,54 1) € C"-!. Fix a character w of the upper 
triangular unipotent group U, (IR) of n x n matrices with coefficients in IR and 
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1s on the diagonal. Note that for fixed integers m, m2, ..., m, 4, the character 
w may be defined by 
Vi edu ccu) em PPM meten) (11.1.1) 
where 
1 Un—-1 
1 Un—2 
u= tug C € U,(R). 
1 uj 
1 


The Poincaré series is constructed from the following functions: 


* The I,(z)-function given in (5.1.1). 
* A bounded function: ey : 5" — C which is characterized by the property: 


ey (uz) = Y(u)ey (z) 
for all u € U,(R), and z € b”. Such functions are termed e-functions. 


Definition 11.1.2 (Poincaré series) For n> 2, let s € C"-!, and fix an e- 
function e(z) as above. Then the Poincaré series for Y = SL(n, Z), denoted 
P (z, s, ey), is formally given by 


P(z,s,ey):= OM. Is(yz)ey(yz). 
y EUn (Z)\T 
Remark Since ey is bounded on 5", it easily follows from Proposition 10.4.3 
that the infinite series above defining the Poincaré series converges absolutely 
and uniformly on compact subsets of h” provided 91(s;) is sufficiently large for 
every i = 1,2,...,n— 1. 


The Poincaré series is characterized by a very useful property. The inner 
product of the Poincaré series with a Maass form will give a certain Mellin 
transform of an individual Fourier coefficient of the Maass form. This is made 
explicit in the following proposition. 


Proposition 11.1.3 Let $ be a Maass form for SL(n, Z) with Fourier expan- 
sion given by 





$z) = Noe S S CAST) 


n—1 
yeU A DNSLUI-LZ) m=1 maa=] mm sA0 TT |m" 
k=1 


x Whacquet (w * q jj Z, V, Visa =) , 
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as in (9.1.2). Then ($, P(*, s, ey)) is equal to 


Ami, ..., m, f 
TI Imt- og 
k=1 

Proof By the usual unfolding argument, we have 
($, P(x, s, ey) 
= | 0O PEs az 


rw" 


n-l d ; 
- f $GyYeyO) : Pma) | | ax] Xem 


AN e 
where we have used the explicit measure d*z given in Theorem 1.6.1. The inner 


dx-integral picks off the (m1, ..., m, .)th Fourier coefficient, and the result 
follows. 
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The Fourier expansion of the Poincaré series can be computed in the same way 
the Fourier expansion was computed for minimal parabolic Eisenstein series 
in Section 10.6. Note that if the e-function is the constant function, then the 
Poincaré series is just an Eisenstein series. The Fourier expansion involves 
certain Kloosterman sums which we shall forthwith define. 

Let W, denote the Weyl group of GL (n, IR). In Section 10.3 we established 
the Bruhat decomposition 


GL(n, R) = U G; (where Gu = U w D„Un), 


weWm, 


and D, denotes the subgroup of diagonal matrices in GL (n, R). We let U,(Z) 
denote the matrices in U, with integer coefficients. Let c1, ..., Cn—1 be non-zero 
integers, and set 


1/cn-1 
Cn—1/Cn—2 
c= "ul (11.2.1) 


c2/¢1 
Cl 


We adopt the notation: T = SL(n, Z) and Fy = (w^! -'U,(Z)- w) NU, (Z). 
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Definition 11.2.2 (Kloosterman sums) Fix w € W,,c € D, as in (11.2.1), 
and y, V! characters of U, as in (11.1.1). The SL(n, Z) Kloosterman sum is 
defined by 


Sy, V^, c) = ) V (bi) V (bz), 
y € U.(ZATOGwu/ Tw 
y = bicwb; 


provided this sum is well defined, (i.e., it is independent of the choice of Bruhat 
decomposition for y ). Otherwise, the Kloosterman sum is defined to be zero. 


Example 11.2.3 (SL (2, Z) (Kloosterman sum) In this example, 
-1 
. (S 0 |. (9 -1 (Y *\_ 
a), wal), Bee oe 


The Kloosterman sum is based on the Bruhat decomposition. It is convenient 


1 / 
to set b; — ( ! A » b, = ( 1 c ) In this case, the Bruhat decom- 








+1 
position says that every y € SL(2, Z), y Æ ( 0 2) can be written in the 
form 
jo 1 Bf =1\/1 boa 
1 C1 1 1 

_ (bi ib- D/a 

2m C1 b 
where 


bibs =1 (mod ci). 
The SL (2, Z) Kloosterman sum takes the form 


; 1 be Q((Y ba 
NUS fes «(( )» (( )). 


(mod c1) 
bibi =1 (mod cı) 
(11.2.4) 


If we let M, N € Z such that 


1 u miMu 1 1 u zu ziNu 
"(Symm vq =o 
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then the Kloosterman sum in (11.2.4) can be written in the more traditional form 





mi MB+NB 
Sut d^ o: sMNe)- Yo 75875 00125 
_B (mod cj) 
BB=1 (mod cı) 


Example 11.2.6 (SL(3, Z) long element Kloosterman sum) This example 
is taken from (Bump, Friedberg and Goldfeld, 1988). Let 


1/c2 —1 l x* x 
c= €5/ C1 ,w= 1 gale 1 x | =U;3(Z). 
Ei 1 1 
Here w is the so-called long element in the Weyl group. Set 
1 œ c5 1 Bo fs 
bı = 1 o; | eUs(Q), b, = 1 Bi | € U3(Q). 
1 1 
We are interested in determining when an element 
4,1 012. 013 
Y=] 1 a2 a3] € SLG,Z) 
43,1 432 43,3 
has the Bruhat decomposition 
y = bhcwhp. (11.2.7) 


It follows from Proposition 10.3.6 that (11.2.7) holds if 


cı = 43,1 £0, C2 = 47,203,1 — 42,103,2 #0. (11.2.8) 
With this choice of c1, c2, the identity (11.2.7) implies that y must be equal to 





2,143,209 1 42,103,202 B1 
3,103 42500 — — m — + 43,10382  d2302B| —  — B+ C103 fs 
a2,143,2 42,103,2 P1 
C101 a2 — = cf 2,281 — So + e101 B3 
€i cio c1B3 


One may use this to systematically solve for the coefficients of b, and b2. In 
this manner, one obtains 


: 22 011032 aii 
1 C101,2 mm m 
- 21 
b= 1 ms 
1 
252 253 
bow Gi 
by = Lou. m |. (11.2.9) 


c2 


1 
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For M = (Mi, M3) € Z, N = (N1, N2) € Z’, let us define two characters 
wa, Wn by 


— „2mi(Miu;+M2u2) — 2n i(N1u14-N2u5) 
Wulu) =e Wn) =e 
1 U2 U3 
where u = 1 uy, | € UR). 
1 


It follows from (11.2.7), (11.2.8), (11.2.9) that the long element Kloosterman 
sum takes the form 


Su (y, VN , c) 
Mja2ı , M2(c141,2—41,143,2) 2 [295 3—42,143,3) | d 


= > E q t uo ]. 27 EZ "CE oe 


421,032. (mod ci) 
c1a2,3—a2,143,3 (mod c?) 
€1412—411d32 (mod c2) 








subject to the constraint that there exist integers a1,2, 41,3, 42,2 such that 
€1(41,242,3 —41,382,2)2- 43,2 (d1,342,1 — 41,142,3) + 43,3 (41,1425 — 41,2424) =1, 


i.e., that Det(y) = 1. 

It is important to determine the compatibility conditions for which Kloost- 
erman sums are well defined and non-zero. The following proposition is taken 
from (Friedberg, 1987). 


Proposition 11.2.10 (Compatibility condition)  Fixn > 2. The Kloosterman 
sum Sy (wy, Y’, c) given in Definition 11.2.2 is well defined if and only if 


V(cwuw !) = y'(u) 


for all u € (w-! U,(R)w) N U,(R). Hence the Kloosterman sum is non-zero 
only in this case. 














Proof See Lemma 10.6.3. 


Definition 11.2.11 (Kloosterman zeta function) Fix n > 2. Let v, y' be 
two characters of U,(IR), c of the form (11.2.1), and Sy(w, v, c) the Kloost- 
erman sum as in Definition 11.2.2. Let s = (s1,...,54.1) € C”! with 9t(s;) 
sufficiently large for all i = 1,...,n — 1. The Kloosterman zeta function, 
Z(w, W, s) is defined by the absolutely convergent series 


ZEE xe e EE 


c1-1 cepe Cn-1 
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Remarks The Kloosterman zeta function was first introduced, for the case of 
GL(2), in (Selberg, 1965) who showed the meromorphic continuation in s and 
the existence of infinitely many simple poles on the line 3i(s) = 5 occurring at 
the eigenvalues of the Laplacian. Selberg used Weil’s bound for GL(2) Kloost- 
erman sums to deduce that the Kloosterman zeta function converged absolutely 
in the region N(s) > 3. He was able to immediately deduce from this the bound 
> + for the lowest eigenvalue of the Laplacian (see (Selberg, 1965)). 


For 3i(s) > i + €, it was shown in (Goldfeld and Sarnak, 1983) that the 


Kloosterman zeta function is 
Isl? 
O al 
9s) — 5 


Such results have not been obtained for higher-rank Kloosterman zeta functions. 
This would constitute an important research problem. 


11.3 Plücker coordinates and the explicit evaluation of 
Kloosterman sums 


Definition 11.3.1 (Plücker coordinates) Letg € GL(n,R)withn > 2.The 
Plücker coordinates of g are the n — 1 row vectors pı, ... , py 1, where, for each 
1Izkzn-—lpoe Rit) consists of every possible k x k minor formed with 
the bottom k rows of the matrix g. 


As an example, consider 


81,1 812 81,3 
S=] 821 $22 $823| € GLG,R). 
$331 832 $33 


Then the Plücker coordinates are 


01 = (834, 832. 83,3} 
pz = {82183,2 —234822. 22183, — 83182, 82,283,3 — 83222,3]- 


The key theorem needed for the evaluation of Kloosterman sums is the 
following (see (Friedberg, 1987)). 


Theorem 11.3.2. Letn > 2.Ifg € SL(n, R), anecessary and sufficient condi- 
tion for the coset of g in U,(Z)NSL (n, R) to contain a representative in S L(n, Z) 
is that each of the rows py (with 1 < k < n — 1) of Plücker coordinates of g 
consist of coprime integers. 
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Proof It is convenient to have a notation for the minors that occur in the 
Plücker coordinates. Fix n > 2. For 1 < k < n — 1, let £; denote the set of all 
k-element subsets of (1, 2,..., n} with the lexicographical ordering <, where 


CAE 36 post] 


if £1 < £^. If the first elements are equal, but only in that case, you look at the 
second and compare them, whichever is higher, and that is the “greater” set. One 
continues naturally in this manner obtaining an ordering which is analogous to 
alphabetical order. Then the set £% can be used to index the minors that occur 
in the Plücker coordinate pp. For example, if (£1, ..., £x} € Ly, then we may 
consider the minor formed with the columns £1, ..., £4. 

For each k with 1 < k < n — 1, we may list the elements of £4, (in some 
order) as follows: 


NE {ae X | 
+1 k,l» +». ELR 
, 9 w(t) 
with 
Aki = Ups Cab brii «ua «oo < Ek. 


This allows us to index the coordinates of R^? by £,;U---UL,_1. Next, 
define Y C R?' to be the affine algebraic set of all 


isse Via Wis oa umen a VER? (11.3.3) 
satisfying 
VA 
Vago 
€ Image(T), (11.3.4) 
e(t) 


for all 1 < k «n—1, where T = (t; j) (with 1 <i <(,41), 1x jxmis 
the linear transformation 

—1y-lwu,. in ifj = Le © Àkis 

tij = ( ) Àki—lJj) J iau ki (11.3.5) 

0 otherwise. 
Here A4; is a set of k integers and àg, — {jJ} means to delete the element j 
from the set A, ;. Note also that the linear transformation T maps IR" to R” 
by simple left matrix multiplication of T on an n-dimensional column vector 
in R”. Thus, given coordinates v; (with A € L+) we see that (11.3.4), (11.3.5) 
gives a condition which allows us to see which v, (with A € £44) occur. 
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For example, if 75 —3, then V is given by the set of all 
[v1, V2, V3, V1 2, V1,3, V2,3) Subject to the constraint that 


Vi v —M 0 
V1.3 € Image V3 0 =v ; 
V2.3 0 V3 —v2 


i.e., such that 
31,2 — V2V1,3 + V1V2,3 = 0. 
We now consider the map M : GL(n, R) > R*’~? given by 
M(g) := (Mi(g) | à € L1 U ++- U £i), 


where for à = (£1, ..., £x}, the function M,(g) denotes the k x k minor formed 
from the bottom k rows and columns £1, ..., £4. 

The first step in the proof of Theorem 11.3.2 is to show that the above map 
M : GL(n, R) > R?' induces a bijection from U, (IRJNG L(n, IR) to 


Vı := [v € V | v; £0 for some à € £,.1]. 


To see this, note that the map M factors through U, (IRJNG L (n, IR). Furthermore, 
condition (11.3.4) holds for M (g) since M;(g) can be computed for A € £x in 
terms of M;/(g) with’ € £y 1 foralll < k < n, by expanding the determinant 
along the top row. Since Det(g) Z 0 it follows that M maps into Vi. Now 
given v € Vi, the condition (11.3.4) guarantees that there exists an (n — 1) x n 
matrix with appropriate minors. Since v; 4 0 for some A € £,. 1, this can be 
completed to a matrix g € GL(n, R) with image v. Consequently, the map 
M is onto Vj. It remains to show that the map M : U,(R)VGL(n, R) > Vj is 
injective. 
To see this, note first that by Proposition 10.3.6, if 


1 dA ADS aP} 


Mi(g) = 
d 0 otherwise, 


where AU = (n, n — l,...,n — i+ 1} for 1 <i <n-—1, then g must lie in 
U, (IR). Suppose that M(g) = M(h). Then for any A = {€),..., £44] € £y we 
have by Proposition 10.3.6 that 


—1 —1 
& (e1) ^: ^g C) ^en ^ A CH 


—h(e)^c AR (eua) A ee, ^s A eg. 
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Hence 


M;(gh e, ACA, = g e A+++ A glen ^ h leg, A+++ A h^ ley, 
—hdee ^e Ah ten Ah le, ^e ^h le, 


m ^A eng A ee, ^c AEn. 
It follows that 


wens! tS 
acl E eer 


and, therefore, U,(R)g = U,(R)A. 
We now complete the proof of Theorem 11.3.2. Let 


V= {ve V | € Zforall a, ged(v, | à € Ly) = 1forl xk x n— 1]. 


It is enough to show that the map M : U,,(Z)\SL(n, Z) — V» is surjective. It 
follows from the previous arguments that given v € V2, there exists a matrix 
g € GL(n, R) with the desired minors. We must show that the coset U,,(R)g 
contains an integral element. Let p; € Z satisfy 


> PrMi(g) = 1, (l<k <n). 
AEL, 


It follows from this and Proposition 10.3.6 that 


Yo pagea)A Ag (eu) = M. bien nenen, 013.6 
AELk AELk 
A={b1,... b} A={E1,.-.£k} 


where b; € R and b, 4.4... 
Next, define a matrix h determined by the identities 


e1 ^c A € A (ej) = e ^c A Esa A glei), (11.3.7) 
and 
€ ^c A ej ANG) ^ejg ^c ^ es (11.3.8) 
=e, ^c Neja Ahle) A = pag (en) ^-^ 8 (eu, ;) " 
NEL nj 


forall <i <n, 1< j <n—1.Then/Aisann x n matrix with integer coef- 
ficients since each entry is a sum of minors of g multiplied by the integers p,. 
It remains to show that h € SL(n, Z) and M(g) = M(h), so it suffices to show 
that Ag^! € U,(IR). 
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Now (11.3.7) implies that 


n—i 
h(ei) = g(ei) + Y ajie; (11.3.9) 
j=l 
for aj; € R. If we substitute this in (11.3.8) with j < n, it then follows from 
(11.3.6) that 


dajie ^c: ACh = J bi € ^ Neji ^ gei) ^ en ^s ^ €p, j. 
A€£a-j 
AALI+1,....n} 


Define u = (mij) by hg! 


(11.3.9) that 


= I + n. Since (I + w)g = h, it follows from 


dajie ^c: Nen = €0 Ac A eji ^ Hg(ei) ^ ej41 fxev X (11.3.10) 


for! <i <n, 1< j <n-—1. By comparing (11.3.9), (11.3.10), we obtain 


5 Ski hjk = ye ba &mi(E1)a, 
k=l 





where g(e;) = >> g ji€j, and m means that the term m is omitted. In particular, 
IL jk = 0 when j > k, which is what was required. 














The Plücker relations are defined by a set of quadratic forms in the bottom row 
based minor determinants of any n x n matrix in GL (n, IR). These forms have 
coefficients +1. They must vanish if the values assigned to symbols representing 
the minor determinants come from any square matrix. The number of Plücker 
relations grows rapidly with n, because each j x j sub-matrix, with elements 
chosen from the bottom j rows and any j columns, also gives rise to a set of 
relationships of the given type. In dimension 2 there are no relationships and in 
dimension 3 just one, the Cramer's rule relationship vı v23 — v5vi3 + vavi? = 0. 
(Here v;, where A is an ordered subset of (1, 2, ..., n}, is used to represent the 
minor determinant based on the bottom |A| rows and the columns indexed by 
the elements of à.) 





Example 11.3.11 (GL(4) Plücker relations) I would like to thank Kevin 
Broughan for this example in which ten relations for dimension n = 4 are 
derived. 


(i) The simplest relation is obtained by expanding the matrix using the bottom 
row-based minors of size n — 1 along the bottom row. By Cramer's rule we 
obtain 


(7D! vi v4 + (71) vv + (7 1) va viaa + (71) *vavias = 0. 
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(ii) Now let the rows of a fixed but arbitrary 4 x 4 matrix be represented by 
the vectors a1, a2, a3, a4. Then because for all vectors v, v ^ v = 0: 


0 = (a3 ^ a4) ^ (da ^ d4) =Q e} ^ €2 ^ €3 ^ €4, 


where the e; are the standard unit vectors and o is a real constant with value 
V12U34 — V24V13 + V14V23, Which is therefore 0. 


(iii) The relation v24v123 + v12v234 — v23v124 = O will now be derived. First 
expand the wedge product of the bottom two rows: 


a3 ^ a4 = V12€61 ^ €2 + Vis€1 ^ €3 + Viger ^ 84 
+ V93€2 ^ €3 + V240€5 ^ €4 + Va4€3 ^ €4. 
Then 
a3 ^ d4 = €2 ^ (—Vi2€1 + Vo3€3 + Vo4€4) 
+ V13€4 ^ €3 + V14€4 ^ €4 + Va4€3 ^ €4 
—e3^o0-1, 
say, where o is a 1-form and 7 a 2-form with e not appearing. Then 
d2 ^ a3 ^ d4 = V123€1 ^ €2 ^ €3 + V234€2 ^ €3 ^ €4 + V124€1 A €2 A €4 
so 
a2 ^ a3 ^ a4 ^ C = (Va4V123 + V12V234 — V23V124)€1 A €2 ^ €3 ^ eg + 0 
= À e} ^ €2 ^ €3 ^ €4. 


Since each term of 7 has two of (ei, e3, e4) and each term of w one of this 
set we can write 
n ^ € = (Vi2V34 — Vo4V43 + V14V23)e1 ^ €3 ^ e4 = 0 
by the relation derived in (ii) above. 
But then 
a2 ^ d3 ^ d4 ^ @ = a ^ (a3 ^ d4) ^ D 
=A Ale AN0+4+N) AW 
=a A(nAo)=0, 
so, therefore, A = 0, and we get 24123 + V12V234 — V23Vi24 = Q. 


Three similar relationships are derived by factoring out in turn each of the 
unit vectors ej, e3 and e4. 


(iv) The four remaining relations are obtained by applying the dimension 3 
relations to each of the four subsets of (1, 2, 3, 4) of column numbers of size 3. 
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Example 11.3.12 (The w =(, , ^') Kloosterman sum) This example was 


n-l 


first worked out in (Friedberg, 1987). For w — ( fis = ), we have 





1 x 0 
Uy := (wlU,(R)w)N U,(R) = 
1 


It follows from Proposition 11.2.10 (brute force computation) that the Kloost- 
erman sum is non-zero only when ci|co, C2|C3,..-, Cn—2|Cn—1- 

Next, we show that the map M : GL(n, R) > R"~? arising in the proof of 
Theorem 11.3.2, composed with projection, gives a bijection between the sets 


[y €U,(Z)\SL(, Z) Y G,/Ty | diag(y) = c] 
and 


-1 
S = [Qu vias sinu) € Z'7 | vy (mod c1), vci (od c)... 





pend 


with co = 1. 

To see the bijection, note that the image of M composed with projection 
is contained in S, since Det(y) = 1 implies that the relative primality condi- 
tions must hold. Further, the map is one-to-one because the information in S 
determines all minors of the form 


M Xo nY) i «k (mod cj) 


yao Lys 


Since the remaining M; (y) are determined by Proposition 10.3.6 it follows that 
the map is one-to-one. As for surjectivity, it suffices to show that the point in 
V arising from a point of S is actually in V2. This follows by induction since 
gd[v, , — | 0xizk-1] = —. 
nds zm 


The above bijection can be used to prove 
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Theorem 11.3.13 Let n > 2 and define M = (Mi,..., M,.), and N= 
(Ni, ..., N41) to be two (n — l)-tuples of integers. Let Wy, Wn be two 
characters of U, (R), as in (11.1.1), determined by the conditions 


Van = enin sa Mn) Wy (u) = eni (Nun sa Nai) 





for all u € U,(R). Let c be given by (11.2.1), and assume w = (i a ). Sup- 


n-l 


pose that ci|co| - - - |c4 1 and 


Mi+1Cn—iCn-i-2 


2 
n—i—1 


fori 21,2,...,n—2 with co = 1. Then 


N; = (11.3.14) 


C 





( MiXaci „ Moxa-iXn-2 Q0, Mn-1%277 MM) 

S(Vu, VN. c) = J er GE: acea 5 7t am t a), 
x; (mod cj) 
Gi, ci/ci-1)-l 


where x;X; = 1 (mod cj/cj-i) for 1 x i € n — 1. 


Remark The compatibility condition of Proposition 11.2.10 implies the 
divisibility criterion c;|ca| - - - |c4 1 together with the identitities (11.3.14). 


11.4 Properties of Kloosterman sums 


We now proceed to determine some of the more important properties of the 
Kloosterman sums. 


Proposition 11.4.1 Let n>2 and define M=(M,,...,My-\), and 
N =(N,..., Nn-1) to be two (n — 1)-tuples of integers. Let Wy, Yy be two 
characters of U,(R), as in (11.1.1), determined by the conditions 


Vau) = grins a Mua) Vw) = giri Ones a Na) 
for all u € U,(R). Let w be in the Weyl group of GL(n, Z), let c be given by 


(11.2.1), and assume that the Kloosterman sum S, (Vy , Yy, c) is well defined. 
Then its value depends only on 


Mj (mod cj), and N; (mod c,.j), 
fori 21,2,...,n— 1. 


Proof Itis clear that the proposition holds for the long element Kloosterman 
sum. For non-zero integers c1, ..., C4 1, let U (c1, ..., c4 1) denote the group 


U(ci, ..., Cn—1) = {u € U,(R) | Cili € Z}, 


where u is as in (11.1.1). Then, by the use of Cramer's rule, one may show that 
any y € SL(n, Z)  G, has Bruhat decompositions y = bicwb» = bi cwb, 
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where 
by € U(cy 1, ..., C1), b, € U(ci,... Cn). 


By choosing the appropriate one of the above decompositions when evaluating 
the Kloosterman sum, the result follows. 














Proposition 11.4.2 (Multiplicativity condition) Fix > 2, and let Ym, Vw 
be characters of U,(R) as in Proposition 11.4.1. Let 


l/esi 
Cn—1/Cn—2 
c= F 
€2/ C1 
C1 
/ 
l/c, | 
à / 
Ca—1/Cn-2 
c= 
NA £: 
c/c, 
NA 
€i 
with positive integers c1, 4, ..., Cy 4, C, 4. Let w be in the Weyl group of 


GL (n, R). Then there exist characters Vw, Yy" of Un (R) such that 
Sua WN, cC) = Swim, Vis ©): Sw, Wn, C). 


Proof This was first proved for n = 3 in (Bump, Friedberg and Goldfeld, 
1988). See (Friedberg, 1987), (Stevens, 1987) for the proof. 














It was shown in (Friedberg, 1987) that the Kloosterman sums S, (Wm, Vw, c) 
are non-zero only if w is of the form 


I ig 

where the J; are k x k identity matrices and i, +- -- + ię = n. It was further 
shown in (Friedberg, 1987) that if w, is the long element and, in addition, 
C1, ...,Cs-| are pairwise coprime, then the long element Kloosterman sum 
Su, (Vu, Yn, c) factors into GL(2) Kloosterman sums. 

In the special case that c1, c2, ..., Cn—1 are all suitable powers of a fixed 
prime p, then the Kloosterman sum S, (Vy, Vw, c), with c given by (11.2.1), 
will be associated to an algebraic variety defined over the finite field F, of p 
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elements. By use of a deep theorem of Deligne (1977), on bounds for hyper 
Kloosterman sums of type 


Y Que ) 


Xpex,-l 
xi €F p, (i—1,... n) 


it is proven in (Friedberg, 1987) (see also Theorem 11.3.13) that for 


a 1 
ner I4 i 


(Suhu, Yn, =O | “PPP TT peine 
kd , J 


P\Cn-1 
Phe; 


then forall 1 < j € n — 1, 


11.5 Fourier expansion of Poincaré series 


Let n > 2,z € "^, s € C"-1, and, y a character of U, (IR) as in (11.1.1). Con- 
sider an e-function, ey : b" — C, which is a bounded function characterized 
by the property that 
ey (uz) = W(ujey(z) 
for all u € U,(IR), and z € D". 
Let 


P(z, s, ey) := p» I5(y z)eyQyz) 


y eU. CZAT 
be a Poincaré series for SL(n, Z) as in Definition 11.1.2. The main goal of this 
section is an explicit computation of the N = (N1,..., N41) € Z^—! Fourier 
coefficient 
P(uz, s, €y)Wn(u)d*u, (11.5.1) 
U,CZNU,Q) 
with 
1 Un—-1 
1 Un—2 Hj 
u = hy iu € U,(R), 
1 uy 
1 
d*u = I] du; j and wy (u) = g^ Nit usi Nai). 
l<i<j<n —— 


The computation of (11.5.1) requires some additional notation. 
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Definition 11.5.2 Fix n > 2. We define the group V, of diagonal matrices: 


Ui 
V, = v= ES vi 
Un 





FIYI <i € n, Det) = | [w = 14. 


Definition 11.5.3 Fix n > 2. Let v : U,(R) — C bea character of U, (R) as 
in (11.1.1). Then for any v € V,, we define a new character V" : U,(R) > C 
by the condition 


V" (u) = v(v uv) = y(uv), 
for all u € U,(R). 


We are now ready to state and prove the main theorem of this section which 
was first proved in (Bump, Friedberg and Goldfeld, 1988) for n — 3, and then 
more generally in (Friedberg, 1987). 


Theorem 11.5.4 (Fourier coefficient of Poincaré series) Fix n > 2, and let 

—(Mi,..., My), N =(Nj,..., Nu) € Z”! Then, for Y = Wy, and 
9t(s;) sufficiently large (i = 1,...,n — 1), the Fourier coefficient (11.5.1) is 
given by 








M 


x X Su(Vae Wh, c) Ju(z Ves Vs 6 
I cs M e Il N ) 


Cn-1=1 
where Sy (Vy , Wy, c) is the Kloosterman sum as in Definition 11.2.2, and 
Jules ou, ds e) = f I, Gruz) e, (wcuz) YG du, 
Tw(R) 
with c given by (11.2.1) and U,,(R) = (w-! U,(R)w) N U, (R) as in (10.6.4). 


Proof It follows from (11.5.1) and the definition of the Poincaré series that 





f Puz seminm@du= f EN I(yuz)ey, (yuz)yu (u)d*u. 


Un(Z)\Un(R) U, (ZAU, R) Y SUNT 


The sum over y € U,(Z)AT on the right above may be rewritten using the 
Bruhat decomposition (see Section 11.2) after taking an additional quotient by 
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V„ as in Definition 11.5.2. In this manner, one obtains 


ye 


y EUn (ZE w€W, v€V, y eU, (ZN(G,)/ Vn 
Choose a set of representatives Ry for U,(Z)N(T N Gw)/Vinl y with 
Ty = (w^! -'U,(Z)-w)NU,Z), 


as before. By Proposition 10.3.6, for every y € Rw, we may choose a Bruhat 
decomposition 


y = bycwb», bi, b2 € U,(Q), 
and c as in (11.2.1). In an anologous manner, we may rewrite 
Un(Z)\Un(R) Uw@Uw(R) Üs ZUR) 


with U», Ū w as in (10.6.4), (10.6.5). The result follows after several computa- 
tions such as those preceding and including (10.6.6). 














11.6 Kuznetsov's trace formula for SL(n, Z) 


Kuznetsov's trace formula for $L(2, Z) was established by Kuznetsov and first 
published by him in (Kuznecov, 1980). The Kuznetsov trace formula was also 
written up by Bruggeman (1978). Later on, it was systematically developed and 
heavily used by Iwaniec and his collaborators to: 


* extend Bombieri’s mean value theorem on primes to large moduli (see 
(Bombieri, Friedlander and Iwaniec, 1987)); 

* achieve subconvexity bounds of L functions (see (Iwaniec and Kowalski, 
2004) and the references there, for example). 


Another spectacular application was due to Motohashi (1997) who proved 
the asymptotic formula for the fourth moment of the Riemann zeta function 
by making use of Kuznetsov’s formula on SL(2, Z). In this section, we will 
generalize this valuable tool to the case of SL(n, Z) with n > 2. 

The proof of the Kuznetsov trace formula which we give here is a generaliza- 
tion of Zagier (unpublished notes) on Kuznetsov's trace formula on SL(2, Z). 
It was worked out by Xiaoqing Li, and I would like to thank her for allowing 
me to include it in this section. 
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Throughout Section 11.6, we identify, forn > 2,the generalized Siegel upper 
half-plane 


b" = SL(n, R)/SO(n, R). 


Warning Note that this does not conform to the definition of h” as given in 
Definition 1.2.3, although it is a very close approximation. We shall only adopt 
this notation temporarily in this section because of the particular applications 
in mind, and the fact that the Selberg transform may take a very simple form in 
some cases. 


For z, z' € b" and every k € C°(SO(n, RASL(n, R)/SO (n, R)), a space 
which contains infinitely differentiable compactly supported SO(n, R) bi- 
invariant functions on SL(n, R), we define an automorphic kernel 


KE) = Y ke TZ), (11.6.1) 
yeSL(n,Z) 
Clearly 
K(z,z) e £XSL(n, Z)\b"). (11.6.2) 


For M = (Mi,..., Mi... i), N = (Ny, ..., N44) € Z"-!, where none of M; 
and N;, 1 <i Xi n — 1 are zero, we call them non-degenerate, we may com- 
pute the (M, N)th Fourier coefficients of K (z, z’) in two ways. One way is 
to use the Bruhat decomposition of GL(n, IR), and the other is to use the 
spectral decomposition of £7(SL(n, Z)\h"). After these two computations are 
made, we end up with an identity which is termed the pre-Kuznetsov trace 
formula. 
To start, define 


Pu(y, z^) := / K (xy, zv (x) d*x. (11.6.3) 
Un (Z)\Un(R) 
Here 
1 X1,2 X1,3 mm Xin 
1 X2,3 DE X2.n 
x= » X= Xa-ia-iqi (i = 1,...,n — 1), 
1 Xn—1,n 
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12... Yn-1 
X12... Yn-2 
. n—l.n— —1/n 
3 B : (yi 13s 2s d oy) , 
yı 
1 
(11.6.4) 
Wn) ese Mart Maske (11.6.5) 
and 
d*x = I] dxi,j. (11.6.6) 
lxi«jzn 
Lemma 11.6.7 The function Py(y, z’) is a Poincaré series in z'. 
Proof We rewrite Py(y, z^) as 
Puo D= f Kay Ayuda 
Un(Z)\U,(R) 
di f k(z yz) d*x. 
YeSL0u2) U DAUR) 
Define 
epu z) := / k(z—!z’) Wem (x) d*x. (11.6.8) 
U,(Z)\Un(R) 


Then for u € U,(IR), we have 


epu y, uz) = f k(z luz Go d*x 
Un(Z)\Un(R) 
= i! k(z- Iz yu (ux) d*x 
Un(Z)\U,(R) 
= yulu) I ke Iz) Q9 dx 
Un(Z)\Un(R) 
= yyuney, (y, Z’), 


so that ey,(y,z is an e-function. It is also clear that Py(y, z’) € 
£X(SL(n, Z)N5") as a function of z’. Hence, Py(y, z’) is a Poincaré series 
as in Definition 11.1.2 with s — (0,0,...,0). 
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It follows from Theorem 11.5.4 and Lemma 11.6.7 that 





Pauly, x y W(x’) d*x' (11.6.9) 
Un(Z)\Un(R) 
"X es eos 
= =>) Dee Sw (Ym, YN; C c) J wly, Y; Ym, Uy, c), 
w€W, v€V, c1=1 21-1 


where, after applying (11.6.8), 


July, Y: Wm, Wh, c) = J «0 origo d*u 


Uw 


= 1 f k(z7! - weuy!) veu Qo) Vi QD d*x d*u, 
Oy Un(Z)\Un(R) 
(11.6.10) 


and Sy (Vu, Wy; c) is the Kloosterman sum as in Definition 11.2.2. 


The other way of computing the Fourier coefficient (11.6.9) is to make use 
of the Langlands spectral decomposition (Langlands, 1966, 1976) (see also 
Theorem 10.13.1). Langlands spectral decomposition states that 


£*(SL(n, ZB") = Liigcrete(SL(n, Z)N9") B Lial SL (n, Z)\b") 


where 


scri S LC, Z)\b" )= Eos SL(n, Z)\b" ) 6 Lresidue(SL(n, Z)\h"). 


Here TEN denotes that the space of Maass forms, £? 

residues of Eisenstein series twisted by Maass forms, and £2 

spanned by integrals of Langlands Eisenstein series. 
Foreachk € C? (SO(n, RJASL (n, IR)/SO (n, R)), we can define an integral 


operator Lg which acts on f € £L7(SL(n, Z)\h"), by 


consists of iterated 
is the space 


residue 


cont 


(Lees f FOKE w) d*w 
b^ 
= 2t Í fy w)yk(z yw) d*w 


YET SL ZI 


f(w)K(z, w) d*w 
SL, Z)\b" 


Then L commutes with all the invariant differential operators. Furthermore, 
we have 
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Lemma 11.6.11 (Selberg)  Fixn > 2.Let$ be a Maass form of type v e C"-! 
for SL(n, Z) as in Definition 5.1.3. Then 


(Lro) = MGC), 


where k(v) depends only on k and v. More precisely, 


kv) = (Lily) = etico, 
b" 


where I is the n x n identity matrix and I, is given in Definition 2.4.1. 


Usually, kv), as in Lemma 11.6.11, is called the Selberg transform of k and 
ko) = / k(xy) d*x 
Un R) 


is called the Harish transform of k. One can think of the Selberg transform 
as the Mellin transform of its Harish transform. The Selberg transform has an 
inversion formula due to Harish-Chandra, Bhanu-Murthy, Gangolli, etc., see 
(Terras, 1988) and the references there. 

For simplicity, we introduce the parameters a; for 1 < k < n — 1, which are 
defined by 


n n—1 


joe La 
= b jivi 





for any 1 < j < n — 1, where bji, vj are defined in (5.1.1). 
It is easy to check that 


n-j 

nat [Gn mex an] 

IG) = 1G: [ |v; 
j=l 


For z € GL(n, R), 


halz) := f pa(K zk) dk, 
SO (n,IR) 
with 


n—i 
pa) = I] |z; |2 90-:/27 6-1 /2)- D. 


i-l 
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where z; is the i x i upper left-hand corner in z for 1 < i € n — 1, and where 
we normalize the measure dk such that 


dk — 1. 
SO (n,IR) 


Proposition 11.6.12 (Inversion formula) For k € £L?(SO(n, Rb"), we 
have 


ks (o) ha 
boys [PEM auda pes 
Cy(a 
9(a;)—0 ġ” 
1l<i<n-1 
k(a)hg(z' 
= Wn eee ree 
[cs a) 
R(a;)=0 
1<i<n-1 


where wy, is some constant depending on n, and 


E m x 
lca)? = I] ri la; — aj41|- tanh E la; — aul). 


I<i<j<n-l 


with 


» aj = 0. 
i-l 
Proof See page 88 in (Terras, 1988). Our model b” can be identified with her 


model SP, of n x n positive definite matrices of determinant 1 by considering 
the map: b” > SP, :z > zz. 














Now, we continue with the derivation of Kuznetsov's trace formula. Let 
$j, j 2 1 be an orthonormal basis for the cuspidal spectrum and $2;, j > 1 be 
an orthonormal basis for the residual spectrum. For k € C?*(SO (n, R)\ h”) we 
have the following spectral expansion of the kernel function K (z, z^): 


KE, z) = M kv )6;606;0) + Y RYO 
j21 j21 


4 p ce [ ROEG, NEG abs, 


Eisenstein series E 


where cg are constants depending on E. 
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Next, we compute the Fourier coefficients of the Poincaré series Py(y, z^) 
by the above spectral expansion of K . It follows, as in the proof of Lemma 9.1.3 
that 


Puly, x y yr) d*x' 








Un(Z)\Un(R) 
k A,(N)A,;(M) es 
= » k(vj) aci ! : Wiacque (N y^, Vj)Wiacqua CM * y, vj) 
j21l II |Nije792|M;j"-)72 
ij=l 
is &(N, s) &(M, s) 
+ Y [io = 
Eisenstein series E lH IN; [0-572 JI |M; [70/2 
i=l i=l 
x Wiacqua (N * y’, S)Wyacquet(M * y, s) ds, (1 1.6.13) 
where for each $; in the cuspidal spectrum, every Eisenstein series E in the 
continuous spectrum, and all N = (Nj,..., Nn-1) € Z^ with Ni--- N,4 Æ 
0, we have 
Ni -+ |Nn-1| 
= NN; | 
Ni 
1 
A;(N) — 
a Wwy = f eO das 
II IN; lie? Un(Z)\Un(R) 


i=l 
and, correspondingly, 


N, ae 
mE NE / E(xy', sy GO dx. 


n-1 
II (Nile? Un(Z)\Un(R) 


i=l 
The contribution from the residual spectrum is 0 due to the lack of non- 
degenerate Whittaker models for the residual spectrum. 


Remark To simplify notation, we have supressed the character y, 


in the Jacquet Whittaker functions above. 


By comparing (11.6.9) and (11.6.13), we immediately obtain the following 
pre-Kuznetsov trace formula. 
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Proposition 11.6.14 (Pre-Kuznetsov trace formula) Fix n > 2, and let 
k e C*(SO(n, R)\b”), M = (Mi, ..., M),.D€ Zl, N (Ns, Nu) 
€ Z"-! be nondegenerate. Then 


Wyacquet(N " y’, Vj)WiacquaCM * y, vj) 





Y io) = Aj(N) Aj(M) 





jèl TI |Nili@- DM; |j0- 572 
ij=l 
é(N, s) &(M,s) 
+ Y [to 
Eisenstein series E TI IN; jpa i)/2 TI |M; Ke i)/2 


i=1 i-l 
x Wyacquet(N *y’, S)Wyacquet(M * y, s) ds 





w(Ym, WN: e) Joly, y; Wum, Wy C). 


iM 
M 


DII 


It is useful to be able to remove Jacquet's Whittaker functions in the above 
formula. This can be done by employing Stade's formula (see (Stade, 2002)) 
for the Mellin transform of products of Whittaker functions on G L (7). In order 
to present Stade's formula succinctly, we introduce parameters a, and f, for 
1 < k <n-—1, which are defined by 


i ^ 


ne n-j = 
D Sn = Y` bmi (11.6.15) 
k=1 i=l 


for any 1 < j < n — 1, where b;;, v; are defined in (5.1.1). We also set 


-J a. (11.6.16) 


Similar relations hold for B, and v;. 


Proposition 11.6.17 (Stade's formula) For (s) > 1 we have 


n—1 


d»; 
2 f Wiacqua (Y, v) W'acquet(Y, v AI ae PET Dun — 


=r( Sn TII (25). 


j=lk=1 


(R*)- 1 


where a; and v; are related by (11.6.15), (11.6.16), and similarly for Dj 
and v;. 
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Remark Stade proves the above formula for 3i(s) large, but one may obtain 
5a] < 1 z by Proposition 12.1.9, and similarly for 6%, so the right-hand side of 
the feria is analytic for Rs > 1. On the other hand Jacquet (2004a) shows 
the integral on the left is absolutely convergent for R(s) > 1, so by analytic 
continuation Stade's formula holds for Rs > 1 


Definition 11.6.18 Fix n 22, N —(Ni,..., NN.) € Z" |. For j 51, 
2,..., let 


pi(N)= 





am ll n r (=) 
2 * 
ro/2 TI |N Ee ee 


i=1 


wema e) 


T (n/2) |] Nien it t 





be normalized Nth Fourier coefficients of SL(n, Z) Maass cusp forms and 
Eisenstein series, respectively. 


We are now ready to state and prove the Kuznetsov trace formula. 


Theorem 11.6.19 (Kuznetsov trace formula) Fix n > 2, and choose 
k e CF(SO(n, R)\b"), M = (Mi, ..., Mp1) € ZU, N 2 (Ns, ..., Nui) 
€ Z"! satisfying Mı Nı - -- M, NS, Æ 0. Then 


Yokope(Mp(M) + Yo ce kG)n (NÑ (M) ds 





j21 Eisenstein series E 
oo oo 
^ E ^ = 
=), 2 2 2, Su. Vic) Ho (Yn c). 
w€W;, v€V, ci—1 Cnh-1=1 


where k is given in Lemma 11.6.11, W, is the Weyl group of GL(n, R), Vn 
is as in Definition 11.5.2, Wx is as in Definition 11.5.3, Syvu, Vy; c) is the 
Kloosterman sum as in Definition 11.2.2, cg is as in (11.6.13), and pj, Ns are 
given in Definition 11.6.18. 

Furthermore, 


Howie) = f I f itid weuty yu TRO d*u d*x 
(Rt)! U, (ZUR) Ow 
n—l 
F ; ^ df; 
(n—j) a=) AAT 
x I] 20 tj 


j=l tj 
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where ty = t(M*)-!, ty = t(N*)-, and 
M; - -+ [Msi Nj [Nn] 


M* — " 
Mi Ni 


Proof In the pre-Kuznetsov trace formula, given in Proposition 11.6.14, 
choose y,y' so that M*y = N*y' = t. This may be accomplished by 
setting 


ti = Miyi = Niy;, (i—1,2,...,n— 1). 
Next, multiply both sides of the pre-Kuznetsov trace formula by 
n-l 
: e noon A 
n—j ,Q01—JX1—4)5—j(—j) J 
à | [x7 25e) LL 


j=l tj 


and then integrate over (R*)"~!. Theorem 11.6.19 immediately follows from 
Proposition 11.6.17. 














Concluding Remarks 


(i) The test function k can be extended to a larger space, say, Harish- 
Chandra's Schwartz space, as long as the convergence of both sides is not a 
problem. 

(ii) The nice feature of the above Kuznetsov type formula is that the residual 
spectrum does not appear, while its appearance is inevitable in the Selberg— 
Arthur trace formula. In this sense, the Kuznetsov formula is more handy 
to treat the cuspidal spectrum. 

(iii) In the case of GL (2), Kuznetsov also derived an inversion formula so that 
one can put any good test function on the Kloosterman sum side. Such an 
inversion formula on G L(n) does not exist yet, although it is certainly a 
very interesting research problem. 
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GL(n)pack functions The following GL(n)pack functions, described in the 
appendix, relate to the material in this chapter: 


KloostermanBruhatCell KloostermanCompatibility KloostermanSum 
PluckerCoordinates PluckerInverse PluckerRelations 
Whittaker. 


12 


Rankin-Selberg convolutions 


The Rankin-Selberg convolution for L-functions associated to automorphic 
forms on GL (2) was independently discovered by Rankin (1939) and Selberg 
(1940). The method was discussed in Section 7.2 in connection with the 
Gelbart-Jacquet lift and a generalization to GL(3) was given in Section 7.4. A 
much more general interpretation of the original Rankin-Selberg convolution 
for GL(2) x GL (2) in the framework of adeles and automorphic representa- 
tions was first obtained in (Jacquet, 1972). The theory was subsequently further 
generalized in (Jacquet and Shalika, 1981). 

The Rankin-Selberg convolution for the case GL(n) x GL(n’), 
(1 <n <n’), requires new ideas. Note that this includes GL(1) x GL(n’) 
which is essentially the Godement-Jacquet L-function whose holomorphic 
continuation and functional equation was first obtained by Godement and 
Jacquet (1972). A sketch of the general Rankin-Selberg convolution for 
GL(n) x GL(n’) in classical language was given in (Jacquet, 1981). The 
theory was further extended in the context of automorphic representations 
in (Jacquet, Piatetski-Shapiro and Shalika, 1983). In this chapter, we shall 
present an elementary and self contained account of both the meromorphic 
continuation and functional equation of Rankin-Selberg L-functions associated 
to GL(n) x GL(’). In particular, this will give the meromorphic continuation 
and functional equation of the Godement-Jacquet L-function. 

The fact that Rankin-Selberg L-functions have Euler products is a con- 
sequence of the uniqueness of Whittaker functions for local fields. The non- 
Archimedean theory was worked out in (Jacquet, Piatetski-Shapiro and Shalika, 
1983) while the Archimedean local factors were computed in (Jacquet and 
Shalika, 1981, 1990). 

Explicit computations of the local factors in the GL(n) x GL(n’) Rankin- 
Selberg convolution were obtained by Bump (1987). Bump started with a 
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theorem of Shintani (1976) which relates the Fourier coefficients of Maass forms 
with Schur polynomials as was discussed in Section 7.4, and ties everything 
together with an old identity of Cauchy. Such formulae were originally con- 
jectured by Langlands (1970) and generalizations were found by Kato (1978) 
and Casselman and Shalika (1980). We shall follow this approach as in (Bump, 
1984, 1987, 2004). Alternatively, a basic reference for an adelic treatment of the 
Rankin-Selberg theory is Cogdell's, analytic theory of L-functions for GL, in 
(Bernstein and Gelbart, 2003). 

The Rankin-Selberg convolution is one of the most important constructions 
in the theory of L-functions. Naturally it has had inumerable generalizations. 
The excellent survey paper of Bump (to appear) gives a panoramic overview 
of the entire subject. We give applications of the Rankin-Selberg convolution 
method towards the generalized Ramanujan and Selberg conjectures. In par- 
ticular, the chapter concludes with the theorem of Luo, Rudnick and Sarnak 
(1995, 1999) which has been used to obtain the current best bounds for the 
Ramanujan and Selberg conjectures. 


12.4 The GL(n) x GL(n) convolution 


Fix an integer n > 2. Let f,g be Maass forms for SL(n, Z) of type vy, 
ve € C"^1, respectively, with Fourier expansions: 


oo oo 
S 


o= D Ðe 


n—1 
y€U, ACDNSL(1—1,2) mı=1 Mn-2=1 mn-140 [m] 079/2 
k=1 


x Wijacquet (w : D J^ Vf, Vina) , 


oo oo 
^ TK 





y A(Mı,..., Mp1) 





^ Bim, ...,My_1) 
g(z) = Doer ee 
yeUn-1(Z)\SL(n-1,Z) mi—1 ma-j—l Mn-1#0 II [m, 972 
k=1 
Y 
x Wijacquet M . 1 Z, Vg, Vi em 1, mya/Ima-al ] > 


(12.1.1) 


as in (9.1.2). 


12.1 The GL(n) x GL(n) convolution 367 


Definition 12.1.2 (Rankin-Selberg L-function) For n > 2, let f, g be two 
Maass forms for SL(n, Z) as in (12.1.1). Let s € C. Then the Rankin-Selberg 
L-function, denoted L y, (s), is defined by 


= 9. A(m;,..., my 4): B(m,..., ms i) 
Lys ty. ee mi m a (mı um D 


(mi m^ ema) 





m|j-l Maas] 


which converges absolutely provided R(s) is sufficiently large. 
This definition conforms with the notation of Theorem 7.4.9. 


Theorem 12.1.3 (Euler product) Fixn > 2. Let f, g be two Maass forms for 
SL(n, Z) as in (12.1.1) with Euler products 


L p(s) = 3 Ai I] []a -api py, 


m=1 p i=l 


LG) = Y mD = Ta Bp Bo 


m=1 p i=l 


then L fxg will have an Euler product of the form: 


Les) =|] [] [0 7o; Bpi Poy. 


p i=l j=l 
Proof The proof follows as in Section 7.4. The key point is that the identity 
(7.4.14) generalizes. In this case, we have 


k k Kra 
A(p E p 2 <” P f 1) E Ski pe ks iO p, s p,2 rene » pun); 


and Theorem 12.1.3 is a consequence of Cauchy's identity, Proposition 7.4.20. 














Our main result is the following generalization of Theorems 7.2.4 and 7.4.9. 


Theorem 12.1.4 (Functional equation) For n > 2, let f, g be two Maass 
forms of types vy, v, for SL(n, Z), as in (12.1.1), whose associated L-functions 
Ly, Lg, satisfy the functional equations: 


A f(s) = II- 7 r (=) Lys) = Apa — s) 
i=l 


he -fjr jee) r (=) L,(s) = Ag(-— s), 


as in Theorem 10.8.6 and Remark 10.8.7 where f , &, are the dual Maass forms 
(see Section 9.2). Then the Rankin—Selberg L-function, L fx g(s) (see Defini- 
tion 12.1.2) has a meromorphic continuation to all s € C with at most a simple 
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pole at s = 1 with residue proportional to (f, g), the Petersson inner product 
of f with g. 
Furthermore, L y 4 (s) satisfies the functional equation 


= We j@pthjOp) r ( — er — zm Bets) 


i=1 j=l 





Appl = 5): 


Remark It follows from (10.8.5) and Remark 10.8.7 that the powers of 7 
occurring in the above functional equations take the much simpler form: 


n 

—s+Aj(v) = sth; stipt j(g) 447g) (vg) EM 
[|= =x n2 lee 5 =e "s 
i=l 


i=1 j=1 


Proof This Rankin-Selberg convolution requires the maximal parabolic 
Eisenstein series Ep(z, s), with P = P,_1,;, as defined in (10.7.1). The proof 
of Theorem 12.1.4 is a generalization of the proof of Theorem 7.4.9. The 
idea is to compute the inner product of f -g with Ep(z, 5). It follows that 
for T = SL(n, Z), 


(f:g, Ep s) = Jj fG)gG) EPE, 5) d*z, 
rue 


with d*z, the invariant measure as given in Proposition 1.5.3. If we now apply 
the unfolding trick, we obtain 


(f:g, Ep(*,5)) = f f (2)g(2) - Det(z)® d*z, 














Py" 
Now 
* * 0k 
P= : cT, 
* * Ok 
0 0 1 
is generated by matrices of type 
0 0 0 ry 
Mn-1 : 
0 0 O0 Faa 
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where m,_; C SL(n — 1, Z). Consequently 
U P 1) PAs" = UND, (12.1.5) 
y€Un_1(Z)\SL(n—1,Z) 


a result obtained earlier in Lemma 5.3.13. Since the Fourier expansion of f 
given in (12.1.1) is written as a sum over SL(n — 1, Z), and Det(z) is invariant 


under left multiplication by i) with y € SL(n — 1, Z), we may unfold 


further using (12.1.5) to obtain 


(f° 8, EpG 5)) 


U(Z)\ 6" m=1 Mn-2=1 MaU I [m, 97 











X Wncqua (My, vp, ri, ..1) e? mmis) . g(z) Det(z)! d*z 


iii. 


s frs Mx = Y cuu Cee) 
0 0 


1 
m=1 Mn-2=1 mn-140 I Im, | "9 








x Wiacquet(M y, Vf, Vi 215 1) t Wyacquet(M y, Vg, Vi pus 1) Det(y)* d*y. 


Recall from Proposition 1.5.3 that 


TA ta dk 
d*y = lx QA 
k=1 Yk 


It follows that 


Sins) f° 8, mee v 


= 2 C 


say. 

The meromorphic continuation and functional equation of L fxg(s) now 
follows from the meromorphic continuation and functional equation of 
Ep(z, s), (given in Proposition 10.7.5) provided we know the meromorphic 
continuation and functional equation of G, nm (s), the Mellin transform of the 
product of Whittaker functions. This latter functional equation was obtained in 
a very explicit form by Stade (2001) which allows one to prove the functional 
equation stated in Theorem 12.1.4. 
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A much simpler way to obtain the explicit functional equation of L fxg(s) 
is by using Remark 10.8.7. In this approach, the functional equation of the 
minimal parabolic Eisenstein series is used as a template. By formally taking 
the Rankin-Selberg convolution of the minimal parabolic Eisensteins series 
E,,(s) and E,, (s), one readily sees that 


Lg, xE) = tns) | [| [El 3:0 — x;09). 

i-1 j=1 
The correct form of the functional equation can immediately be seen. Of course, 
one needs to deal with the difficult convergence problems when taking Rankin- 
Selberg convolutions which are not of rapid decay, but the techniques for dealing 
with this are now well known (Zagier, 1982), (Liemann, 1993). 














One of the original applications of the Rankin-Selberg method (see (Rankin, 
1939), (Selberg, 1940)) was to obtain strong bounds for the Fourier coefficients 
of automorphic forms. If A(mı, ..., m, 1) denotes the Fourier coefficient of 
a Maass form on SL(n, Z) as in (12.1.1), then we have already obtained the 
bound 


n—1 


[AQni,..., m, 1)] K I] m, (kr? 
k=1 


in Lemma 9.1.3. For example, this bound gives 
AG 1,...,1) om Ms 


which unfortunately grows exponentially with n. By using the Rankin-Selberg 
convolution for S L(n, Z) we can eliminate the dependence on n in the exponent. 
The following bound was first obtained in a much more general setting in 
(Jacquet and Shalika, 1981). 


Proposition 12.1.6 For n —2, let A(mj,..., mg) denote the Fourier 
coefficient of a Maass form on SL(n, Z) as in (12.1.1). Then there exists a 
constant C > 0 such 


AQ, 1,..., D] € C -Iml?. 


Proof In view of the addendum to Theorem 9.3.11, it is enough to prove that 
[A(1,..., 1,m)| x C- |m|2. For ø > 0, consider the identity 


omi J s 0 EO xxm 
0 —100 


o -Hioo 
1 f M [es ifx 1, 
— ds = H 
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which is easily proved by shifting the line of integration to the left and apply- 
ing Cauchy's residue theorem. In view of the fact that the Rankin-Selberg 
L-function, Lf, ¢(s), specified in Definition 12.1.2 has positive coefficients 
and |A(1, ..., 1, m)? occurs as a coefficient of m~*, one obtains for fixed o, £ 
sufficiently large and all |m| sufficiently large that 


o+i00 


1 
lAG,..., Lo)? K zm if L px gs) 


co —ioo 





(2my 
; ds. (12.1.7) 
s 


Here one chooses o sufficiently large so that L fx f (0o + it) converges absolutely 
for all € R. Also, one chooses £ sufficiently large so that |L p, (s)| « (sje? 
for (s) > 0. This can be done, because by standard methods, the functional 
equation of theorem 12.1.4 implies that L fx f(s) has polynomial growth prop- 
erties in the strip 9t(s) > 0. Proposition 12.1.6 can be proved by shifting 
the line of integration in (12.1.7) to the left and noting that L 5, ¢(s) has a 
simple pole at s = 1 with residue R, say. By Cauchy’s theorem, it follows that 
IAQ, ..., m)? <R-2m + O(1). 














Remark 12.1.8 Note that the method for proving Proposition 12.1.6 also 
shows that A(mi, m2, ..., mj 1) behaves like a constant on average. If we 
write 


2b 
Lyxf(s) = y» qn) 


s 
mal m 





as a Dirichlet series, then one may show that as x — oo, 
25 b(m) ~ c-x 
mzx 
for some constant c > 0. 
Another application of the Rankin-Selberg GL(n) x GL(n) convolution is 


to obtain a bound on the eigenvalues of a Maass form. This result was again 
first obtained in a much more general setting in (Jacquet and Shalika, 1981). 


Proposition 12.1.9 For n > 2, let f be a Maass form for SL(n, Z) of type 
(vi, ..., vg 1) € C"! as in (12.1.1). Then 
9O;Q)) < 
H iV Sie 
2 
for i=1,2,...,n—1, with A; defined as in Theorem 10.8.6 and 
Remark 10.8.7. 
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Proof By Landau's lemma (Iwaniec and Kowalski, 2004), a Dirichlet series 
must be absolutely convergent up to its first pole. In the case of L fx p(s) this 
implies that the Dirichlet series for L y f(s) converges absolutely for 9i(s) > 1. 
We also know that A fx f(s), given in Theorem 12.1.4, has a meromorphic con- 
tinuation to all s € C with at most a simple pole at s = 1. The above remarks 
immediately imply that the Gamma factors in A;, ¢(s) cannot have poles 
for N(s) > 1. One may then check, using Remark 10.8.7, that this implies 
Proposition 12.1.9. 














12.2 The GL(n) x GL(n + 1) convolution 


Fix n > 2, and let f, g be Maass forms of type vy € C"^!, v, € C", for 
SL(n, Z), SL(n + 1, Z), respectively, with Fourier expansions (see (9.1.2)): 


FOV i De, wnt, ee So eee) 


YEUn\(Z\SL(n=1,Z) m mac m, 1Ż0 T |m, eoa 








m, [maj 
E Y 
x Whacquet i 1 Z, Vf, Via, mn-1 |, 
mı Im, il 
1 
(12.2.1) 
oo oo 
B(m;,...,m,) 
w= D Deor El 
YyeUZNSL(,Z) mil — m&-1 m#0 [[ [m, [01972 
k=1 
m, m; 
ES y 
x Wijacquet i 1 Z, Vg, Vi dees 1, A 
mM, 5 


1 


Definition 12.2.2 (Rankin-Selberg L-function) For n > 2, let f, g be two 
Maass forms for SL(n, Z), SL(n + 1, Z), respectively, as in (12.2.1). Let 
s € C. Then the Rankin-Selberg L-function, denoted L px.,(s), is defined by 


Lys (5) = 3s E d BUS cnm. 


(m im; ! em) 





m=1 Mn=1 


which converges absolutely provided i(s) is sufficiently large. 
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There are a number of significant differences between the 
GL(n) x GL(n + 1) Rankin-Selberg convolution and the GL(n) x GL(n) 
convolution given in Section 12.1. For example, the Riemann zeta function 
does not appear in Definition 12.2.2 as it did in Definition 12.1.2. Even 
more surprising is the fact that the GL(n) x GL(n+ 1) convolution does 
not involve an Eisenstein series and the functional equation comes from the 
invariance of f, g under reflections of the Weyl group instead of the functional 
equation of an Eisenstein series. This explains the lack of the appearance of 
the Riemann zeta function in Definition 12.2.2. Another explanation comes 
from the theory of Schur polynomials and the applications to Hecke operators 
and Euler products. The convolution L-function L f(s) has a simple Euler 
product whose explicit construction will be deferred to Section 12.3. 

We now explain the GL(n) x GL(n + 1) convolution. The key idea is to 
embed GL(n) in GL(n + 1) into the upper left-hand corner and then integrate 
against a power of the determinant. Accordingly, let z = xy € h” with 


l x&— X43 c0 Xn Yy1Y2: 7 Yn-1 
l Xna cc Xn X127 7 Yn2 
x= : , y — , 
1 X1 yı 
1 1 


as in Section 9.1, and consider 
= gb > Z s—} gx 
(Fg Devs) = f ro-«(( :)) [Det(z)|""? d*z. 
SL(n,Z)\h" 


The power Det(z)73 , above, was chosen to make the final formulae as simple 
as possible. In view of the Fourier expansion of g given in (12.2.1), we may 
apply the unfolding trick to g and obtain 


|Det(&) 7?) 


[s 
EXC La T fC) 


mı=1 Mn-1=1 m,z0 i lm, poss DP LN 
m; m; 


Imn| 


i My Z s—1 M 
x Wijacquet ( ji Ve, Vi Aut. 12 [Det(z)| ?d"z. 
mi; 


1 
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Next, make the transformation 
zoe inr s. 


where J, is the n x n identity matrix. Since f(z) and d*z are invariant under 
scalar multiplication, it follows that 


(f - 8, IDetG9[ 77) 
_< ie B(m;,...,m,) 
= > má 5 pu Er ROLL fG) 


n 
m=1 Mn-1=1 m,z0 I] [mj HOA y 
k=1 


Wytt * Yn-1 
T»: mg-iyi*7* Yn—2 


x Wyacquet ` » Vg, Vi bos 1 
my 


2m i(maxi-maxa---maxyai) mL 672 |Det| G7? d*z 


Oy Y era BO cie) 


x 


& 





M 


mı=1 Mn-1=1 m70 (mim, eu Im,l) 
oo oo 
xf [ret y, Vf, Vi js Wiss ((" » Ve, V1 ecd Dewy ary, 
0 0 
(12.2.3) 
because the above integral in d*x picks off the (mo, m3,...,m,)th Fourier 


n—1 
coefficient (Theorem 5.3.2) and d*y = [] y, "dy, / y, as in (1.5.4). 
k=1 
Define 


A pxg(s) = (f +, [Det(*)|*-2). (12.2.4) 


Theorem 12.2.5 (Functional equation) Let f,g be Maass forms asso- 
ciated to SL(n, Z), SL(n + 1, Z), respectively, with Fourier expansions 
given by (12.2.1). Then the Rankin-Selberg L-function, L r«,(s), defined in 
Definition 12.2.2 has holomorphic continuation to all s € C and satisfies the 
functional equation 


A fxgls) = Afyg(l — 5), 


where A ¢x9(s) is defined in (12.2.4), (12.2.3), and Je & denote the dual Maass 
forms as in Section 9.2. 
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Proof The functional equation is a consequence of the substitution 
z— w-'(zl.w := 'z, 
where w is the long element as in Proposition 9.2.1. It follows from (9.2.2) that 


1 ôx Y1Y2: 7^ Yn-1 
] —x * Y2Y3 `` ` Yn-2 


1 —Xn-1 Yn-1 
1 1 


where ô = (—1)""""’. It follows from Proposition 9.2.1, and the fact that f, g 
are automorphic that 


ore (E Jet 2) 


Consequently, 
Apxe(s) =(f B, IDetGo[ 72) 


- f ro-«(( :)) IDet(z)]*-? d*z 


SL(n,Z)\h" 
= T fz)-3 (( á i) \Det(z)|°~2 d*z. (12.2.6) 
SL(n,Z)\h" 
But d*z is fixed under the transformation z — ‘(z~!) while 
[Det (z^? = |Det(z)|2~°. 12.2.7) 


It follows from the above remarks, after applying the substitution (12.2.7) to 
(12.2.6), that formally 


A pxg(s) = / fuos ((” m |Det(z)|2-* d*z 


SL(n,Z)Nb" 

= / roa(( :)) [Det(z)]37* d*z 
SL(n,Z)Nb" 

= Apg(l— s). 


The above formal proof can be made rigorous by breaking the integrals from 0 to 
co into two pieces [0, 1], [1, oo] and applying Riemann's method for obtaining 
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the functional equation of the Riemann zeta function. We will not pursue this 
here. 














12.3 The GL(n) x GL(n’) convolution with n < n’ 


Fix 2 X n < n' — 1. Let f, g be Maass forms of type v; € C^, v, € cry 
for SL(n, Z), SL(n’, Z), respectively, with Fourier expansions (see (9.1.2)): 


oo 


feu È So roy cis ee 


n—l 
yeU a (DNSLU-LZ) mi-l maa=] moas0 TT pm, 0772 
k=1 


x Whacquet (w j n » Z, Vf, Pag) , 


oo oo 
E! ^ 
gm. E cn wal 
yeu y_{(Z)\SL(n'-1,Z) m=1 My —2=1 my 4,20 I [m, |" 972 
k=1 


y 
x Wiacquet (v 5 ( jJ Ve; Vi "T: 1, fe ) . 


The GL(n) x GL(n 4- 1) Rankin-Selberg method discussed in Section 12.2 
does not naturally generalize to arbitrary n' > n. The best way to proceed in 
the more general situation is to apply a projection operator before taking the 
inner product. We follow (Bump, 1987), (Bump, to appear) and the exposition in 
Cogdell's chapter “On the analytic theory of L-functions for GL," in (Bernstein 
and Gelbart, 2003). 





(12.3.1) 








$5 B(mi,..., my) 


Definition 12.3.2 (Projection operator) Fix integers 2 «X n < n' — 1. We 
introduce the projection operator pr which acts on Maass forms for 
SL(n', Z) and maps them to cuspidal automorphic functions for the parabolic 
subgroup 


Pa (Z) = PGR) SL(n + 1, Z) 


where 


GL(n,R) x 


P, 1R) = ( 0 1 


) C GL(n+1,R). 


12.3 The GL(n) x GL(n’) convolution with n < n' 3T] 


Let g be a Maass form for SL(n', Z) as in (12.3.1). For z € P, (R) we define 














Ui n+2 a Ulin 
Z 
1 1 
; T a aes ; 
P” (g)(z) := [Det(z)| 7" 77» ffe aq) 
0 0 1 
Un'’—1,n' 
1 


x e 27i (Unti nt2+Uny2ny3 H rc) I] dui j E 


n+2<j<n' 
I<i<j 


It is clear that if p € P, (Z), then P" (8X pz) = IP" (g)(z). 


Lemma 12.3.3 Fix2 x n « n' — 1, and let g be given by (12.3.1). Then for 
z € Pa (R), we have 





Pr (gyz) 
oo oo 
, B(l,...,1,my. a, ..., my) 
—(n'—n—1)/2 , >t, /Mn'—n; » Mn 
= |Det(2) 70-02 $ DED = 
yeu, (Z)\SL(n,Z) m, _p=1 my 4-71 I [m,|Fe-072 
k=n'—n 
Wytt My -1 
Mn'—n +++ My2 
. yz 
x Wyacquet e ( I ) Vg, Vi E 1] 
n'—n 
Mn'—n 
Iwn 


where l, denotes ther x r identity matrix. 


Proof Letz € Pa (R). Since P” (e(z)) is invariant under left multiplication 
by Pa, (Z) it follows from Section 5.3 that it has a Fourier expansion as in 
Theorem 5.3.2. After some computation, the proof follows as in the proof of 
Theorem 9.4.7. 














With these preliminaries out of the way, we may proceed to describe the 
Rankin-Selberg convolution. Let f, g be Maass forms for S L(n, Z), SL(n', Z), 
respectively as in (12.3.1). The requisite convolution is given by the 
inner product, (f - P? (g), [Det(«) [7 2), taken over the fundamental domain 
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SL(n, ZNGL(n, R). Lemma 12.3.3 allows us to unravel IP" (g) in this inner 
product. It follows that 


(f - PY), |DetG)[72) 


= / f) PE l 3 EQ, mg me) 


Un(Z\GL(n,R) ih a a TL [mg ke’ /2 
k-n'—n 








Wiyi—gctt My'-1 
Mny'—n +++ My'—2 


T Z 
x W Jacquet E i ( I ) » Vg, Wil 
n'—n 


Mn'—n 
Iun 


x |Det(z) "=" d*z. 


In the above integral, we may make the change of variables z > m. bale 
noting that f and d*z are invariant under this transformation. After this, the d*x 
integral will pick off the (7t 444, ..., my 4) coefficient of f. It follows that 


(f - P(g), Deseo?) 
=> $ A(my sas oy a) BO, ..., 1, my s Mp1) 


n n—l s 
my my 471 (mi nM nyi IR my) 


oo eo 
x [f^ [ne Vf, Vi x05 1)W Jacquet (G I ) Vg, Vi ies ) 
n'—n 
0 


x [Det(z))- 7^ d*y. 











By analogy with the Rankin—Selberg constructions given in Sections 12.1, 
12.2, itis natural, after the above computations, to make the following definition. 


Definition 12.3.4 (Rankin-Selberg L-function) Fix 2 <n <n’. Let f,g 
be two Maass forms for SL(n, Z), SL(n', Z), respectively, as in (12.3.1). Let 
s € C. Then the Rankin-Selberg L-function, denoted L f x.(s), is defined by 


en 99 Alma, ...,m,)- B(mi,..., Mn, 1,..., D) 
Lug = T 1 | 


mj-l mMn=1 (mi m, pe em, 








which converges absolutely provided R(s) is sufficiently large. Here, the 
coefficient B(m,,...,mg,1,..., 1), has precisely n' — n — 1 ones on the 
—— 


n'—n—l 


right-hand side. 
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Remark We may also take n — 1 in Definition 12.3.4 by letting f be the con- 
stant function. In this case the Rankin-Selberg L-function is just the Godement- 
Jacquet L-function as in Section 9.4. In fact, all constructions and proofs in this 
section will work when n = 1. 


Theorem 12.3.5 (Euler product) Fix 2 x n <n’. Let f, g be two Maass 
forms for SL(n, Z), SL(n', Z), respectively, as in (12.3.1) with Euler products 


Lj) = Y AOE 2 TITTa - esi o7? 


m=1 P i=l 


LG) = Y mD = TY Bp Bo 


m=1 p i=l 


then L fxg will have an Euler product of the form: 


Les) 2 [ TE LI [0 7o; Bp Poy. 


p i=l j=l 


Proof The proof follows the ideas in Section 7.4, but requires a modification 
of Cauchy’s identity (Proposition 7.4.20). For details, see (Bump, 1984, 1987, 
to appear). 














Finally, we consider the meromorphic continuation and functional equation. 


Theorem 12.3.6 (Functional equation) Fix 2 <n <n’. Let f,g be two 
Maass forms for SL(n, Z), SL(n', Z), respectively, as in (12.3.1), whose asso- 
ciated L-functions L r, L, satisfy the functional equations: 


Ap(s):=] nr (=) L;(s) 2 Ag(1 s8) 
i-i 


EE joe — À ;( ) 
A,(s) = [Ix r (==) fg) = A;(l — 8), 


as in Remark 10.8.7 where f , 8 are the dual Maass forms (see Section 9.2). Then 
the Rankin—-Selberg L-function, L rx 4(s) (see Definition 12.3.4) has a holomor- 
phic continuation to all s € C. Furthermore, L fy(s) satisfies the functional 
equation 


i=1 j=1 


= Ajyg(1—5). 
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Remark Note that as in the remark after Theorem 12.1.4, the power of x in 
the above theorem simplifies to z 7" 5/2, 


Proof This theorem has essentially been proved in the case n’ = n + 1 in 
Theorem 12.2.5, so we need only consider n « n' — 1. 
Let z € 5". The functional equation is a consequence of the substitution 


z—>w-'(z)-w := 'z, 


where w is the long element as in Proposition 9.2.1. It follows from (9.2.2) 
that 


1 ôx y1Y27 7: Yn-A 
] —x * 20377 Yn-2 
tz — ' 
1 ~Xn-1 Yn-1 
1 1 
where ô = ean, It follows from Proposition 9.2.1 and the fact that f, g 


are automorphic that 


FED = fE), 


«U mE D 


A fuels) — (£P (g)  |Det)|772) 


= i f(z): P"'(g) (C ys. )) |Det(z)|>~2 d*z 


SL(n,Z)\GL(n,R) 


= i f(z): P” (8) ((* L )) |Det(z)|°~2 d*z. 


SL(n,Z)\GL(n,R) 


and 


Consequently, 











(12.3.7) 
But d*z is fixed under the transformation z > ‘(z~!) while 


|Det' (7 5|? = [Det(z)|?~*. (12.3.8) 
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It follows from the above remarks, after applying the substitution (12.3.8) to 
(12.3.7), that formally 





A pxg(s) = f f(wz) - (to PY o1)@) (C 25 [Det(z)]3^ d*z 


SL(n,Z)\GL(n,R) 





= i Otor one ((* 2) [Det(z)]17* d*z 
SL(n,Z)\GL(n,R) 
= Àgg(1— 5) 


where 
Apa) = (f (ro Pro).  [Det(#)|*-?). 


The above formal proof can be made rigorous by breaking the integrals from 0 to 
co into two pieces [0, 1], [1, oo] and applying Riemann's method for obtaining 
the functional equation of the Riemann zeta function. 

Once the form of the functional equation is obtained, the precise Gamma 
factors in the functional equation can be deduced by using the functional equa- 
tion of the minimal parabolic Eisenstein series as a template as we did at the 











end of Section 12.1. We leave these computations to the reader. 





12.4 Generalized Ramanujan conjecture 
Let f be a Maass form of type v = (vi, ..., v4 1) € C”! for SL(n, Z) with 
Fourier expansion as given in (9.1.2): 


oo 


TE D S wy P DUM 


n—1 
yeUn_-1(Z)\SL(n—1,Z) mi=1 Mn-2=1 Mn-1#0 Il Im, "972 








k=1 
X Wysspier (m: G ‘) z, V, Van) (12.4.1) 
where 
m, mac maa] 
M= A(m,...,Mn_1) € C, 


mim» ? 
m, 
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and 
1 Un-1 
1 Un—-2 * 
Vi le E te = e2ti(urttuna tent) 
1 uy 
1 
We further assume that f is normalized so that A(1,..., 1) = 1 and that f is an 


eigenfunction of the Hecke operators given in (9.3.5). It was shown in (9.4.2) 
that the Godement—Jacquet L-function 


o? A(n,1,...,1 
Biya es ee) 


5 
n=1 n 


has an Euler product given by 


Lys) =] (1 — A(p, ..., Dp + AG, p, ..., Dp — 
p 


ES 
ux duse AC pip + CD" p) 


= I] La — apip ^) (12.4.2) 


p i=l 


where œp; € Cfori = 1,2,...,n. 


Conjecture 12.4.3 (Ramanujan conjecture at finite primes) For n > 2, let 
f be a Maass form for SL(n, Z) as in (12.4.1). The generalized Ramanujan 
conjecture asserts that œp į; given in (12.4.2) satisfy 


[a.i | =i, 


for all primes p andi = 1,...,n. Equivalently, for every rational prime p we 
have the bound 


IAD 1; s] < n. 


This conjecture has been proved for holomorphic modular forms on GL(2) 
in (Deligne, 1974) (see Section 3.6) but is still a major unsolved problem for 
Maass forms. Deligne shows that every holomorphic modular form (Hecke 
eigenform) over Q, say, is associated to an algebraic variety and that the pth 
Fourier coefficient can be interpreted in terms of the number of points on this 
variety over IF, the finite field of p elements. From this point of view, the 
Ramanujan conjecture is equivalent to the Riemann hypothesis for varieties 
over finite fields first conjectured in (Weil, 1949) and, in a stunning tour de 


12.4 Generalized Ramanujan conjecture 383 


force, finally proved in (Deligne, 1974). The problem with trying to generalize 
this approach to non-holomorphic automorphic forms is that there seem to be no 
visible connections between the theory of Maass forms and algebraic geometry. 

There is yet another fundamental conjecture which was originally formu- 
lated by Selberg (1965) (see also Section 3.7). Classically this is known as the 
Selberg eigenvalue conjecture. For the cognoscenti, it is clear from the adelic 
point of view that the Selberg eigenvalue conjecture is really the generalized 
Ramanujan conjecture at the infinite prime. In the next section, we will give a 
more elementary explanation of why these two conjectures can be placed on an 
equal footing. Here is the generalized Selberg eigenvalue conjecture. 


Conjecture 12.4.4 (Selberg eigenvalue conjecture) Forn > 2, let f(z) bea 
Maass form of type (v, vo, ..., v4 1) € C"! for SL(n, Z) as in (12.4.1). Then 
1 
9j) = -, 
n 
for i=1,2,...,n—1, with A; as defined in Theorem 10.8.6 and 
Remark 10.8.7. 


RHA (v)) = 0, 


Remark The first to observe that the classical Ramanujan conjecture con- 
cerning the Fourier coefficients of A(z) can be reformulated to a very general 
conjecture on GL(n) appears to have been Satake (1966). The generalized 
Ramanujan conjecture has been established for automorphic cusp forms of 
GL(n, F), of algebraic type satisfying a Galois conjugacy condition, where F 
is a complex multiplication field (see (Harris and Taylor, 2001)). The proof is 
a remarkable tour-de-force combining the Arthur-Selberg trace formula and 
the theory of Shimura varieties. The generalized Ramanujan conjecture is still 
unproven for Maass forms for SL(n, Z) of the type considered in this book. 

While the Selberg eigenvalue Conjecture 12.4.4 is not hard to prove for 
SL (2, Z) (see Theorem 3.7.2) it is still an unsolved problem for congruence 
subgroups (see Conjecture 3.7.1); and, of course, Conjecture 12.4.4 can be easily 
generalized to higher level congruence subgroups of S L(n, Z) with n > 2. 

In (Kim and Sarnak, 2003), one may find the current world record for both the 
Ramanujan conjecture and Selberg eigenvalue conjecture for GL(2) (this 
includes the case of congruence subgroups of higher level). The precise bounds 
obtained are 


KA 
lapil, læp2| < p7, 


and correspondingly, 


7 
Riv) x —. 
OSG 
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In (Selberg, 1965) the bound < 1/4 instead of < 7/64 as in (Kim and Sarnak, 
2003) was attained. Selberg's result was slightly improved to « 1/4 in (Gelbart 
and Jacquet, 1978). Further improvements were given in (Serre, 1981) (see also 
(Serre, 1977)), who obtained |o, ;| < p5, Shahidi (1988), |æ p i| < p5, Duke 
and Iwaniec (1989), found a different proof of |æ, ;| < 2 p5 , Bump, Duke, 
Hoffstein and Iwaniec (1992), |o, i| < p5. In the case of GL(n) with n 7 2, 
Jacquet and Shalika (1981) obtained the bound < 1/2. This bound was proved 
for SL(n, Z) in Propositions 12.1.6, 12.1.9. For the finite primes p, Serre (1981) 
suggested that one could do better by a clever use of the Rankin-Selberg L- 
function. This led to the bound 

slo 

T2 dm-«l1 
for Maass forms on G L (n) over a number field of degree d. In (Luo, Rudnick and 
Sarnak, 1995, 1999) the dependence on d was removed. We give an exposition 
of the Luo, Rudnick and Sarnak method (over Q) in the next section. 





(12.4.5) 


12.5 The Luo—Rudnick-Sarnak bound for the 
generalized Ramanujan conjecture 


As an application of the Rankin-Selberg method, we shall give a proof of the 
bound (12.4.5) obtained in (Luo, Rudnick and Sarnak, 1995, 1999). In order 
to simplify the exposition, we work over Q, instead of a number field, so that 
d — 1. Let us restate the theorem. 


Theorem 12.5.1 (Luo-Rudnick-Sarnak) Fixn > 2. Let f bea Maass form 
of type (vi, ..., vy 1) for SL(n, Z) which is an eigenfunction of the Hecke 
operators as in (12.4.1). Then for a, as in (12.4.2), we have 
Il 1 1 
lapi] € p? "4, 9810;Q)) < 2- PORE 
for all primes p, 1<i<n, and 1< jzn-]. Here i; is defined in 
Theorem 10.8.6 and Remark 10.8.7. 


Remark In (Luo, Rudnick and Sarnak, 1999) the above bound was obtained 
for Maass forms on GL(n) over an arbitrary number field. 


Proof Recall the definition of L f(s) given in (12.4.2). 


n 


Lj) - [IIIG - apip. 


i=l p 
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Now, let x be a primitive Dirichlet character (mod q). Consider f & x, which 
has associated L-function 


Lis) = [ [TIG 7 api xt py 


p i=l 
We may now take the Rankin-Selberg convolution of f with f & x. This leads 
to the Rankin-Selberg L-function 


Lggwxs 0) = [LELT [0 - o»; xP) pP. 


p i=l j=l 
Further, as in the proof of Theorem 12.1.4, Remark 10.8.7, and the comments 
after it, the function L(&,)x f(s) satisfies the functional equation 


A(fex)xf(S) 


Stay —Aj(v)—A j0) 


n n Fax cuir copies xu. 
-[I TG) i x 2 a 2 L(reyyx GG) 


i=l j=l 





= €x : A(fgyyx f(l — 5), (12.5.2) 


where 





: a(t Ee 
x= XJ 7 T |i ify) = -1. 














It follows from the methods used to prove Theorem 12.1.4 that A; fe@y)x f(S) 
has a holomorphic continuation to all s € C except for simple poles at s — 1 
and s = 0, the latter simple poles can only occur if x = 1 is the trivial character. 
Note that at finite level there can be finitely many x for which this has a pole 
(of course, this impacts nothing). This result was also proved in much greater 
generality in the combination of papers: (Shahidi, 1981, 1985), (Jacquet and 
Shalika, 1981, 1990), (Jacquet, Piatetski-Shapiro and Shalika, 1983), (Moeglin 
and Waldspurger, 1989). 

We also require, for any fixed prime po, the modified Rankin-Selberg L- 
function 


LU sx r9) = Egqeoxr [ TT [0 ese X(Po) Po*), 0253 
i=! j=1 
which is the same as L(¢@ )x (s) except that the Euler factor at po has been 
removed. 
The key idea in the proof of Theorem 12.5.1 is the following lemma. 
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Lemma 12.5.4 Fix n > 2 and fix po to be either 1 or a rational prime. 
Let f be a Maass form for SL(n, Z) as above. Then for any real number 
B > 1—(2/(n? +1)), there exist infinitely many primitive Dirichlet charac- 
ters x such that x(po) = 1, x(—1) = 1, and 


Lifexxs(P) # 0. 


We defer the proof of this lemma until later and continue with the proof of 
Theorem 12.5.1. 
It follows from (12.5.3) that 


n n 

a ——* Scl 

Lyenxts) = Lors): [ [TIG — oim Xpo) pP) . 
i=1 j=l 


Assume x(—1) = 1, so a, = 0, and the Gamma factors in the functional equa- 
tion take the form (12.5.5). Since A(¢@y)x y (s) is holomorphic for x non-trivial, 
we see that any pole of 


LIL] = onim x(P0) po’) | 


i=l j=l 


or 
ihe e; (12.5.5) 
i=l j=l 2 


must be a zero of Li f oyyx p G)- 
Assume that x (po) = 1 and for some 1 < i < n we have lapi l? = pe with 
>l- (2/(n? 4-1). Then (1 — læ pil? po! has a pole at s = f. Sim- 





ilarly, assume that 39R(A;(v)) = 6 for some i = 1,...,n — 1, and for some 
B>1- PESE Then the Gamma factor 


ll r C = E) 
2 


i-l 

would have a pole at s = 26. It immediately follows, in both these cases, 
that L? Foxx pO) would have to have a zero in a region which contradicts 
Lemma 12.5.4. This proves Theorem 12.5.1. It also explains why the Ramanu- 
jan Conjecture 12.4.3 and the eigenvalue Conjecture 12.4.4 can be placed on 
an equal footing. 


Remark The above proof yields a slightly better bound for the case of 
GL(2) Maass forms when combined with the Gelbart—Jacquet lift. For example, 
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if we start with a Maass form of type v for SL(2, Z) with L-function 


2 
IL ITO — o5; p) |, then the Gelbart-Jacquet lift will yield a degree 3 Euler 
p i-l 
product as in Lemma 7.3.5 associated to a Maass form of type (2v/3, 2v/3) 
for SL(3, Z). When combined with the proof of Theorem 12.5.1, one gets the 
bounds 
1 

le SPP @=1,2), ROS z, 
a result first obtained by Shahidi (1988) by quite different methods. 
Proof of Lemma 12.5.4 We first prove Lemma 12.5.4 in the simpler case 
when po — 1, as in (Luo, Rudnick and Sarnak, 1995). Afterwards, we sketch 
the proof in the more general case when po is a prime, as in (Luo, Rudnick and 
Sarnak, 1999). 














With the notation of (12.5.3), for a primitive character x (mod q), the func- 
tional equation (12.5.2) may be rewritten in the form. 


) q (12/2)—n?s 
Lijayxt) = €x (1) G p (5) Lf yx pd — 5), (12.5.6) 


where 





= 





C 1—5-A;i()-Xj() -(1-5) 
I i ( : y i) (1 A po,i® ps. j Po aye 
i=l j= 


G p(s) = 





C s—Ai()- Xj) L5 2sQ-l 
i ie (244s) (1 — &p,i% po, j Po °) 


It follows easily from the Euler product (Theorem 12.1.3) and the coefficient 
bound in Proposition 12.1.6 that for 8 > 1, we have L(ragy)x r(B) 4 0. This was 
proved in much greater generality in (Shahidi, 1981). Consequently, we may 
assume that 1 — (2/(n? + 1)) < B < 1. The key idea of the proof is to show 
that for e > 0, and Q sufficiently large that 


* a 
$^ 2; Mens ®) > OP, (12.5.7) 
q~@ x (mod q) 
where 37" means that the sum ranges over primitive characters x (mod q) 


satisfying x(po) = x(—1) — +1, and >> means we sum over primes 


q~Q 
Q x q x 2Q. The lower bound (12.5.7) immediately implies Lemma 12.5.4. 
To prove (12.5.7), we require an auxilliary compactly supported smooth 
function h : [A, B] > R, where 0 < A < B, and A(y) > 0, and in addition 


* h(y) 
— dy = |. 
iue 
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Define 


oo 


" , dy 
h(s):= | h(y)y’ —. 
y 
0 
to be the Mellin transform of h, and 


1 z, sds 
hi(y) := oni h(s)y so 
R(s)=2 


Then, by Mellin inversion, 
? h(x) 
hu) = f — dx. 
" X 


It follows that 
0<h(y) <1; Ai(y) = 1; if0<y<A, 
while 
h(y)=0,  ifyzB. 


Next, for y > 0, define 
1 > _, ds 
holy) = oni h(—s)G p.(—s + B)y Cx 
Re(s)=2 


We shall forthwith show that h2 satisfies the following bounds. 


hay) <u y™, for y > 1 and any positive integer M, (12.5.8) 
holy) Ke 1+ y!-^7?-5, for0 < y< Landany € >0, (12.5.9) 


where 
Bo = 2 max RAW), 


and, we may recall that the A;(v) occur in the Gamma factors of G,,(s) as in 
(12.5.6). To prove (12.5.8) shift the line of integration to the right to the line 
9i(s) = M. The result follows since G,,(s) has at most polynomial growth in 
s in fixed vertical strips while h(—s) has rapid decay. To prove (12.5.9), shift 
the line of integration to the left. We may assume fo + B — 1 < 0, otherwise, 
(12.5.9) is obvious. After shifting to the left, we will pick up the first simple 
pole at 9i(s) = Bo + P — 1. The bound (12.5.9) follows immediately. 

The next step in the proof is the derivation of an approximate functional 
equation for L(rgy)x f(s) of the type previously derived in Section 8.3. The 
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asymmetric form of the functional equation (12.5.6) then leads to an asymmetric 
approximate functional equation. 
Let 


Lifex)x tS) = y x x(m). 


m=1 


It follows that for any Y > 1, 


1 s ds 
idm f io) Lyone + BY! Z 
9(5)—2 


23 1 f lis) (5) ds 
m Qi m sS 


H(s)=2 
_ bm) m 
= 2 A xD (2) (12.5.10) 


On the other hand, we may shift the line of integration to the left, apply the 
functional equation (12.5.6), and then let s — —s, to obtain 


1 e. ds 
I(B.Y):— L(iaeyxr(B) + axi f h(s) Lifaxyx f(s +B) Y* = 
R(s)=—1 


(12.5.11) 
where the integral on the right-hand side in (12.5.11) is equal to 


« (2) 


i my\- ds 
af 1» car} Cast BLgepsg — B+ 9S 


R(s)=1 








which is equal to 
2 2 
q y 0-20 SS bm) in) , zy 
e(a) 25 a N Eae 


Combining (12.5.10), (12.5.11), and the above calculation, we obtain, for any 
Y > 1, the approximate functional equation 


Lions O = ye xn) (2) 


m=1 


-«(4 pe Ev X(m) - (a i 
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This may be rewritten in the equivalent form 








LgepsrB m S EU P) vn). ny (2 ) 
m=1 
tg? e in 3 mYn" 
1209 Dea X(m)- (em ) (12.5.12) 


The final step in the proof of Lemma 12.5.4 uses the approximate func- 
tional equation (12.5.12) to deduce (12.5.7). We shall restrict ourselves to 
prime q so that all non-trivial characters are automatically primitive. We 
require: 





0, m=0 (mod g) 
Y xe021|25!-1 m=+41 (mod q) (12.5.13) 
ad =l; otherwise. 


x£xo. X(-D=41 
We then use (12.5.12) and (12.5.13) to estimate 
2 x L (fax) f). (12.5.14) 
X (mod q) 


ds x(-D=41 


The contribution of the first sum on the right-hand side of (12.5.12) to the 
average (12.5.14) is 


X X Ye xcm-m (2) 


q~O X (mod g) m=1 
x£xo. X(-D =41 


=r tty ""4(*-y y "»(). 


q~Q m=+1 (mod q) q~Q (m,q)=1 











(12.5.15) 


We will show that the main contribution to (12.5.15) comes from the term 
m = 1. All other terms will give a much smaller contribution. In fact, the 
contribution of the term m = | is 


q—1 1 q-1 
2 (rz) - X 2 
q~Q q~Q 


The sum over m = 1 (mod q), m # 1 will contribute 


q-1 «& b(14- dq) 1 4- dq b(m)m* 
h 
2,3 haray” y ) < 0l gr mB 














, 


n() 
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where we have used the fact that for m Æ 1, the number of different 
representations m = 1 + dq = 1 + d'q' is O(m*). By the properties of the 
Rankin-Selberg convolution L;, f(s), (see Section 12.1, and in particular, 
Remark 12.1.8) we see that b(m) > 0 of all m = 1,2,..., and 


y» b(m) ^ cx, (x — oo) 


mx 


oo € 
for some c; > 0. It follows that X; 5: pr Mn /Y)| « OY! Ft and, 
q^Qm-l 
therefore, 





— 1 b(m) E 
aeo X om) pr P 


q~Q m=+1 (mod q) 
mzl 





By the same type of computation, one also obtains a bound for the last sum on 
the right-hand side of (12.5.15): 





b 
ME (=) « Qr 
m 


q~Q (m,q)=1 5 


Finally, we consider the contribution of the second term on the right-hand 
side of (12.5.12). For this we make use of a deep bound of Deligne (1974) for 
hyper-Kloosterman sums. Define 


Kar, q):— Y asm) 


XjX2:-x,2r (mod q) 


to be the hyper-Kloosterman sum. Then Deligne proved that 
K,(,q) «qe, (12.5.16) 
We shall use (12.5.16) to prove that for m € Z and q [m that 


3T Gum «que (12.5.17) 


X (mod q) 
Xxxo.xC- Dl 


Indeed, we have the identity 


_ n2 q-— 1 n 
5 Zano" = = (Keln, q) + Kelm, q)) - 7D", 


x (mod q) 2 
x#x0.X(-—D=+1 


from which (12.5.17) immediately follows. 
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We now return to the computation of the contribution of the second term on 
the right-hand side of (12.5.12). This contribution is 


Y 35 TK)" q’ eo. b(m) Zim) «h (=) 

Xm): n» 

zD- {= 2 

q~Q x (mod q) CD) Ai ee q" 
T n. x(-D-l 











n2 
Ee 0) 


« E sn 


q~Q T? 
f (= 
2 











n2+ 


qe P 
EÀ wl 
etm 




















m SEU y? 
« QU yb, 


Collecting together all the previous computations with the approximate func- 
tional equation (12.5.12) yields the asymptotic formula 


q-1 —B4e Ra 
35 XD Lee) A + olori e QUU . y), 
q~Q x (mod q) q-Q 
XT Xo x C- D—F1 
Choosing Y ~ Q^ *U/. we obtain Lemma 12.5.4 when po = 1. 
The case when po is a prime is more difficult to deal with. In this situtation 
we replace (12.5.13) with 


Y ya Eas (12.5.18) 


Blq x (mod f) >0 otherwise, 
x(po)=x(—1)=1 


where 
N=} Š’ 


blq x (mod p) 
Xx(Po)=x(—1)=1 


and 2* means that we sum over primitive characters only. 
In this variation of the method, we do not assume that q is prime. If qo is the 
largest integer dividing q with the property that (qo, m) = 1, then 


yo DE xe SG, 


Blgo x (mod f) 
x(qo)y-xCc-D-1 


because the sum is going over all elements in a group. 
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The key point is that one needs to know that N, is large for many values of 
q. More precisely, one requires that for every e > 0 and all Q sufficiently large 


SS opi (12.5.19) 
Q<q<2Q 


This may be proved using a construction of Rohrlich (1989) together with a 
variation of the Bombieri—Vinogradov theorem due to Murty and Murty (1987). 
With (12.5.18) and (12.5.19) in place, the proof of Lemma 12.5.4 proceeds as 
before. See (Luo, Rudnick and Sarnak, 1999) for precise details. 

The case of a finite place and a number field is quite a bit more complicated. 
The reason is that the condition that x be | at a finite place p, imposes a 
strong condition on the set of such xs. To get around this one resorts to the 
construction of special xs which have conductors which are highly divisible 
(Rohrlich, 1989), and in fact form a very sparse sequence. In this case in order 
to execute the averaging one needs to use the positivity of the coefficients of 
the Rankin-Selberg L-function L(s, f x f). 














12.6 Strong multiplicity one theorem 


As a final application of the Rankin-Selberg method, we give a proof of the 
strong multiplicity one theorem, originally due to Jacquet and Shalika (1981). 


Theorem 12.6.1 (Strong multiplicty one) Let f, g be two Maass forms for 
SL (n, Z) as in (12.1.1) with Fourier coefficients 


A(m;,..., mg 1), Bim,...,Mn_1); 
respectively, with mj > 1, ... ,My-2> 1, Mm,- £0. If 
A(p,l,...,1) = B(p,l,...,1) 
for all but finitely many primes p then f = g. 


Proof If f + g, then the inner product ( f, g) = 0. By Theorem 12.1.4, the 
Rankin-Selberg L-function L fxg(s) (see Definition 12.1.2) has a meromorphic 
continuation to all s € C with at most a simple pole at s = 1 with residue 
proportional to ( f, g}. By our assumption that f ¥ g, it follows that L f xg(s) is 
entire and has no pole at s = 1. This is a contradiction because we are assuming 
that A(p, 1,..., 1) = B(p,1,..., 1) forall but finitely many primes p, which 
implies by Theorem 12.1.3 (up to a finite number of Euler factors) that L 7x 9(s) 
is a Dirichlet series with positive coefficients, so it must have a pole. If it did 
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not have a pole then by standard techniques in analytic number theory the sum 
X A(p, 1,..., 1): B(p, 1,..., 1) would be small as x — oo. 


psx 














Theorem 12.6.1 can actually be proved in a much stronger form, i.e., it 
still holds provided A(p, 1,...,1) = B(p,1,..., 1) for only finitely many 
primes p. By using the logarithmic derivative Ly (5)/Ly¢xg(s), Moreno 
(1985) obtained a general explicit bound on the number of primes required. 


13 


Langlands conjectures 


About 25 years ago I was discussing analytic number theory with Jean-Pierre 
Serre. I distinctly recall how he went to the blackboard and wrote down the 
Euler product 


JI] [0 227» 
D: Cim 
corresponding to an automorphic form on GL (n), and then pointed out that one 
of the most important problems in the theory of L-functions was to obtain the 
analytic properties of the higher kth symmetric power L-functions given by 


Ned 
IO IDE  (O-@rrapi api) p) - 
He then explained that if one knew that these L-functions (for k = 1, 2,3,...) 
were all holomorphic for R(s) > 1 then it would easily follow from Landau’s 
lemma (a Dirichlet series converges absolutely up to its first pole, see (Iwaniec- 
Kowalski, 2004)) that 


[o p.i | =1 


for all primes p and alli = 1,2,...,. This, of course, is the famous general- 
ized Ramanujan conjecture discussed in Section 12.4. 

In January 1967, while at Princeton University, Langlands hand wrote a 17 
page letter to André Weil. The letter outlines what are now commonly known 
as the “Langlands conjectures.” Weil suggested that the letter be typed and it 
then circulated widely. It is now available at the Sunsite webpage: 


http://www.sunsite.ubc.ca/DigitalMathArchive/Langlands/functoriality.html 


The conjecture about the kth symmetric power L-functions shown to me by 
Serre is a special case of Langlands more general conjectures. One may also 
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consider the kth exterior power L-function given by 


I] I] (1— op itp pP). 


p ii<i2<---<ik 


Langlands predicts that the kth symmetric power L-function is associated to 


an automorphic form on GL X 1] while the kth exterior power 


1«ii«ij?«--«iyxn 


L-function is associated to an automorphic form on GL ( » ) ; 


i.e., it is on GL(M) where M is simply given by the number of Euler factors 
in the Euler product. Although these conjectures are easy to state in terms of 
Euler products, it is very hard to get a grip on them from this point of view. 
The great insight of Langlands, in his letter to Weil, is to show that each L- 
function associated to an automorphic form on GL(n), say, is also associated 
to a certain representation of an infinite dimensional Lie group, and by taking 
tensor powers or exterior powers of the representation one may validate the 
predictions. 

Langlands came to his conjectures by carefully studying Eisenstein series 
and Artin L-functions. For example, we have shown in Theorem 10.8.6 that the 
L-functions associated to a minimal parabolic Eisenstein series for SL(n, Z) are 
simply a product of shifted Riemann zeta functions. It is not hard to construct 
the higher symmetric and exterior powers which will again be products of 
other shifted Riemann zeta functions. One can then validate the Langlands 
conjectures by showing (with the method of templates, after Remark 10.8.7), 
that the higher symmetric and exterior products satisfy the expected functional 
equations. 

Another compelling explanation for Langlands general conjectures, as 
explained by Langlands himself, is the striking analogy with Artin L-functions 
(Langlands, 1970). We will explore this analogy in the next two sections. 

Langlands conjectures (see (Arthur, 2003), (Sarnak, to appear)) show that 
all automorphic forms should be encoded in the GL(n) automorphic spectrum. 
It also follows from (Arthur, 1989, 2002) that the decomposition of a general 
group may be reduced to the study of GL(n). So for the theory of L-functions, 
the group GL(n) plays an especially important role. 

The conjectures we have described up to now (symmetric and exterior powers 
of automorphic representations) are examples of the so-called “global Lang- 
lands functoriality conjectures over number fields.” 
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Progress on the Langlands global functoriality conjectures over number 
fields has been slow, but with spectacular recent developments. Here is an 
account of the major developments up to the present. 


* (Gelbart-Jacquet, 1978) The symmetric square lift from GL(2) to GL(3) 
(see Section 7.3) 

e (Ramakrishnan, 2002) The tensor product lift: GL(2) x GL(2) > GL(4). 

* (Kim and Shahidi, 2000, 2002) Tensor product lift: GL(2) x GL(3) 
— GL(6), the symmetric cube lift: GL(2) > GL(4). 

e (Kim, 2003), (Kim and Shahidi, 2000) The exterior square lift: GL(4) 
— GL(6), symmetric fourth power lift: GL(2) > GL(5). 

* (Cogdell, Kim, Piatetski-Shapiro and Shahidi, 2001, 2004) Lifting from split 
classical groups to G L(n). 


The local Langlands conjectures (Carayol, 1992, 2000) have seen much 
greater advances. In (Laumon, Rapoport and Stuhler, 1993), the local Lang- 
lands conjecture was proved for local fields of prime characteristic. This was 
followed by Harris and Taylor (2001) who gave a proof for characteristic zero 
and then Henniart (2000) gave a simplified proof. In (Drinfeld, 1989) a proof 
of Langlands functoriality conjecture was obtained for GL(2) over a function 
field. Finally Lafforgue (2002) established Langlands conjectures for GL (n) 
(with n > 2) in the function field case. 

Other references for Langlands conjectures include (Borel, 1979), (Bump, 
1997), (Gelbart, 1984), (Arthur, 2003), (Bernstein and Gelbart, 2003), (Moreno, 
2005). 


13.1 Artin L-functions 


Let K be an algebraic number field of finite degree (Galois extension) over 
another number field k with Galois group G = Gal(K /k). Let 


p:G — GL(V) 


be a representation of G into a finite dimensional complex vector space V of 
dimension n. Then p is a homomorphism from G into the group GL(V) of 
isomorphisms of V into itself. The group GL(V) may be identified with 
GL(n, C). 


Example 13.1.1 (cubic field) Let K — Q(23, e?"i/5). and k = Q. Then the 
Galois group G = Gal(K /Q) is $5, the symmetric group of all permutations of 
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three objects. A representation p : G — GL(3, R) can be explicitly given as 
follows. Fora € K and g € G, we denote the action of g on o by a. Similarly, 
for a, DB, y € K we define the binary operation o by 


a a? 
B]og := | B 
Y ye 
Now let 
i2. B= eiB., y = eih. 23, 


For each g € G, we may define a matrix p(g) € GL(3, R) by the identity 


a a 
Blog = og): | B 
Y y 


where - denotes multiplication of a matrix by a vector. The matrices p(g), g € 
G are just the six permutation matrices 


or CO oome 
coor om. oo 
=. OO FB CO” 
=. OO FR Oo” 
or CO oocom 
coor omo 
oco omo 
=. OO FO” 
or O COO Ff 


Artin L-function - preliminary definition 


Let K/k be a Galois extension with Galois group G. Let p : G > GL(V) 
be a representation of G as above. An Artin L-function is a meromorphic 
function of a complex variable s denoted L(s, o, K/K) attached to this data. 
The precise definition gives a realization of L(s, o, K/K) as an Euler product 
and requires the interplay between the representation o and prime numbers, 
which is determined by the Frobenius automorphism which we now discuss. 


Definition 13.1.2 (Frobenius automorphism of a finite field extension) Let 
F,, Fy be finite fields of prime power orders q, q' , respectively, where q|q'. The 
map x — x fixes Fy and permutes the elements of Fy in such a way as to give 
an automorphism of Fy. This map is defined to be the Frobenius automorphism 
of Fy /FF,. It is a particular element of Gal(F, /FF,). 
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Let K / k be a Galois extension of number fields of degree n. Set Ox, Ox to 
be the ring of integers of K , k, respectively. Let p be a prime ideal of O;. Then 
the ideal pOx factors into powers of prime ideals P; (i = 1,...,r) of Ox as 
follows: 


pOr = Ph... Pe. (13.1.3) 
If we apply g € G to this, we get 
pOr = (PS)... (PSE. (13.1.4) 


By unique factorization, the two factorizations in (13.1.3), (13.1.4) must be 
the same. By varying g € G this implies that all the e; must be equal to some 
integer e > 1. Therefore, 


pOr = P. TI 


and n = efr. We say p is ramified if e > 1, otherwise, it is unramified. 
Let P be one of the primes P;, (i = 1,...,r) which occur in the above 
factorization. We define the decomposition group D», as the set 


Dp :={geG | P& =P}. 


The decomposition group tells us how pOx splits. If we write G in terms of 
cosets of Dp: 


£ 
G= U Dp: gi, 
i=l 
where £ = [G: Dp] then the distinct conjugate divisors to P are just the divisors 
Ps, (1 <i < £). It follows that £ = r and the order of D» is ef. For unramified 
primes this is just f. 
Consider the residue fields Fp := Ox /P and F, :— Oy /p, respectively. 


Then Fp, F, are finite fields.It is not hard to see that the elements of the 
decomposition group Dp are automorphisms of Fp/F,. Indeed, if g € Dp and 


az (mod P), 
then o? = B* (mod P£). But P! = P so that 
a’ = B* (mod P). 


Consequently, elements of Dp take congruence classes (mod P) to congruence 
classes (mod P), which gives ahomomorphism from Dp into Gal(IFp /IF;). Let 


Ip :={geG | x8=x (mod P), Vx € Ox}, 
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denote the inertia group of P. It turns out that the map 
Dp/Ip — Gal(IFp /IFs) 


is onto. It follows that there is an element of D» which maps onto the Frobenius 
automorphism in Gal(Fp/F,). Naturally, we shall call this element (denoted 
Fr») the Frobenius automorphism also. It is characterized by 


xP? = xN (mod P) (13.1.5) 


for all x € Oy. Here N (p) denotes the absolute norm of p which is the cardinal- 
ity of the finite field IF. Note that the Frobenius automorphism is well defined 
only modulo the inertia. 

The prime p € Ox is unramified in K / k if and only if Ip is trivial (contains 
only the identity element) for any prime P occurring in the factorization of 
pOx. Similarly, the prime pOx factors into n prime ideals (splits completely) 
in K/k if and only if Dp = Ip = {1}. 


Lemma 13.1.6 Let K/k be a Galois extension of number fields with Galois 
group G. Let g € G and let P in Ox be a prime above the prime p in Ox. If 
Fr» is the Frobenius automorphism determined by (13.1.5) then 


1 


Fr, =g SHES ee 


If Dp, Dp: denote the decomposition groups of P, P$, respectively, then 


Dos =g!-Dp-g. 


Proof If we apply g € G to (13.1.5), we otain 
Fie 8 = (x8)V®) (mod 7*), 


for all integers x € Ox. If we replace x by x* ', it follows that 


x8 Pres = yN®) (mod P8). 














Since the Galois group G is transitive on primes P lying over p, it follows 
that all the Frobenius elements Fr» are conjugate. Thus, attached to the prime 
p of O; is a conjugacy class of Frobenius elements in Gal(K / k). We are now 
ready to define the Artin L-function. 


Definition 13.1.7 (Artin L-function) Let K /k be a Galois extension of num- 
ber fields with Galois group G. For a finite-dimensional complex vector space 
V, let p : G — GL(V) be a representation. Let s € C with R(s) sufficiently 
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large. The Artin L-function (denoted L(s, p, K / k)) attached to this data is given 
by the Euler product 


[I Pe(t - oc N67) T] Det — p Frp) |V^ NG) 


p unramified p ramified 


where I is the identity matrix and P is any prime above p. Furthermore, for p 
ramified, the quotient Dp/Ip acts on the subspace V? of V on which Ip acts 
trivially. The notation p (Frp) |V? means that the action of p (Frp) is restricted 
toV”, 


Note The indicated determinant in Definition 13.1.7 is well defined (inde- 
pendent of the choice of above p) by Lemma 13.1.6, since the determinant 
only depends on the conjugacy class of Frp. To see this note that for any g € G, 
since the determinant is a multiplicative function and Det(g^! - g) = 1, 


Det(/ — p (Frp) N(p) 7) = Det(g * - (I — p(Frp)N (p) 7): 8) 
= Det(J — (g^! - p(Frp)- 9)N(p) 7) 
= Det(I — p(Fr,, )N(p) ?). (13.1.8) 


Here, the last equality follows from Lemma 13.1.6. 
These L-functions were first introduced in (Artin, 1923, 1930) (see also 
(Roquette, 2000)). Artin made the following famous conjecture. 


Conjecture 13.1.9 (Artin's conjecture) Let K/k be a Galois extension of 
number fields with Galois group G. For a finite-dimensional complex vector 
space V, let p : G > GL(V) be a representation. If the representation p is 
irreducible and not the trivial representation, then L(s, p, K/k) is an entire 
function of s € C. 


Artin himself proved Conjecture 13.1.9 when p is one-dimensional in (Artin, 
1927). To quote from (Langlands, 1970): 


Artin’ s method is to show that in spite of the differences in the definitions the function 
L(s, p, K/F) attached to a one-dimensional p is equal to a Hecke L-function L(s, x) 
where x = x(p) is a character of F*\Ir. He employed all the available resources 
of class field theory, and went beyond them, for the equality of L(s, p). 


It is not hard to show (see Heilbronn's article in (Cassels and Frohlich, 1986)) 
that Artin's L-function L(s, o, K /k) can be expressed as a product of rational 
powers of abelian L-functions of Hecke's type, where the abelian L-functions 
are associated to intermediate fields k C Q C K with K/Q abelian. A major 
advance on Artin's conjecture in the case when Gal(K /K) is not an abelian 
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group was made by Brauer (1947) who proved that all irreducible represen- 
tations p of the Galois group G can be expressed as Z-linear combinations 
of induced representations of one-dimensional representations on subgroups 
of G. As a consequence, he showed that L(s, p, K/k) can be expressed as a 
product of integer powers of abelian L-functions of Hecke's type. This proved 
that Artin's L-functions extended to meromorphic functions in the entire com- 
plex s plane and satisfied a functional equation. The problem was that Brauer 
could not exclude negative integral powers so that Artin's conjecture was still 
unproven. 

Further advances on Artin's Conjecture 13.1.19 did not come until Langlands 
changed the entire landscape of research around this problem by making the 
striking conjecture that Artin's L-functions should be L-functions associated to 
Maass forms on G L(n). 

When n — 2 and the image of p in PGL(2, C) is a solvable group, Artin's 
conjecture was solved in (Langlands, 1980). The ideas in this paper played a 
crucial role in Taylor and Wiles (1995) proof of Fermat's Last Theorem. In 
(Langlands, 1980) the conjecture is proved for tetrahedral and some octahedral 
representations and in (Tunnell, 1981) the results are extended to all octahedral 
representations. When n — 2 and the projective image is not solvable, the only 
possibility is that the projective image is isomorphic to the alternating group As. 
These representations are called icosahedral because As is the symmetric group 
of the icosahedron. Joe Buhler's Harvard Ph.D. thesis (see (Buhler, 1978)) gave 
the first example where Artin's conjecture was proved for an icosahedral repre- 
sentation. The book (Frey, 1994) proves Artin's conjecture for seven icosahedral 
representations (none of which are twists of each other). In (Buzzard and Stein, 
2002), the conjecture is proved for eight more examples. A further advance 
was made in (Buzzard, Dickinson, Shepherd-Barron and Taylor, 2001) who 
proved Artin's conjecture for an infinite class of icosahedral Galois represen- 
tations which were disjoint from the previous examples. Very little is known 
for n > 2. 


13.2 Langlands functoriality 


The converse Theorem 3.15.3 of Hecke-Maass and the Gelbart-Jacquet sym- 
metric square lift (Theorem 7.3.2) from GL (2) to GL (3) have been the principle 
motivation for writing this book. These results constitute one of the first impor- 
tant proofs of a special case of Langlands conjectures. 

The Gelbart-Jacquet lift, or more accurately: the Gelbart-Jacquet functorial 
image, is an instance of Langlands functoriality. While it is beyond the scope 
of this book to give a definition of functoriality in the most general scenario, 
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we shall attempt to motivate the definition and give a feeling for the important 
program that Langlands has created. 

The key new idea introduced by Langlands in his 1967 letter to Weil, and also 
introduced independently in (Gelfand, Graev and Pyatetskii-Shapiro, 1990) is 
the notion of an automorphic representation. We have intensively studied 
Maass forms for SL(n, Z). These are examples of automorphic forms. The 
leap to automorphic representation is a major advance in the subject with 
profound implications. It was first intensively researched, for the case of GL (2), 
in (Jacquet and Langlands, 1970). 

In the interests of notational simplicity and an attempt by the writer to 
explain in as simple a manner as possible the ideas behind the functorial- 
ity conjectures of Langlands, we shall restrict our discussion, for n > 2, to 
the group SL(n, Z) which acts on GL(n, R) by left matrix multiplication. An 
automorphic form is then a Maass form for SL(n, Z) as in Definition 5.1.3, a 
Langlands Eisenstein series for S L(n, Z) as in Chapter 10, or the residue of such 
an Eisenstein series. By Langlands spectral theorem (see (Langlands, 1966) and 
also Theorem 10.13.1 for the case of GL (3)) these automorphic forms generate 
the C-vector space 


V, = L?(SL(n, ZNGL(n, R)/ O(n, R) - R*). 


We introduce the right regular representation which maps g € GL(n, IR) to 
the endomorphism, F — p(g)F of Y,, and is defined by 


p : GL(n, R) > End(V,), 
where 
(o(g)F)(z) := F(z - 8) 
forall F € Vn, z € b” = GL(n, R)/(O(n, R) - R*), and all g € GL(n, R). 


Remark This is a representation into the endomorphisms of an infinite 
dimensional vector space! The space of Maass forms (cusp forms) is invari- 
ant under this representation. It decomposes into an infinite direct sum of irre- 
ducible invariant subspaces. If x is the representation on one of these invariant 
subspaces then z is termed an automorphic cuspidal representation and corre- 
sponds to a Maass form. The L-function associated to zr is then the L-function 
associated to the Maass form as in Definition 9.4.3, i.e., itis a Godement-Jacquet 
L-function. 


At this point Langlands made a remarkable hypothesis which may be viewed 
as a naive form of his functoriality conjecture. He assumed: 


404 Langlands conjectures 


e that the properties of an automorphic representation mimic the properties 
of a Galois representation; 

e that the properties of an L-function associated to an automorphic form 
(automorphic representation) mimic the properties of an Artin L-function. 


We shall illustrate these hypotheses with some simple examples. Let K /k 
be a Galois extension of number fields with Galois group G. For a finite- 
dimensional complex vector space V, let o : G — GL(V) be a representation, 
and consider the Artin L-function L(s, p, K/k) given in Definition 13.1.7. If 
we let g € GL (n, IR) and then use the first two identities in (13.1.8), it follows 
that, for p unramified, we may diagonalize the matrix p (Frp), i.e., 


Àp,1 


g`- p (Frp): g = ah 
dts 


where Ap 1, Ap,2,..-, Àp,n are the eigenvalues. A similar result holds when p is 
ramified. The Euler product for the Artin L-function L(s, p, K/k) then takes 
the form 


n 
Li, p, K/k) [TT] - x; ve». 
p i=l 
Now, it is possible to combine two Galois representations (of the type o 
above) and create a new Galois representation just as when we multiply two 
numbers to create a new number. In fact, there are many ways to do this. Such 
laws of composition have interesting images on the L-function side. One may 
think of the L-functions associated to Maass forms as the basic atoms which 
can be combined in various ways to form molecules, i.e., more complicated 
L-functions. 
Let o : G — GL(V), p’: G > GL(V’) be two Galois representations of 
the Galois group G = Gal(K/k) where V, V' are vector spaces (over C) of 
dimensions n, n’, respectively. Let 


LG. p, K/&) 2 [[T]a - 1; NO, 


p i=l 


t x =S - 
Li, e, Klo S [TIT [0 - x; Ne»). 
p j=l 
be the corresponding Artin L-functions. An interesting way to combine p, p' is 
to form the tensor product p & p’ which is a representation of G into GL(V & 
V^). Every element of V @ V’ is a linear combination of terms of the form 
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v & v' with v € V, v' € V'. Then p ® p' is defined by letting 
(p & PNEU & v’) = p(g)(v) & p(gh(v') 


for all g € G, v € V, v' e V'. Without loss of generality, we may assume 
that for some g € G, the representations o, p' have been diagonalized so 
that p(g), o'(g) correspond to diagonal matrices in GL(n, C), GL(n', C), 
respectively, where 


ii x 
P(g) = 5c ; p(g)= he . — (132.0) 
Àn pe 


So, if (e1, ... , €n) and (ej, ..., €7,) denote the standard bases for V, V’, respec- 
tively, then it is clear that o(g) maps e; — A;e; while o'(g) maps €; pb Xe. 
It then follows that the tensor product of the two representations (o & o^)(g) 
maps 


e; 8e; e Ai ei Se, (forl <i<n, 1<j<n’). 


Consequently, we have shown that 


Le, pP, K/ =] [][] [a - aia, NO. 
p i=l j=l 

But L(s, p & p', K /k)is another Artin L-function!It is also the Rankin-Selberg 
convolution as defined by the Euler product representation in Theorem 12.3.6. 
So if Langlands hypothesis (that automorphic representations mimic Galois 
representations) is correct it would have to follow that the Rankin-Selberg 
convolution of two automorphic representations is again automorphic. This is 
an important example of Langlands functoriality. 

Another example comes from taking the symmetric product V v V' of two 
vector spaces V, V' defined over C. The vector space V v V' then consists of 
all linear combinations of terms of the form v v v’ with v € V, v' € V’, and 
where v satisfies the rules 


vvv =v vv, 

(a101 + a2U2) V v= av, V v + aV V v', 
forallu € V, v’ € V’, andaj,a; € C. If p: G > GL(V), p':G — GL(V/) 
are two Galois representations of G = Gal(K /k), then we may consider the 


symmetric product representation p V p’ which is a representation of G into 
GL(V v V^). Then p v p' is defined by letting 


(o v PNE) v v) := p(g)(v) v p(g)(v’) 
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forall g € G, v € V,v' € V'. Let us consider the special case that V = V’ and 
p = p! where V has the basis e1,..., en. We may view V v V as a subspace 
of V & V with basis elements e; & e; where 1 <i < j x n. If we assume as 
before that p(g), o'(g) correspond to diagonal matrices as in (13.2.1) then, in 
this case, we may consider the symmetric square representation p V p. It is 
easy to see that 


Ls, pvp, K/ky=[[ [[ a = Apipi NOS. 
p dIxixjzn 

Other examples of this type can be given by considering, for example, the 
exterior product of two vector spaces (see Section 5.6), and then forming the 
exterior product of two Galois representations or by taking higher symmetric 
or exterior powers. 

Yet another type of interesting operation that can be done with representa- 
tions is to consider induced representations. This corresponds to induction from 
a Galois subgroup (see (Bump, 1997). Langlands derived from this process his 
theory of base change (Langlands, 1980). 

An even deeper theorem in Galois representations is Artin's reciprocity law 
(Artin, 1927) (see also the introductory article (Lenstra-Stevenhagen, 2000)) 
which generalized Gauss' law of quadratic reciprocity, and included all known 
reciprocity laws up to that time. Langlands formulated an even more general 
version of Artin reciprocity in the framework of automorphic representations. 

Of course, Langlands did not stop here. This was the starting point. For a gen- 
eral connected reductive algebraic group G he introduced, in (Langlands, 1970), 
the dual group or what is now known as the L-group, “G.He then formulated 
his now famous principle of functoriality which states that given any two con- 
nected reductive algebraic groups H, G and an L-homomorphism ^ H > +G 
then this should determine a transfer or lifting of automorphic representations 
of H to automorphic representations of G. 

In fact, the modern theory of automorphic forms allows us to parameterize 
each automorphic representation of a reductive group such as H by a set of 
semisimple conjugacy classes {c,} in ^H, a complex Lie group, where v runs 
over almost all the places of the defining global field. The functoriality prin- 
ciple then roughly states that for each *L—homomorphism" f ^H — £G, the 
collection { f (c,)) defines, in fact, an automorphic representation of G, or more 
precisely a “packet” of automorphic representations of G. 
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Appendix The GL(n)pack Manual 





Kevin A. Broughan 


A.1 Introduction 


This appendix is the manual for a set of functions written to assist the reader to 
understand and apply the theorems on GL (n, R) set out in the main part of the 
book. The software for the package is provided over the world wide web at 


http://www.math.waikato.ac.nz/~kab 


and is in the form of a standard Mathematica add-on package. To use the 
functions in the package you will need to have a version of Mathematica at 
level 4.0 or higher. 


A.1.1 Installation 


First connect to the website given in the paragraph above and click on the link 
for GL(n)pack listed under “Research” to get to the GL(n)pack home page. 
Instructions on downloading the files for the package will be given on the home 
page. If you have an earlier version of GL(n)pack first delete the file glIn.m, 
the documentation gln.pdf and the validation program glnval.nb. The name of 
the file containing the package is gIn.m. To install, if you have access to the file 
system for programs on your computer, place a copy of the file in the standard 
repository for Mathematica packages — this directory is called “Applications” 
on some systems. You can then type «gln.m and then press the Shift and Enter 
keys to load the package. You may need administrator or super-user status to 
complete this installation. Alternatively place the package file gIn.m anywhere 
in your own file system where it is safe and accessible. 


Instructions for Windows systems The package can be loaded by typing 
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SetDirectory[”c:\your\directory\path”]; 
<<gln.m;ResetDirectory[]<Shift/Enter> 








or 


Get ["gln.m”, Path->{"c:\your\directory\path” }] 
<Shift/Enter> 





where the path-name in quotes should be replaced by the actual path-name of 
directories and subdirectories which specify where the package has been placed 
on a given computer. 


Instructions for Unix/Linux systems These are the same as for Windows, 
but the path-name syntax style should be like /usr/home/your/subdirectory. 


Instructions for Macintosh systems These are the same as for Windows, 
but the path-name syntax style should be like HD:Users:ham:Documents:. 


All systems The package should load printing a message. The functions of 
GL(n)pack are then available to any Mathematica notebook you subsequently 
open. 


A.1.2 About this manual 


This appendix contains a list of all of the functions available in the pack- 
age GL(n)pack followed by a manual entry for each function in alphabet- 
ical order. Many functions contain the transcript of an example and refer- 
ence to the part of the text to which the function relates, as well as lists of 
related functions. Each function has both a Mathematica style long name and a 
3 letter/digit abbreviated name. Either can be used, but the error messages and 
usage information are all in terms of the long names. To obtain information 
about bug fixes and updates to GL(n)pack consult the website for the package: 
given in A.I. above. 


A.1.3 Assistance for users new to computers or Mathematica 


On the GL(n)pack website (see above) there are links giving tutorial and other 
information for those people who want access to the package but are new 
or relatively new to computers. The manual entries assume familiarity with 
Mathematica, so some may require extra help. Alternatively sit down with 
someone familiar with Mathematica to see it at work. 
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There are many issues to do with computer algebra and mathematical soft- 
ware that will arise in any serious evaluation or use of Mathematica and 
GL(n)pack. A comment on one aspect: GL(n)pack function arguments are first 
evaluated and then checked for correct data type. If the user calls a function 
with an incorrect number of arguments or an argument of incorrect type, rather 
than issue a warning and proceeding to compute (default Mathematica style), 
GL(n)pack prints an error message, aborts the evaluation and returns the user 
to the top-level, no matter how deeply nested the function which makes the 
erroneous call happens to be placed. This is a tool for assisting users to debug 
programs which include calls to this package. 


A.1.4 Mathematica functions 


Each GL(n)pack function is a standard Mathematica function and so will work 
harmoniously with built-in Mathematica functions and user functions. Useful 
standard functions include those for defining functions (Module and Block for 
example) list and matrix manipulation and operations (“.” represents matrix 
multiplication), special functions (such as the BesselK), plotting functions 
and the linear algebra add-on package. Note however that a formatted matrix, 
returned by MatrixForm, is not recognized by Mathematica as a matrix. A 


matrix in Mathematica is just a list of lists of equal length. 


A.1.5 Thedatatype CRE (Canonical Rational Expression) 


Many GL(n)pack functions take symbolic arguments which are either explicit 
integers or real or complex numbers (exact or floating point) or mathematical 
expressions which could evaluate to numbers. These expressions are expected 
to be in the class sometimes called “Canonical Rational Expressions” or CREs. 
This class of expression is defined as follows: members are rational functions 
with numerical coefficients and with symbolic variables, any number of which 
may be replaced by function calls, or functions which are not evaluated (“noun 
forms”) or functions of any finite number of arguments each of which can 
be, recursively, a CRE. Some package functions will accept lists of CREs or 
matrices with CRE elements. This should cover most user needs, but notice 
it excludes simple types like matrices with elements which are matrices. (The 
single exception is the GL(n)pack function MakeBlockMatrix, which takes as 
argument a matrix with matrix elements.) If a user is unsure regarding the data 
type of a mathematical expression, the GL(n)pack function CreQ can be used. 
See the manual entry. 
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A.1.6 The algorithms in this package 


The reader who uses this package may notice that many functions 
appear to run almost instantaneously, for example MakeBlockMatrix or 
HeckeMultiplicativeSplit. Others however take considerable time to complete, 
minutes or hours rather than seconds. This is often because the underlying algo- 
rithm employed is exponential, or in at least one instance, more than exponential. 
Improvements in this completion time are of course possible: The GL(n)pack 
code is interpreted, so there may be speed-ups attainable using the Mathematica 
function Compile, even though it has a restricted domain of application. Exist- 
ing algorithms could be replaced by faster algorithms. The existing algorithms 
could be re-implemented in a compile-load-and-go language such as C++ or 
Fortran, or an interactive language allowing for compilation such as Common 
Lisp. This latter would be the best choice, because execution speed for com- 
piled code is quite comparable to that of the two former choices, but its range 
of data types is vast, certainly sufficient for all of the package. Functions which 
will slow significantly as the dimension increases include GetCasimirOperator, 
ApplyCasimirOperator, KloostermanSum, MPSymmetricPowerLFun, and 
SpecialWeylGroup. 
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A.2 Functions for GL(n)pack 


ApplyCasimirOperator[m,expr,iwa] (aco): The operator acts on a CRE. 
BruhatCVector[a] (bev): The minors (c1, ..., C41). 

BruhatForm[a] (bru): The four Bruhat factors of a symbolic matrix. 
BlockMatrix[a,rows,cols] (blm): Extract a general sub-block of a matrix. 
CartanForm[a] (car): The two Cartan factors of a numeric matrix. 
ConstantMatrix[c,m,n] (com): Construct a constant matrix of given size. 
CreQ[e] (crq): Check a Canonical Rational Expression. 
DiagonalToMatrix[d] (d2m): Convert a list to a diagonal matrix. 
EisensteinFourierCoefficient[z,s,n] (efc): The GL(2) Fourier series nth term. 
EisensteinSeriesTerm[z,s,ab] (est): The nth term of the series for GL(2). 
ElementaryMatrix[n,i,j,c] (elm): Construct a specified elementary matrix. 
FunctionalEquation[vs, i] (feq): Generate the affine parameter maps. 


GetCasimirOperator[m,n,“x’’,“y’’,“f’’] (gco): The Casimir operators. 
GetMatrixElement[a, i, j] (gme): Return a specified element. 
GlInVersion[] (glv): Print the date of the current version. 
HeckeCoefficientSum[m, ms, “x’’](hes): The right-hand side of the sum. 
HeckeEigenvalues[m,n,*^a"] (hev): The values of (Àm) for GL (n). 
HeckeMultiplicativeSplit[m](hms): Prepare a Hecke Fourier coefficient. 


HeckeOperator[n, z,“f’’] (hop): of nth order for forms on b”. 
HeckePowerSumf[e, es,““B”](hps): Exponents for the Hecke sum at any prime. 
HermiteFormLower[a] (hfl): The lower left Hermite form. 
HermiteFormUpper[a] (hfu): The upper left Hermite form. 

IFun[v,z] (ifn): The power function /,(z). 

InsertMatrixElement[e,i,j,a] (ime): Insert an expression in a given matrix. 
IwasawaForm([a] (iwf): The product of the Iwasawa factors of a matrix. 
IwasawaXMatrix[w] (ixm): Get the x matrix from the Iwasawa form. 
IwasawaXVariables[w] (ixv): Get the x variables from the Iwasawa form. 
IwasawaY Matrix[z] (iym): Get the y matrix from the Iwasawa form. 
IwasawaY Variables[z] (iyv): Get the y variables from the Iwasawa form. 
IwasawaQ[z] (iwq): Test to see if a matrix is in Iwasawa form. 


KloostermanBruhatCell[a,x,c,w,y] (kbc): Solve a = x.c.w.y for x and y. 
KloostermanCompatibility[t1,t2,c,w] (klc): Relations for a valid sum. 
KloostermanSum[t1,t2,c,w] (kls): Compute an explicit Kloosterman sum. 
LanglandsForm[p.d] (llf): The three matrices of the decomposition. 
LanglandsIFun(g,d,s) [lif]: Summand for the Eisenstein series. 
LeadingMatrixBlock[a,i,j] (Imb): Extract a leading sub-block of a matrix. 
LongElement[n] (lel): Construct the matrix called the long element. 
LowerTriangleToMatrix[l] (Itm): Construct a lower triangular matrix. 
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MakeBlockMatrix[mlist] (mbm): Construct a matrix from submatrices. 
MakeMatrix[*x",m,n] (mkm): Make a matrix with indexed elements. 
MakeXMatrix[n,“x’’] (mxm): Construct a symbolic unimodular matrix. 
MakeX Variables[n,“x’’] (mxv): Construct a list of Iwasawa x variables. 
MakeY Matrix[n,“y’’] (mym): Construct a symbolic diagonal matrix. 
MakeY Variables[n,“y”] (myv): Construct Iwasawa y variables. 
MakeZMatrix[n,x",*y"] (mzm): Construct a symbolic Iwasawa z matrix. 
MakeZ Variables[n,*x",**y"] (mzv): A list of the x and y variables. 
MatrixColumn[m,j] (mcl): Extract a column of a given matrix. 
MatrixDiagonal[a] (mdl): Extract the diagonal of a matrix. 
MatrixJoinHorizontal[a,b] (mjh): Join two matrices horizontally. 
MatrixJoinVertical[a,b] (mjv): Join two matrices vertically. 
MatrixLowerTriangle[a] (mlt): Extract the lower triangular elements. 
MatrixRow[m,i] (mro): Extract a row of a matrix. 
MatrixUpperTriangle[a] (mut): Extract the upper triangular elements. 
ModularGenerators[n] (mog): Construct the generators for SL(n, Z). 
MPEisensteinGamma[s,v] (eig): Gamma factors for a parabolic series. 
MPEisensteinLambdas[v] (eil): The A;(v) shifts. 
MPEisensteinSeries[s,v] (eis): Minimal parabolic Eisenstein series. 
MPExteriorPowerGamma[s,v,k] (epg): Exterior power gamma factors. 
MPExteriorPowerLFun[s,v,k] (epl): Minimal parabolic exterior power. 
MPSymmetricPowerGamma[s,v,k] (spg): Symmetric power gamma. 
MPSymmetricPowerLFun[s,v,k] (spf): Minimal parabolic symmetric power. 
NColumns[a] (ncl): The column dimension of a matrix. 

NRows[a] (nro): The row dimension of a matrix. 





ParabolicQ[p,d] (paq): Test a matrix for membership in a given subgroup. 
PluckerCoordinates[a] (plc): Compute the bottom row-based minors. 
PluckerInverse[ Ms] (pli): Compute a matrix with given minors. 
PluckerRelations[n,v] (plr): Compute quadratic relations between minors. 
RamanujanSum[n,c] (rsm): Evaluate the Ramanujan sum s(n, c). 
RemoveMatrixColumn[a,j] (rmc): Remove a matrix column. 
RemoveMatrixRow[a,i] (rmr): Remove a row of a matrix non-destructively. 
SchurPolynomial[k,x] (spl): The Schur multinomial S,(x1, . . . , Xn). 
SmithElementaryDivisors[a] (sed): Smith form elementary divisors. 
SmithForm[a] (smf): Compute the Smith form of an integer matrix. 
SmithInvariantFactors[a] (sif): Smith form invariant factors. 
SpecialWeylGroup[n] (swg): Weyl integer rotation group with det 1 elements. 
SubscriptedForm[e] (suf): Print arrays with integer arguments as subscripts. 
SwapMatrixColumns[a,i,j] (smc): Return a new matrix. 
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SwapMatrixRows[a,i,j] (smr): Return a new matrix with rows swapped. 
TailingMatrixBlock[a,i,j] (tmb): Extract a tailing matrix block. 
UpperTriangleToMatrix[u] (utm): Form an upper triangular matrix. 


VolumeBall[r,n] (vbl): The volume of a ball in n-dimensions. 
VolumeFormDiagonal[*^a",n] (vfd): The volume form for diagonal matrices. 
VolumeFormGIn[“g’’,n] (vfg): The volume form for GL(n). 
VolumeFormHn[*x",*y",n] (vfh): Volume form for the upper half-plane. 
VolumeFormUnimodular[*x",n) (vfu): The form for the unimodular group. 
VolumeHn[n] (vhn): The volume of the generalized upper half-plane. 
VolumeSphere[r,n] (vsp): The volume of a sphere in n-dimensions. 
Wedgelf;, ---, fn] (weg): The wedge product and the d operator. 
WeylGenerator[n,i,j] (wge): Each matrix generator for the Weyl group. 
WeylGroup[n] (wgr): Compute the Weyl group of permutation matrices. 
Whittaker[z,v,psi] (wit): Compute the function Wyacquet symbolically. 
WhittakerGamma[v] (wig): Gamma factors for the Whittaker function. 
WMatrix[n] (wmx): The long element matrix with determinant 1. 
ZeroMatrix[m,n] (zmx): The zero matrix of given dimensions. 
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A.3 Function descriptions and examples 


B ApplyCasimirOperator (aco) 


This function computes the Casimir operator acting on an arbitrary expression, 
or undefined function, of a matrix argument in Iwasawa form, and optionally 
other parameters, with respect to the Iwasawa variables, which must be specified 
by giving the matrix in Iwasawa form. 

To simply compute the operator it is easier to use the function GetCasimir- 
Operator. Because this function uses symbolic differentiation, only functions 
or expressions which can be differentiated correctly and without error by Math- 
ematica may be used as valid arguments. Note also that no check is made that 
the user has entered valid Mathematica variables. Since all arguments are eval- 
uated it is good practice to use the function Clear to ensure arguments which 
should evaluate to themselves do so. 

See Proposition 2.3.3, Example 2.3.4 and Proposition 2.3.5. 


ApplyCasimirOperator[m, expr, iwa] — value 


m is à positive integer with value 2 or more being the order of the operator, 

expr is a Mathematica expression, normally in the Iwasawa matrix or variables 
and other parameters, which can be symbolically differentiated, 

iwa is a numeric or symbolic matrix in Iwasawa form, 

value is an expression or number being the result of applying the Casimir 
operator in the Iwasawa variables to the expression. 


Example 


In[1]:- z = MakeZMatrix[3, "x", "y"] 


Out[1]= {{y[1] y[2], x([1, 2] y[1], x[1, 31), (0, y[1], x[2, 31), (0, 0, 1}} 


In[2]:= ApplyCasimirOperator[2, Det[z.z], z] 


out(2]= 12y[1]*y[2]? 


In[3]:= L = LongElement[3] 


Out[3]= {{0, 0, 1}, (0, 1, 0}, (1, 0, 0}} 


In[4]:= Simplify[ApplyCasimirOperator[3, a= IFun[{vl, v2}, L.z], z]/a] 


Out[4]- 3 (2vl2?+3vl? v2+vl (-2+3v2-3v2?) -2v2 (2- 3v2 « v2?)) 


See also: GetCasimirOperator, MakeZMatrix, IwasawaForm, IwasawaQ. 
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B BlockMatrix (blm) 


This function returns a specified sub-block of a matrix. The entries of the sub- 
block must be contiguous. 

Block matrices are used in a number of places, but most especially in 
Chapter 10 on Langlands Eisenstein series. 


BlockMatrix[a, rows, columns] — b 


ais a matrix of CREs, 

rows is a list of two valid row indices for a, being the first and last sub-block 
TOWS, 

columns is a list of two valid column indices for a, being the first and last 
sub-block columns, 

bisthe sub-block of a with the specified first and last row and column sub-block 
indices. 


Example 


In[168]: 


A={{4, 8, u, 1, 2}, (8, 7, 2, 0, 1), (4,5, 1, 2, 0}}; 
B = {{1, 1, 1), (1, 4, v), (2, 2, 2) i 


In[170]:= M = Transpose[A].B; MatrixForm[M] 


Out[170]//MatrixForm- 
20 44 12+8Vv 
25 46 18+7v 
4+u 10+u 2+u+2v 
5 5 5 
3 6 2+V 


In[171]:= MatrixForm[BlockMatrix[M, {1, 2}, {1, 3}]] 


Out [171] //MatrixForm= 
20 44 12+8Vv 
| 25 46 18+7Vv 


See also: LeadingMatrixBlock, TailingMatrixBlock, MakeBlockMatrix, Make- 
Matrix. 


B BruhatCVector (bev) 


In the explicit Bruhat decomposition of a non-singular matrix a, the diagonal 
matrix c has a special form, each element being the ratio of absolute values of 
minor determinants (c;) of the original matrix a with the element in the (i, 7)th 
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position being c, ;,1/c, .; for 2 < i < n — 1 with the (n, n)th element being 
c, and the 1, 1th, det(w)det(a)/c,..;. This function returns those c;. 
See Section 10.3 and Proposition 10.3.6. 


BruhatCVector[a] — c 


ais a non-singular n x n square matrix of CREs, 


cis a list of n — 1 CREs (€i, ..., €5 1]. 
Example 
In[17]:= LE3 = LongElement[3]; 


BruhatCvector[{{1, 2, 3}, (4, 5, 7), (7, 8, 9}}, LE3] 
Out[18]= (7, 3) 


In[19]:- LE4 = LongElement[4]; MatrixForm[LE4] 


Out[19]//MatrixForm= 
0 9» 9 T 


HOO 


0 1 
1, 0 
0 0 


oo o 


In[20]:= BruhatCVector[ 
((1, a, b, 3), (0, 1, b, 1), (a, 2, 0, b}, (1, 2, 3, 4}}, LE4] 


Out[20]- {1, Abs[2-2a], Abs[3a+2b-2ab]} 


See also: BruhatForm, LanglandsForm. 


B BruhatForm (bru) 


This function finds the factors of a non-singular matrix, which may have entries 
which are polynomial, rational or algebraic expressions, so that the matrix can 
be expressed as the product of an upper triangular matrix with 1s on the leading 
diagonal (unipotent), a diagonal matrix, a permutation matrix (with a single 1 
in each row and column), and a second unipotent matrix. When an additional 
constraint, namely, that the transpose of the permutation matrix times the second 
upper triangular matrix is lower triangular, then the factors are unique. This is 
the so-called Bruhat decomposition. 

See Section 10.3 Proposition 10.3.6. The decomposition is used in 
Section 10.6 to derive the Fourier expansion of a minimal parabolic Eisenstein 
series. 
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BruhatForm[a] — {uj,c,w,u2} 


a is a non-singular square CRE matrix, 

uy is an upper triangular unipotent matrix, 
€ is a diagonal matrix, 

w is a permutation matrix, 

Uz is an upper triangular unipotent matrix. 


Example 


In[1]:- B= ((x, y, Z}, (u, v, 0), (0, 2, 1}} 


Out[1]- {{x, y, Z}, (u, v, 0}, (0, 2, 1}} 


In[2]:= b- BruhatForm[B]; 
In[3]:= Map[MatrixForm, b] 
1 b fd 1 2 
1 = i(q-X*.y) i(XE-y)«z 0 0 Q 0 1 + 0 
out[3]- {|o 1 0 , 0 u of,{2 0 0},/0 1 i] 
0 0 1 0 0 2 010 0 0 1 











See also: CartanForm, HermiteForm, IwasawaForm, SmithForm, Langlands- 
Form. 


B CartanForm (car) 


This function gives a form of the Cartan decomposition of a numeric real 
non-singular square matrix, namely the factorization a = k - exp(x) where k 
is orthogonal and x symmetric. It follows from this that the transpose of an 
invertible matrix satisfies an equation 


ta = k.a.k 


for some orthogonal matrix k, where ‘a is the transpose of a. The function is 
restricted to numeric matrices because eigenvectors and eigenvalues are used. 


CartanForm[a] — {k, s} 


a is a non-singular real numeric square matrix, 
k is an orthogonal matrix, 
S is the matrix exponential of a symmetric matrix. 
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Example 

In[84]:- PrintCartan[g ] := Module[{ans, k, S}, 
ans = N[Cartan[g]]; 
Print [MatrixForm[First[ans]]]; 
Print [MatrixForm[Part[ans, 2]]]; 
Return [True] ] 

In[88]:- g 2 ((1, 2, 0}, (0, 2, 3}, (0,0, 1}} 


Out [88] = {{1, 2, 0}, {0, 2, 3}, {0, 0, 1}} 


In[89]:= PrintCartan[g] 


0.112604 0.991288 -0.0683336 


-0.494923 -0.00367894 -0.868929 
0.86161 -0.131665 -0.490196 | 


-0.00367894 1.97522 2.8422 


| -0.494923 -0.764638 1.19942 
-0.868929 -1.87453 -0.695197 





Out[89]- True 


See also: BruhatForm, IwasawaForm, LanglandsForm, HermiteFormLower, 
HermiteFormUpper, SmithForm. 


E ConstantMatrix (com) 
This function constructs a constant matrix with specified element value. 
This function can be used together with other functions to construct matrices. 


ConstantMatrix[c, m, n] — a 


cisa CRE, m is an integer with m > 1, 
n is an integer with n > 1, 
ais an m by n matrix having each element equal to c. 


See also: ZeroMatrix, ElementaryMatrix, MatrixJoinHorizontal, MatrixJoin- 
Vertical. 


B CreQ (crq) 


This function checks to see if its argument evaluates to a so-called Canonical 
Rational Expression (CRE), i.e. a number (real or complex, exact or floating 
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point) or rational function in one or many variables with numerical coefficients, 
where any number of the variables can be replaced by function calls, including 
calls to undefined (so-called noun) functions of one or many arguments with 
arguments being canonical rational expressions. This is the data type expected 
by GL(n)pack functions. 

See the introduction to the appendix. 


CreQ[e] — P 


e is a Mathematica expression, 
P is True if e is a CRE and False otherwise. 


Example 

In[93]:= CreQ[{x, y)] 

Out[93]= False 

In[94]:= CreQ["x"] 

Out[94]= False 

In[95]:= CreQ[2x+y/ (x+1+Sin[x+y])] 


Out[95]= True 


See also: ParabolicQ, KloostermanSumQ. 


E DiagonalToMatrix (d2m) 


This function takes a list and constructs a matrix with the list elements as the 
diagonal entries. 

Diagonal matrices appear in many places, including in the Iwasawa and 
Bruhat decompositions. 


DiagonalToMatrix[di] — a 


di is a non-empty list of CREs, 
aisasquare matrix of size the length of di, with zeros in off-diagonal positions, 
and with the diagonal entries being the elements of di and in the same order. 


See also: MatrixDiagonal. 
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B  FisensteinFourierCoefficient (efc) 


This function returns the nth term of the Fourier expansion of an Eisenstein 
series for GL(2), with an explicit integer specified for n. 
See Section 3.1, especially Theorem 3.1.8. 


EisensteinFourierCoefficient[z, s, n] — v 


z is a CRE, s is a CRE, 

n is an integer being the index of the nth coefficient, 

v is a complex number or symbolic expression representing the nth Fourier 
term of the Eisenstein Fourier expansion for GL(2) with parameters 
z and s. 


Example 
In[l]:= EisensteinFourierCoefficient[z, s, 4] 


225 (-1+ 23-65) ẹ8inRelz] 7S BesselK[-+ +s, 87 Im[z]] V Im[z] 


(-1+ 21-28) Gamma[s] Zeta[2 s] 





Out[1] 


In[2]:= EisensteinFourierCoefficient[z, s, 0] 


2 
Gamma[s] Zeta[2 s] 





Out[2]- Im[z]$ A Gamma [- 1 +s] Im[z] ^? zeta[-1+2s] 


See also: EisensteinSeriesTerm, IFun, LanglandsIFun. 


B FisensteinSeriesTerm (est) 


This function returns the term of the Eisenstein series E (z, s) for GL(2), namely 
the summand of: 


s 


1 y 
Bünde Do. dq erus 
2 bei pai 42 + bI" 


with explicit values for the integers a, b. 
See Definition 3.1.2. 


EisensteinSeriesTerm[z, s, ab] —> v 


z is a CRE, s is a CRE, 

ab is a list of two integers {a, b}, at least one of which must be non-zero, 

v is a complex number or symbolic expression representing the term of the 
Eisenstein series for GL(2) with parameters z, s, a, b. 
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Example 

In[1]:» EisensteinSeriesTerm[z, s, (3, 4)] 
1 -2s s 

Out[1]= Abs [4+3 z] Im[z] 


2 
In[2]:= EisensteinSeriesTerm[z, s, {12, 16}] 
Out[2]= 0 


See also: EisensteinFourierCoefficient, LanglandsIFun. 


B ElementaryMatrix (elm) 


This function returns a square matrix having 1s along the leading diagonal and 
with a given element in a specified off-diagonal position. 


ElementaryMatrix[n, i, j, c] — e 


n is a strictly positive integer being the size of the matrix, 

i is a strictly positive integer being the row index of the off-diagonal entries, 

j is a strictly positive integer with i Z j, representing the column index of the 
off-diagonal entries, 

c is a CRE to be placed at the (i, j)th position, 

[e] is an n by n matrix with 1s on the leading diagonal and all other elements 
zero, except in the (i, j)th position where it is c. 


Example 


In[182]:= MatrixForm[ElementaryMatrix[4, 3, 1, x]] 


Out [182] //MatrixForm= 


1000 
0100 
x 0 1 0 
000 1 


In[183]:- (a1, a2, a3, a4}.% 

Out [183]= {al +a3 x, a2, a3, a4} 
In[184]:= %%.{{b1}, {b2}, {b3}, {b4}} 
Out[184]- {{b1}, {b2}, {b3 +b1 x}, {b4}} 


See also: SwapMatrixRows, SwapMatrixColumns. 
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B FunctionalEquation (feq) 


This function, for each index i, returns a list of affine combinations of its 
variables representing the ith functional equation for the Jacquet-Whittaker 
function of order n > 2. 

See Section 5.9, especially equations (5.9.5), (5.9.6) and Example 5.9.7. 


FunctionalEquation[v, i] —> vp 


vis a list of CREs of length n — 1, 

iis astrictly positive integer with 1 « i < n — 1 being the index ofthe functional 
equation, 

vp is a list of CREs representing the transformations required of the variables 
vp for the ith functional equation. 


Example 


In[96]:= Table[FunctionalEquation[(x1l, x2, x3, x4), i], (i, 1, 4}] 


Out[96]- {{x1, x2, ~Z+x3+x4, = -x4}, {x1, 5 +x? +x3, = -x3, -Z +3 +x4}, 


{-g tal +x2, 2-22, -xRexh x4}, {2-x1, -ixbexh, x3; x4}} 


See also: Whittaker, WhittakerGamma, WhittakerStar. 


B GetCasimirOperator (gco) 


This function computes the Casimir operator acting on an arbitrary noun func- 
tion and with respect to the Iwasawa variables. Note that this function makes 
an explicit brute-force evaluation of the operator, so is not fast, especially for 
n> 3. 

See Proposition 2.3.3, Example 2.3.4 and Section 6.1. 


GetCasimirOperator[m,n,“x’’,“y’’,““f”?] — Operator 


m is positive integer with value 2 or more being the order of the operator, 

n is a positive integer with value 2 or more being the dimension of the Iwasawa 
form, 

“x” is a string, being the name of the symbol such that the variables in the upper 
triangle of the matrix given by the Iwasawa decomposition are x[i, j], 

“y” is a string, being the name of the symbol such that the terms in the first 
n — 1 positions of the leading diagonal of the Iwasawa decomposition 
are 


yll- -- yin — 1]. y[1]- -- y[n — 2], .... y[1]. 
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“f” is a string being the name of a function of noun form (i.e. it should not be 
defined as an explicit Mathematica function or correspond to the name of 
an existing function) which will appear as partially differentiated by the 
computed Casimir operator, Operator is an expression in the variables 


(x[i,j].1 <i< j< n), (yli]}, 1 <i< n- 1) 


and the partial derivatives of the function with name “f” with respect to 
argument slots of f arranged in the order (x11, X12, <- <, Y1, -< -> Yn-1)- 


Example 
In[8]:= suf[GetCasimirOperator[3, 3, "x", "y", "f"]] 


Out[8]- 3yi (-yo £0" UU [x1,5, X1,3, X2,37 Yı, Y2] + 
yo? (0700:12) [X1 27 X1,37 X2,3, Yir Y2] + 
2 yr £0/9:9/2/0 [x4 5, X1,37 X2,3; Yir Y2] - 
yi y2 E(D [X127 X1,37 X2,3, Vir Y2] + 
2 yr (00200) [x4 5, X1,37 X2,3; Yir Y2] - 
yi Yo £ 0902/97 [x4,5, X1,37 X2,3, Vir Y2] + 
4 yi Xi,2 £909 [x4 5, X1,37 X2,37 Vir Y2] - 
2 y1 y2 X1,2 £ "09D [x1 2, X1,37 X2,3, Yı, Y2] + 
2 yr yo? (0720:00) [x4 5, X1,37 X2,37 Vir Y2] + 
2 yı X1,27 (0720:00) [x4 5, X1,37 X2,3, Yir Y2] + 
yı yo? £ (07001) [x1,5, X1,37 X2,3, Vir Y2] - 
Yı Yo Xj,2? £099 [x1 9, X1,37 X2,37 Yı, Y2] - 
yi? yo? E02 0 [x4 5, X1,37 X2,35 Yir Y2] + 
2 y1 yo? F(Y EPLO) [x1 5, X1,37 X2,37 Vir Y2] + 
2 y1 y2? xi,2 f(O [x127 X1,37 X2,37 Vir Y2] + 
yo? £0:0/9/ 0 [x5 2, X1,3, X2,37 Yir Y21) 


See also: IwasawaForm, ApplyCasimirOperator. 


B GetMatrixElement (gme) 
The specified element of a matrix is returned. 
GetMatrixElement[a, i, j] — e 


a is a matrix of CREs, 

i is the row index of the element, 

j is the column index of the element, 
e is the (i, j)th element of a. 


See also: MatrixColumn, MatrixRow, MatrixBlock. 
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B GlinVersion (glv) 


This function prints out the date of the version of GL(n)pack which is being 
used, followed by the version of Mathematica. It has no argument, but the 
brackets must be given. 


GlInVersion[] — True 


B HeckeCoefficientSum (hcs) 


This function takes a natural number m, a list of natural numbers 
(mi,..., m, 1) and a string for a function name and finds the terms in the 
sum right-hand side 


Ag AQni, , Ma1) = Y, A(comi/ei, cima/ca, «4 Cn—2Mn—1/Cn—1) 


where the summation is over all (c;) such that ILI c; = mandc;|m;,1 <i < 
n — 1. 


See Theorem 9.3.11 and equation (9.3.17). 


HeckeCoefficientSum[m, ms, 4A"?] — s 


m is a natural number (i.e. a strictly positive integer) representing the index of 
the eigenvalue Am, 

ms is a list of natural numbers representing the multi-index of the Fourier 
coefficient A, 

“A?” is a string giving the name of a noun function for the Fourier coefficient, 

S is a term or sum of terms being the right-hand side of the expansion 
AmA(mi, ...). 


Example 
In[99]:- HeckeCoefficientSum[6, (12, 4, 5), "A"] 


Out[99]- A[2, 24, 5] +A[4, 6, 10] - A(8, 12, 5] - A[18, 8, 5] - A[36, 2, 10] +A[72, 4, 5] 


See also: HeckeOperator, SchurPolynomial, HeckePowerSum, HeckeEigen- 
value. 


B HeckeFigenvalue (hev) 


This function returns the value of the mth eigenvalue of the ring of HeckeOpera- 
tors acting on square integrable automorphic forms f(z) for b". Note that when 
the Euler product of a Maass form is known, the Fourier coefficients which 
appear in the expressions for the eigenvalues (the A in àm = A(m, 1,...,1)) 
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can be expressed in terms of Schur polynomials in the parameters which appear 
in the Euler product. 
See Section 9.3, especially Theorem 9.3.11. 


HeckeEigenvalue[m, n, a] — Am 


m is a natural number representing the index of the eigenvalue Aq, 

n is a positive integer of size two or more being the dimension of GL(n), 

a is a string representing the name of a function of n — 1 integers being the 
Fourier coefficients of a given Maass form which is an eigenfunction of all 
of the Hecke operators, 

Am is an expression representing the mth Hecke eigenvalue. 


Example 


In[39]:= HeckeEigenvalue[2*3*4%«5%*2, 6, "a"] 


Out[39]- a[2, 1, 1, 1, 1] 
üa, 1, 1,3, 1] «a[1, 3, i 

3a[1, 3, 1, 1, 1] a(3, 1, 1 

(-a[1, 5, 1, 1, 1] «*a[5, 1, 1 


ij^s2a[b,T,S3, ip i) a(S, a, ly dy T] = 
i] + a[3,. 2,1, 1,. 178 


See also: HeckeOperator, HeckeMultiplicativeSplit, SchurPolynomial, Hecke- 
PowerSum. 


B HeckeMultiplicativeSplit (hms) 


This function takes a list of natural numbers (mi, ..., Mn—1}, finds the primes 
and their powers that divide any of the m;, and returns a list of lists of those 
primes and their powers. The purpose of this function is the evaluation of 
the Hecke Fourier coeffients of a Maass form in terms of Schur polynomials 
when the Euler product coeffients of the form are known. If pi,..., p, are 
the primes and k;,; is the maximum power of p; dividing m j, then the Fourier 
coefficient 


A(mi,..., Mn-1) = I] Alp: "e pu 
i=l 
See Theorem 9.3.11 and equation (7.4.14). 
HeckeMultiplicativeSplit[m] — list 


m is a list of natural numbers representing the multi-index of the Fourier coef- 
ficient, 

list consists of sublists, each being a prime p; and a list of n — 1 powers of that 
prime kij. 
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Example 
In[98]:= HeckeMultiplicativeSplit[(243^245^4, 2^343«5, 5}] 
Out[98]- {{2, (1, 3, 03), (3, (2, 1, O}}, (5, (4, 1, 1}}} 


See also: HeckeOperator, SchurPolynomial, HeckeEigenvalue, HeckeCoeffi- 
cientSum. 


B HeckeOperator (hop) 


This function computes the nth order Hecke operator which acts on square 
integrable forms on b”. 
See Section 9.3, especially formula (9.3.5). 


HeckeOperator[n, z, f] — T,(f(z)) 


n is a natural number being the order of the operator, 

z is a square matrix of CREs of size n, 

f is a string being the name of a function of a square matrix of size n, 

T,(f(z)) is an expression representing the action of the nth Hecke operator on 
the matrix function f(z). 


Example 
In[21]:- z= ((x, x^2, 2}, (1, x, x * 1), (0, 2, x}} 


Out[21]- {{x, x^, 2}, (1, x, 1+x}, (0, 2, x}} 


In[22]:= HeckeOperator[2, z, "f"] 


Out[22]= f[{{x, x?, 2}, (1, x, 1+x}, (0, 4, 2x}}] + 

{{x, x?, 2], {1, 24x, 142%}, (0, 4, 2x}}] + 

[(x, x7, 2], 12, 2x, 2 (1 x)], (0, 2, x11] + 

([x, 24x^,2 0x), (1,x, L4x), [0, 4, 2x])]] & 
[(x, 24x7,2 4x), (1, 2*x, 1«42x), (0, 4, 2x1}] 4 
(2x, 2x?, 4], (1, x, 14x), (0, 2, x11] + 


[ 
f 
f 
f 
f 
f 
EL ECL +e, Rae, 3+x}, (2, 2x, 2+2x}, £0, 2, X13] 


[ 
[ 
[ 
[ 
[ 
[ 


In[26]:= f[z ]:- Sum[z[[i, i]], (i, 1, Length[z])] 
In[28]:= HeckeOperator[12, z, "f"] 
Out[28]= 2804+4688x 


See also: HeckeEigenvalue. 
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B HeckePowerSum (hps) 


This function takes a natural number m, a list of natural numbers 
(mi, ..., m, 1) and a string for a function name and finds the powers of any 
fixed prime in the sum right-hand side 


AmA(M1, ..., Mn—-1) = b» A(com,/C1, c3m3/€5, . . . , Cn—2Mn—-1/Cn—-1) 


where the summation is over all (c;) such that TES ci = mandc;|m;,1 <i < 
n — lin case m and each of the m; is a power of a fixed prime. The powers 
that appear in the expansion are the same for any prime. The purpose of this 
function is to simplify the study of the multiplicative properties of the Fourier 
coefficients. 

See Theorem 9.3.11 and equation (9.3.17). 


HeckePowerSumy([a, as, *B"] — list 


ais a non-negative integer, being the power a of any prime p such that p? is the 
index of the eigenvalue Apa, 

as is a list of non-negative integers representing the powers of a fixed prime 
which appear in the multi-index of a Fourier coefficient, 


list consists of a sum of terms B[bi ;, ..., Dn—1,i] such that the corresponding 
term in the Hecke sum would have a value A(phri, sme): 

Example 

In[100]:= 


HeckePowerSum[2, {3, 4, 5}, "B"] 


Out[100]= 
B[1, 6, 5] - B[2, 4, 6] +B[2, 5, 4] +B[3, 2, 7] + 
B[3, 3, 5] +B[3, 4, 3] +B[3, 5, 5] +B[4, 3, 6] +B[4, 4, 4] « B[5, 4, 5] 


See also: HeckeOperator, SchurPolynomial, HeckeEigenvalue, HeckeCoeffi- 
cientSplit, 


B HermiteFormLower (hfl) 


This function computes the lower left Hermite form / of a non-singular integer 
matrix a, and a unimodular matrix / such that a = /h. This Hermite form is a 
lower triangular integer matrix with strictly positive elements on the diagonal 
of increasing size, and such that each element in the column below a diagonal 
entry is non-negative and less than the diagonal entry. 

See Theorem 3.11.1. 
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HermiteFormLower[a] — (1, h} 


a is a non-singular integer matrix, 
lis a unimodular matrix, 
h is a lower triangular integer matrix, being the Hermite form of a. 


Example 


In[4]:- m4 = ((5, 2, -4, 7}, (1, 6, 0, -3), (1, 2, -2, 4), (7, 1, 5, 6)) ; 
In[8]:- (1, h} = HermiteFormLower [m4] 


Out[8]- £{{-5 225 -4, 7), (1, 3, 0, -3}, {-3, -1, -2, 4}, {-4, -4, 5, 611, 
((241, 0, 0, 0j, (158, 4, 0, 0}, (35, 1, 1, 0}, (238, 2, 0, 1}}} 


In[9]:= Map[MatrixForm, $] 
-5 -2 -4 7 \ 241 0 0 0 
B 1 3 0 -3 158 4 0 0 
mépl- i s a ao a |*| oe 2 x alt 
-4 -4 5 6 238 2 0 1] 


In[10]:2 1l.h-m4 


Out[10]= {{0, 0, 0, 0}, {0, 0, 0, 0}, (0, 0, 0, 0}, (0, 0, 0, 05] 


See also: HermiteFormUpper, SmithForm. 


B HermiteFormUpper (hfu) 


This function computes the upper Hermite form / of a non-singular integer 
matrix a, and a unimodular matrix / such that a = /h. This Hermite form is an 
upper triangular integer matrix with strictly positive elements on the diagonal 
of increasing size, and such that each element in the column above a diagonal 
entry is non-negative and less than the diagonal entry. 

See Theorem 3.11.1. 


HermiteFormUpper[a] — (1, h) 


a is a non-singular integer matrix, 
l is a unimodular matrix, 
h is an upper triangular integer matrix, being the Hermite form of a. 
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Example 


In[107]:= 
m4 = ((5, 2, -4, 7), (1, 6, 0, -3}, (1, 2, -2, 4}, (7, 1, 5, 6}}; 


In[108]:- 
MatrixForm[m4] 


Out[108]//MatrixForm- 


5 2 —4& 7 
16 0 -3 
I 2 -2 4 
Wb. 5 6 
In[109]:- 
(1, h) - HermiteFormUpper [m4]; 
In[110]:= 
Map[MatrixForm, 3] 
Out[110]= 
5 2 -3 -2 1.00 144 
1 6 -3 -3 0 1 1 262 
{ Ly Oe EB eA |, Ov d 5 ur j 
T 3 2 8 000 482 
In[111]:= 
l.h-m4 
Out[111]= 


{{0, 0, 0, 0}, (0, 0, 0, 0}, (0, 0, 0, 0}, (0, 0, 0, OF} 


See also: HermiteFormLower, SmithForm. 


B Fun (ifn) 


This function returns the value 


n—ln-l 


1,6)» | [[ [»" 


i=l j=1 
where b; ; = ijifi + j <nand(n — i)(n — j)ifi + j > n.Then x nmatrixz 
is real and non-singular, or has CRE elements which could evaluate to a real non- 


singular matrix. The variables y; are those in the Iwasawa decomposition of z. 
See Definition 2.4.1 and equation (5.1.1). 


IFun[v,z] — v 


visalist of n — 1 CREs, 
zis ann x n non-singular matrix of CREs, 
v is the product I, (z). 
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Example 

In[23]:- m= ((1, x[1, 2], x[1, 3]}, (0, 1, x[2, 3]}, (0, 0, 1}}. 
{{y[1] y[2], 0, 0), (0, y[1], 0}, (0, 0, 1}}; 

In[22]:= MatrixForm[m] 


Out[22]//MatrixForm= 
y[1] y[2] x[1,2]y[1] x[1, 3] 
0 y[1] x[2, 3] 
0 0 


In[16]:» IFun[{vl, v2), m] 
Out[16]- y LL Tees ye tee 


See also: IwasawaForm, IwasawaY Variables. 


B InsertMatrixElement (ime) 


An element is inserted into a matrix returning a new matrix and leaving the 
original unchanged. 


InsertMatrixElement[e, i, j, a] — b 


e is a CRE being the element to be inserted, 

i is the row index of the position where the element is to be inserted, 

j is the column index of the position where the element is to be inserted, 
a is the original matrix of CREs, 

b is a new matrix, being equal to a but with e in the (i, j)th position. 


See also: DiagonalToMatrix, MatrixJoinHorizontal, MatrixJoin Vertical. 


B IwasawaForm (iwf) 


This function computes the Iwasawa form of a non-singular real matrix a. 
This consists of the product of an upper triangular unipotent matrix x and a 
diagonal matrix y with strictly positive diagonal entries such that, for some 
non-singular integer matrix u, real orthogonal matrix o and constant diagonal 
matrix ô, a = u.x.y.o.6. This function returns a single matrix z = x.y. 

See Section 1.2. 


IwasawaForm[a] —> z 


a is a non-singular square matrix of CREs, 
zis an upper-triangular matrix with positive diagonal entries, being the Iwasawa 
form of a. 
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Example 


The Iwasawa decomposition of the matrix 


i) 


is found. 
In[8]:- g= ((a, b), (c, d}}; 


In[9]:- IwasawaForm[g] 


bc-ad ac«bd 


metde (ara ? ack 


Je {07 1}} 


In[12]:= g= {{Y, x, x^2), {2y, 0, x), (0, x, 1}}; 


In[13]:- MatrixForm[IwasawaForm[g]] 


Out[13]//MatrixForm- 


x4 Sugi 2 2,2 
| 44 y? (-x34x542 y?42 x? y?) 
x (24x-2 x?) Y lex 2x? 








Viex? Vx444 y244 x2 y? Viex? (x544 y244 x? y?) lex? 
4 
Jon : 
0 C WuEHO Tex? 
0 0 1 


See also: IwasawaQ, MakeZMatrix, IwasawaXMatrix, IwasawaY Matrix, 
IwasawaX Variables, IwasawaY Variables. 


B IwasawaXMatrix (ixm) 


This function returns the unipotent matrix x corresponding to the decomposition 
z — x.y of a matrix z in Iwasawa form. 
See Proposition 1.2.6 and Example 1.2.4 


IwasawaXMatrix[w] —> x 


w is a square non-singular matrix of CREs which must be in Iwasawa form, 
x an upper-triangular matrix with 1s on the diagonal and values x; j in each (i, j) 
position above the diagonal. 


Example 


Inthis example the x-matrix, x-variables, y-matrix and y-variables are extracted 
from a generic matrix in Iwasawa form. 
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In[23]:- m= {{1, x[1, 2], x[1, 3]}, (0, 1, x[2, 3]}, (0, 0, 1}}. 
{{y[1] y[2], 0, 0}, (0, y[1], 0), (0, 0, 1}}; 


In[22]:= MatrixForm[m] 


Out[22]//MatrixForm= 

Y[1] y[2] x[1, 2] y[1] x[1, 3] 
0 y[1] x[2, | 
0 0 





In[17]:= MatrixForm[IwasawaXMatrix[m]] 


Out[17]//MatrixForm- 








i x[i,2] x[i,3])| 
0 1 x[2, 3] 
0 0 

In[18]:= IwasawaXVariables[m] 


Out[18]- (x[1, 2], x[1, 3], x[2, 3]} 


In[19]:= IwasawaYMatrix[m] // MatrixForm 


Out[19]//MatrixForm- 


y[1] y[2] 0 0 
0 y[1] 0 
0 0 1 
In[20]:= IwasawaYVariables[m] 


Out[20]- (y[1], y[2]} 


See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaY- 
Matrix. 


B IwasawaX Variables (ixv) 


This function returns the x-variables from a matrix z — x.y in Iwasawa form. 
These are the elements in the strict upper triangle of the matrix x in row order. 
See Definition 1.2.3 and Proposition 1.2.6. 


IwasawaXVariables[w] — 1 


w is a square non-singular matrix of CREs which must be in Iwasawa form, 
lis a list of the form (X15, .... X1,n, X23. --. Xn—1n}- 


See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaY- 
Matrix. 


B IwasawaY Matrix (iym) 


This function returns the y-matrix from the decomposition z — x.y of a matrix 
z in Iwasawa form. 
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See Definition 1.2.3 and Proposition 1.2.6. 
IwasawaY Matrix[z] — y 


Z is a square non-singular matrix of CREs which must be in Iwasawa form, 
y a diagonal matrix where the ith diagonal slot has the value y; - - - Yn—i for 
1 <i <n -— 1 where the (n, n)th position has the value 1. 


See also: IwasawaForm, IwasawaXMatrix, IwasawaY Variables, IwasawaX- 
Variables. 


B IwasawaY Variables (iyv) 


This function returns a list of the y-variables from the Iwasawa decomposition 
of a matrix z — x.y. 
See Definition 1.2.3 and Proposition 1.2.6. 


IwasawaY Variables[z] —> L 


z is a Square non-singular matrix of CREs which must be in Iwasawa form, 
L a list (yj, ..., yn-1) of the y-variables of the Iwasawa form. 


See also: IwasawaForm, IwasawaY Matrix, IwasawaX Variables, IwasawaX- 
Matrix. 


B IwasawaQ (iwq) 


This function tests a Mathematica form or expression to see whether it is a 
non-singular square matrix in Iwasawa form. 
See Section 1.2. 


IwasawaQ[z] — value 


zis a Mathematica form, 
value is True if z is a matrix of CREs in Iwasawa form, False otherwise. 


See also: IwasawaForm, MakeZMatrix. 


B KloostermanBruhatCell (kbc) 


This function takes an explicit permutation matrix w with all other arguments 
being symbolic. It returns rules which solve for x and y in the square matrix 
Bruhat decomposition equation a = x.c.w.y assuming c is in “Friedberg form", 
x and y are unipotent and y satisfies ‘w.' y.w is upper triangular. These rules 
are not unique. 

See Chapter 11, especially Section 11.2. Also Lemma 10.6.3. 
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KloostermanBruhatCell[a,x,c,w,y] —> rules 


ais a symbol which will be used as the name of an n x n matrix, 

x is a symbol which will be used as the name of a unipotent matrix, 

c is a symbol which will be used as the name of an array c[i] representng a list 
of n — 1 non-zero integers specifying the diagonal of a matrix. (Note that 
the 1st element of the diagonal represents the term det(w)/c[n — 1], the 
second c[n — 1]/c[n — 2] and so on down to the last c[1] as in the notation 
of (11.2.1).), 

wisann x n matrix which is zero except for a single 1 in each row and column, 
being an explicit element of the Weyl Group Wn, 

yisasymbol which will be used as the name of a unipotent matrix which satisfies 
‘w.'y.w is upper triangular making the decomposition unique, given a, 

rules is a list of rules of the form x[i, j] — eij or y[i, j] — eij where the eij are 
expressions in the a[i, j] and c[i]. 


Example 
In[29]:= w= WeylGroup[4][[19]] 


Out[29]= {{0, 0, 0, 1}, (1, 0, 0, 07, (0, 1, 0, 0j, (0, 0, 1, 0}} 


In[30]:= suf[KloostermanBruhatCell[a, x, c, w, y]] 


C2 41,1 Ci 41,2 81,3 
Out[30]- [xia z —, X13 a — , X1,4 = ' 
3 2 1 
Ci 82,2 
X2,3 9 — — — , X2,4 2 
C2 


y C2 (€C182,4- 82,3 44,4) * C182,2 (-C1 83,4 + 83,3 84,4) 
1,4 
i C1 C3 : 


C1853,4- 83,3 44,4 84,4 


y2,3 2 0, y2,4 > = 1 Y3,4 ci } 








2,8 





43,3 
1 X3,4 =e r ¥1,2 20, yi,3 50, 
1 








See also: BruhatForm, BruhatC Vector, KloostermanCompatibility, Klooster- 
manSum. 


B KloostermanCompatibility (klc) 


This function takes an explicit permutation matrix w, with remaining arguments 
symbolic, and returns a list of values, each element being a different type 
of constraint applicable to any valid Kloosterman sum based on w. The first 
element is a list of forms restricting the characters. The second is a set of 
divisibility relations restricting the values of the diagonal matrix c. And the third 
is the set of minor relations. A typical approach to forming Kloosterman sums 
would be to first run this function, determine a valid set or sets of parameters 
from the symbolic output, and then run KloostermanSum using explicit integer 
values of valid parameters. 
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See Chapter 11, Proposition 11.2.10, Lemma 10.6.3. 
KloostermanCompatibility[t1,t2, c, w, v] — (characters, divisibilities, minors) 


t1 is a symbol representing the character e271 Dir Hii+4] of U, (IR), 

t2 is a symbol representing another character of Un(R), 

cis a symbol representing the diagonal of a matrix in Friedberg notation. (Note 
that the 1st element of the diagonal is the term det(w)/cn_1, the second 
Cn—1/€n-2 and so on down to the last c, as in the notation of (11.2.1).), 

wisann x n matrix which is zero except for a single 1 in each row and column, 
representing an explicit element of the Weyl Group Wn, 

v is a symbol representing the generic name of any bottom row-based minor, 

characters is a list of expressions relating the elements of t1, t2, and the cj. 
Each expression must vanish if an explicit Kloosterman sum is to be valid, 

divisibility is a list of lists, each sublist being of the form (ci, 1} or (ci, cj). The 





former means valid sums must have the c; = +1. The latter means they 
must have ci|cj, 
minors is a list of rules of the form v[(ji. jo. ..-, ji]] —> ci or 0, giving the 


constraints on minors. 
Example 
In[1861]:= 


MatrixForm[w = WeylGroup[4][[17]]] 


Out[1861]//MatrixForm= 
0 0 1 0 


0001 
i 9 9 8 
0100 
In[1882]:- 
SubscriptedForm[klc[tl, t2, c, w, v]] 
Out[1882]- 


C2 tls C2 tli 
-t2 PX eem 
{{ ci? Ves c3? 





- £23), {{c1, ca}, (es, C2}}, 


{v[{2}] > c1; v[{1}] 2 0, v[(1, 2}] 9 02, v[(1, 2, 4}] 9 3, V[(1, 2, 3}] > 0}} 


See also: KloostermanBruhatCell, BruhatForm, BruhatC Vector, Kloosterman- 
Sum, PluckerRelations, PluckerCoordinates, PluckerInverse. 


B KloostermanSum (kls) 


This function computes the generalized Kloosterman sum for SL(n, Z) for 
n > 2 as given by Definition 11.2.2. When n = 2 this coincides with the clas- 
sical Kloosterman sum. More generally the sum is 


$(6,,65, c, w):2 M. 6b)6302) 


y=bıcwb2 
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where 
y €U,(Z)\SL(n, Z) N Gy/ Ty 


and Ty — ‘w.'U,(Z).w n U,() and G,, is the Bruhat cell associated to the 
permutation matrix w. Since these sums are only well defined for some par- 
ticular compatible values of the arguments the user is advised to first run 
KloostermanCompatibility with an explicit w to determine those values. 
Note that the complexity of the algorithm is O([],..;..,,. , |c;|") = O (c^) where 
c = max|c;|. 2s 

See Chapter 11. 


KloostermanSum[t1, t2, c, w] — value 


tl is a list of n — 1 integers representing a character of U,(R), 

t2 is a list of n — 1 integers representing another character of Un(R), 

cisalist of n — 1 non-zero integers specifying the diagonal of a matrix. (Note 
that the 1st element of the matrix is det(w)/c,. 1, the second ¢y_1/Cp—2 and 
so on down to the last c, as in the notation of (11.2.1).), 

wisann x n matrix which is zero except for a single 1 in each row and column, 
representing an explicit element of the Weyl subroup Wn of GL(n, IR), 

value is a sum of complex exponentials being a Kloosterman sum when it is 
well defined. 


Example 


This n = 4 example shows how KloostermanCompatibility should be run after 
selecting a permutation matrix. Then KloostermanSum is called with compat- 
ible arguments. 


In[37]:= w= WeylGroup[4] [[17]] 


Out[37]= {{0, 0, 1, 0}, (0, 0, 0, 1}, (1, 0, 0, 0}, (0, 1, 0, 0}} 


In[31]:» suf[klc[tl, t2, c, w, v]] 








C2 t13 e3 tli 
Lj= ——— -t2,1, ———  - 23}, 
Out[31] {{ i t2i c t 3} 
{{C1i, Co}, {C3, Cat}, {V[{2}] 29€1, V[{1}] 50, 
v[(1, 2}] 2€2, v[(1, 2, 4j] > es, v[(1, 2, 3}] 20)] 
In[32]:= kls[(3, 7, 12}, (4, 13, 1), (3, 3, 3}, w] 
2in 2i 
Out[32] 9e 3 «8e 3 
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Example 


This first illustrates commutativity of the LongElement sums (c/f (Friedberg 
(1987), its Proposition 2.5)), then Proposition 11.4.1 and finally is given an 
example of a classical sum showing it is real. 


In[21]:= 


Out[21]= 


In[22]:= 


Out[22]= 


In[23]:= 


Out[23]= 


In[40]:= 


Out[ 40]= 


In[25]:= 


In[26]:= 


Out[26] 


In[35]:= 


Out[35] 


In[36]:= 


Out[36] 


kls[{4, 13), (6, 7}, (3, 3), LongElement [3] ] 


_2inx 2in 
4+3e 3 «3e 3 


kls[(6, 7), (4, 13), (3, 3), LongElement[3]] 


_2ix 2ir 
4+3e 3 «3e 3 


kls[(9, 7), (1, 13), (3, 3), LongElement[3]] 


_2ix 2in 
4+3e 3 «3e 3 


a-kls[(4, 13), (6, 7), (12, 31), LongElement[3]] 
llix llix 17ir 17i; 25i 25in 29i 29i 
2e +e I6 +e 186 +2e H6 +2e 186 +2e 16 +2e 16 +2e 18 + 


án i 237i 37i Ali; Ali; _ATix 47i 
2e $5 +e8 +e 16 +2e 186 +e 5 +2e 186 +2e 186 +e I8 + 


253i 53in olin 7i 233in Tin -Ilin Mix 
e 156 +2e 16 +2e 1 .e 16 +2e 1 +e 16 +e 1 +2e we + 


_9ix Iin _ 83i 83i; 931i; 91i; _ 95 ix 95 in 
2e 18 +e 186 +e 16 +2e 186 +2e 1856 +e 16 +2e We +e 16 + 


_ 103 ix 103i; 107i 107 i; _ 109 ix 109 ix _ 113 in 
2e i +e 186 +2e 156 +e 1 +e 1856 +2e 186 +e 186 





113 ix _ 11s is 115ix 133i; 133ix 139 ix 139i7 
2e 95 «2e 





Te +e 186 +e 186 +2e I6 42e 186 +e 186 + 


_ 145 ix 145 ix _ 149 ix 149ix _Six Sin .157ix 
e 156 4+42e 186 +e 156 4+2e 36 +e 56 +2e 8 «2e WE + 








157i _161ix 16lix _ 169 ix 169i; 275i 175iz 
2e  +2e 1856 +2e 1866 +2e 18 +e 186 +2e 186 +e 186 


b = kls[(35, 25), (18, 38), (12, 31), LongElement[3]]; 
a-b 
0 


s = KloostermanSum[{24}, (13), (43), LongElement[2]] 


_2in 2in _8i 8i; 10i; 10iz LA2in 12in 
e 3 «e13 «2e 8 +2e8 «2e 3 +2e 7 «2e 8 42e7 + 





_ 201% 20i5 24i; 24ix à 
2e 35 +2e8 +2e 5 +2e 8 42e 

30in .32in 32i; .38in 38i _&2in 42in 
2e173 +2e 535 +2e 8 «2e 38 +2e 8 «2e 8 42e 53 


28i 30i 


28i 
+2e 8 42e 8 + 








Im[ExpToTrig[s] ] 


0 


See also: BruhatForm, BruhatC Vector, KloostermanCompatibility, Klooster- 
manBruhatCell, PluckerCoordinates, PluckerInverse, PluckerRelations. 
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B LanglandsForm (llf) 


This function returns a list of the three matrices of the Langlands decomposition 
of a square matrix in a parabolic subgroup specified by a partition of the matrix 
dimension. 

See Section 10.2. 


LanglandsForm[p, d] — {u, c, m} 


p is a square matrix of CREs, 

d is a list of r positive integers of length at most n with sum n, 

u is a unipotent block upper triangular matrix, 

€ is a diagonal matrix with r diagonal blocks each being a positive constant 
times the identity, 

m is a block diagonal matrix with each diagonal block having determi- 
nant +1. 





Example 


In[1]:- d= (2, 2}; a= ((1, 2, 3, 4), (5, 6, 7, 8), (0, 0, 1, 2), (0, 0, 3, 4}} 


MatrixForm[a] 
1234 
5 6 7 8 
Oo 0 1 2 
003 4 
In[19]:- {u, c, m) = LanglandsForm[a, d]; 
In[20]:= Map[MatrixForm, {u, c, mj] 
(i 
1001 20 9 Q s ee 
01-23 9 2. 0o 9 aoar D i. 
outi20I= (lo 9 1 o|'lo o v2 o |'[0o o 4 va |} 
1 
oo © 00 0 yZ 0 0 2 2y2 
In[21]:9 MatrixForm[u.c.m] 


Out[21]//MatrixForm- 
12 34 


œ 


5 
0 
0 


oon 


J 
1 2 
3 4) 


See also: ParabolicQ, LanglandsIFun. 
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B LanglandslIFun (lif) 


This function computes the summand for Langlands' Eisenstein series with 
respect to a specified parabolic subgroup. 
See Chapter 10, Definition 10.4.5. 


LanglandsIFunj[g, p, s] — I,(g.z) 


g is a non-singular matrix of CREs in the parabolic subgroup specified by the 
second argument, 

p is a list of r positive integers representing a partition of the matrix dimension, 

s is list of r CREs such that Y; disi = 0, 

I,(g.z) is the summand for the Langlands Eisenstein series. 


Example 


In[20]:- g= ((1, x, 3}, (4, 5, x*2}, (0,0, x+1}}; 


In[21]:= MatrixForm[g] 


Out[21]//MatrixForm- 








1x 3 
4 5 x? 
0.0 1+x 
In[11]:» d= (2, 1); 
In[23]:= LanglandsIFun[g, d, {1+I, -2-21I)] 


Out[23]= Abs[5-4x]'?) Abs[1 +x] ??: 


See also: LanglandsForm. 


E LeadingMatrixBlock (Imb) 


This function extracts a leading matrix block of specified dimensions. 
LeadingMatrixBlock[a, i, j] — b 


ais a matrix of CREs, i is a valid row index for a, 
j is a valid column index for a, 
b is the leading block of a with i rows and j columns. 


See also: BlockMatrix, TailingMatrixBlock, GetMatrixElement. 
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B LongElement (lel) 


This function constructs the so-called long element of the group GL(n,Z), a 
matrix with 1s along the reverse leading diagonal and Os elsewhere. 
See Chapter 5. 


LongElement[n] —> w 


n is a strictly positive integer, 
w is an n by n matrix with 1s down the reversed leading diagonal and Os 
elsewhere. 


Example 


In[267]:= MatrixForm[LongElement [4] ] 


Out [267] //MatrixForm= 
000 1 


0 01 0 
0 1 0 Q 
1000 
See also: WMatrix, ModularGenerators. 


B LowerTriangleToMatrix (Itm) 


This function takes a list of lists of increasing length and forms a matrix with 
zeros in the upper triangle and the given lists constituting the rows of the lower 
triangle. 


LowerTriangleToMatrix[l] — a 


lis a list of lists of CREs of strictly increasing length representing the elements 
of a lower triangular submatrix including the diagonal. The first has length 
] and each successive sublist has length 1 more than that preceding sublist, 
a is a full matrix with O in each upper triangular position. 


Example 


In[185]:- MatrixForm[ 
LowerTriangleToMatrix[ 


((a), (b, c), (d, e, £}}]] 


Out[185]//MatrixForm- 
a 00 
b e 0 
de f 
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See also: UpperTriangleToMatrix. 


B MakeBlockMatrix (mbm) 


This function takes a list of lists of matrices and creates a single matrix wherein 
the jth matrix element of the ith sublist constitutes the (i, j)th sub-block of this 
matrix. In order that this construction succeed, the original matrices must have 
compatible numbers of rows and columns, i.e. the matrices in each sublist must 
have the same number of rows for that sublist and for each j the jth matrix in 
each sublist must have the same number of columns. In spite of this restriction, 
the function is a tool for building matrices rapidly when they have a natural 
block structure. 


MakeBlockMatrix[A] —> B 


A is a list of lists of equal length of matrix elements, each matrix having CRE 
elements, 
B is a single matrix with sub-blocks being the individual matrices in A. 


Examples 


In[101]:= 
all = IdentityMatrix[2]; al2 = ZeroMatrix[2, 4]; 
a21 = ConstantMatrix[x, 3, 2]; a22 = ConstantMatrix[1, 3, 4]; 
MakeBlockMatrix[{{a22, a11), {a21, a21}}] 


MakeBlockMatrix::arg3 : The submatrices must have compatible row and column numbers. 


Out[103]= 
SAborted 


In[104]:= 
MakeBlockMatrix[{{all, a12}, (a21, a22}}] // MatrixForm 


Out[104]//MatrixForm= 


100000 
010000 
sx x $ d (b d 
sxe i L1 1d 1 
x s d 1i dł 


See also: ConstantMatrix, ZeroMatrix, LongElement, WeylGroup, Special- 
WeylGroup. 


B MakeMatrix (mkm) 


This function returns a symbolic matrix of given dimensions. 
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MakeMatrix[*a", m, n] — A 


“a” is a string being the name of the generic symbolic matrix element variable 
ali, j], 

m is a strictly positive integer representing the number of rows of A, 

n is a Strictly positive integer representing the number of columns of A, 

A is a symbolic matrix with (i, j)th entry ali, j]. 


Example 


In[105]:= 
MakeMatrix["a", 5, 6] // MatrixForm 


Out[105]//MatrixForm- 


a[i, 1j a[1,2] afi, 3] afi, 4j afi, 5] afi, 6] 
a[2; 1] «[25;2] a[2; 3] a[2, 4] a[2; 5] ale. 6] 
als 1] a[3,2] «[3, 3] a[3, 4] a[3; 5] al3, 6] 
a[4, 1] a[4, 2] a[4, 3] a[4, 4] a[4, 5] a[4, 6] 
a[5, 1] a[5, 2] a[5, 3] a[5, 4] a[5, 5] a[5, 6] 


See also: MakeYMatrix, MakeZMatrix, MakeBlockMatrix, ZeroMatrix, 
ConstantMatrix, InsertMatrixElement, WeylGroup, ModularGenerators, 
LongElement, WMatrix, SpecialWeylGroup. 


B MakeXMatrix (mxm) 


This function returns a symbolic upper triangular square matrix of given dimen- 
sion with 1s on the leading diagonal, i.e. a unipotent matrix. 
See Definition 1.2.3. 


MakeXMatrix[n, “x”] —> u 


n is a strictly positive integer representing the size of the matrix, 

“x” is a string being the name of the generic symbolic matrix element variable 
x[i, j], 

u is an upper-triangular symbolic matrix with 1s on the leading diagonal. 
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Example 


In[8]:= MatrixForm[MakeXMatrix[4, "x"]] 


Out[8]//MatrixForm- 
1 x[1,2] x[l1,3] x[l, 4] 


0 1 x[2, 3] x[2, 4] 

0 0 1 x[3, 4] 

0 0 0 1 
In[9]:= MakeXVariables[4, "x"] 


Oout[9]- (x[1, 2], x[1, 3], x[1, 4], x[2, 3], x[2, 4], x[3, 4]} 


In[11]:9 MatrixForm[MakeYMatrix[4, "y"]] 


Out[11]//MatrixForm- 


y[1] y[2] y[3] 0 0 0) 
0 y[1] y[2] 0 0 
0 0 y[1] 0 
0 0 0 1 
In[12]:- MakeYVariables[4, "y"] 
out[12]- {y[1], y[2], y[3]} 
In[24]:- MatrixForm[MakeZMatrix[4, "x", "y"]] 


Out[24]//MatrixForm= 
y[1] y[2] y[3] x[1, 2] y[1] YI2] x[1, 3] y[1] x[1, 4] 


0 y[1] y[2] x[2, 3] y[1] xI2, 4] 
0 0 y[1] x[3, 4] 
0 0 0 1 


MakeZVariables[3, "x", "y"] 


0ut[25]- (x[1, 2], x[1, 3], x[1, 4], x[2, 3], x[2, 4], x[3, 4], y[1], yl2], y[3]} 


See also: MakeX Variables, MakeY Matrix, MakeY Variables, MakeZMatrix, 
MakeZ Variables. 


B MakeXVariables (mxv) 


This function returns a list of the x-variables which appear in the symbolic 
generic Iwasawa form of a square matrix of given dimension. 
See Definition 1.2.3. 


MakeXVariables[n, *x^?] —> 1 


n is a strictly positive integer representing the size of the matrix, 
“x” is a string being the name of the generic list element variable x[i, j], 
lis a list of the x-variables in order of increasing row index. 


See also: MakeXMatrix, MakeY Matrix, MakeY Variables, MakeZMatrix. 
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B MakeYMatrix (mym) 


This function returns a symbolic diagonal matrix of given dimension with val- 
ues on the leading diagonal being the product of the y-variables of a matrix 
expressed in Iwasawa form. 

See Definition 1.2.3 and the manual entry for MakeXMatrix. 


MakeY Matrix[n, “y”] —> d 


n is a strictly positive integer representing the size of the matrix, 

“y” is a string being the name of the generic symbolic matrix element variable 
y[i] such that the jth diagonal element is the product y[1]y[2] - -- y[n — j], 

d is a diagonal matrix. 


See also: MakeXMatrix, MakeX Variables, MakeY Variables, MakeZMatrix. 


MakeY Variables (myv) 


This function returns a symbolic list of the n — 1 y-variables which would occur 
in the Iwasawa form of a matrix of size n x n. 
See Definition 1.2.3 and the manual entry for MakeXMatrix. 


MakeY Variables[n, *y"] — 1 


n is a strictly positive integer representing the size of the matrix, 
**y" is a string being the name of the generic variable y[i], 
lis a list of the form {y[1], ..., y[n — 1]}. 


See also: MakeXMatrix, MakeX Variables, MakeYMatrix, MakeZMatrix, 
MakeZ Variables. 


B MakeZMatrix (mzm) 


This function returns a symbolic upper triangular square matrix of given dimen- 
sion being in generic Iwasawa form. 
See Example 1.2.4 and the manual entry for MakeXMatrix. 


MakeZMatrix[n, *x",*y"] — u 


n is a strictly positive integer representing the size of the matrix, 

“x” is a string being the name of the generic symbolic Iwasawa x-variable 
x[i, j], 

“y” is a string being the name of the generic symbolic Iwasawa y-variable y [i], 

u is an upper-triangular symbolic matrix with (i, j)th element having the form 
xli, jly[1] - - - y[n — jl. 
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See also: MakeXMatrix, MakeX Variables, MakeY Matrix, MakeY Variables, 
MakeZ Variables. 


B MakeZ Variables (mzv) 


This function returns a list of the variables which occur in the Iwasawa form 
for a matrix with generic symbolic entries and of given size. 
See the manual entry for MakeXMatrix. 


MakeZ Variables[n, “x”, “y”] — 1 


n is a strictly positive integer representing the size of the matrix, 

“x” is a string being the name of the generic symbolic matrix element x[i, j] 
with i > j, 

“y” is a string being the name of the generic symbolic matrix element y[i], 

lis a list of the Iwasawa variables with the x-variables first in order of increasing 
row index followed by the y-variables: 


{x[1, 2], ..., x[1, n], x[2, 3],...,x{m—1,n], y[1],..., y[n — 1]. 


See also: MakeXMatrix, MakeX Variables, Make Y Matrix, MakeY Variables, 
MakeZMatrix. 


B MatrixColumn (mcl) 
This function returns a given column of a matrix. 
MatrixColumn[m, j] — c 


m is a matrix of CREs, 
j is a valid column index for m, 
c is the jth column of m returned as a list. 


See also: MatrixRow. 


B MatrixDiagonal (mdl) 
This function extracts the diagonal of a matrix. 
MatrixDiagonal[a] —> d 


a is a square matrix of CREs, 
d is a list, being the diagonal entries of a in the same order. 


See also: DiagonalToMatrix. 
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B MatrixJoinHorizontal (mjh) 


This function assembles a new matrix by placing one matrix to the right of 
another compatible matrix. 


MatrixJoinHorizontal[a, b] —> c 


ais a matrix of CREs, 
b is a matrix with the same number of rows as a, 
c is a matrix with block decomposition c = [a|b]. 


Example 


In[285]:- A= {{a, b, c), (d, e, f)); B= ((1, 1}, {2, 2)); 


In[292]:= MatrixForm[MatrixJoinHorizontal[A, B]] 


Out[292] //MatrixForm- 
«e boc r r 
d e £ 2 2 


See also: MatrixJoin Vertical. 


B MatrixJoinVertical (mjv) 


This function assembles a new matrix by placing one matrix above another 
compatible matrix. 


MatrixJoinVertical[a, b] —> c 


ais a matrix of CREs, 
b is a matrix with the same number of columns as a, 
cis a matrix with block decomposition having a above b. 


See also: MatrixJoinHorizontal. 


B MatrixLowerTriangle (mlt) 


This function extracts the elements in the lower triangle of a square matrix, 
including the diagonal, and returns them as a list of lists. 


MatrixLowerTriangle[a] — t 


a is a square matrix of CREs, 
t is a list of lists where the ith element of the jth list represents the (j, i)th 
element of a. 


See also: MatrixUpperTriangle, LowerTriangleToMatrix. 
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B MatrixRow (mro) 


This function returns a given row of a matrix. 
MatrixRow[m, i] — r 


m is a matrix of CREs, 
i is a row index of m, 
r is a list representing the ith row of m. 


See also: MatrixColumn. 


B MatrixUpperTriangle (mut) 
This function extracts the elements in the upper triangle, including the diagonal, 
of a square matrix and returns a list of lists of the elements from each row. 


MatrixUpperTriangle[a] — t 


ais a square matrix of CREs, 
t is a list of lists of elements with the ith element of the jth list being the 
(j, i+ j — Ith element of a. 


Example 


In[303]:- A= ((a, b, c), (d, e, f}, (g, h, i}}; 


In[316]:= MatrixForm[A] 


Out [316] //MatrixForm= 
abe 
de f 
g hi 








In[320]:= MatrixUpperTriangle[A] 
Out[320]- {{a, b, c), (e, f}, (i)) 


See also: MatrixLowerTriangle, UpperTriangleToMatrix. 


B ModularGenerators (mog) 


This function returns a list of two matrix generators for the subgroup of the 
group of integer matrixes with determinant 1, i.e. generators of SL(n, Z). 
See Chapter 5, especially Section 5.9. 
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ModularGenerators[n] — g 


n is a positive integer with n > 2, 
g is a list of two n by n matrices which will generate SL(n, Z). 


Example 


In[174]:= Map[MatrixForm, ModularGenerator[6]] 


00000 -1 1 1 0000 
10000 0 010000 
— T ( 01000 0 : 001000 } 
00100 0 000100 
00010 0 000010 
0 Oo 0 0 1 p 000001 


See also: WeylGenerator, WeylGroup, Special WeylGroup, WMatrix, Long- 
Element. 


B MPEisensteinGamma (eig) 


This function computes the gamma factors for the minimal parabolic Eisenstein 
series 


Geman (E29). 
i=l 


See Chapter 10, Theorem 10.8.6. 
MPEisensteinGamma[s,v] — G 


s is a CRE representing a complex number, 

visalist of n — 1 CREs with n 7 2 representing complex parameters, 

G is the gamma factor for the minimal parabolic Eisenstein series functional 
equation. 

Example 


In[5]:= suf[MPEisensteinGamma[s, (v[1], v[2]}]] 
Out[5]= 38/2 Gamma | > (1«s-2vi-v3)] 
Gamma | > (s «v1 - v2) | Gamma | > (-1+s+vi+2v2) | 


See also: MPEisensteinLambdas, MPEisensteinSeries, MPExteriorPower- 
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric- 
PowerGamma. 
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B MPEisensteinLambdas (eil) 


This function computes the functions A;(v) : C^! > C such that the L- 
function associated with the minimal parabolic Eisenstein series Lg,(s) is a 
product of shifted zeta values 


Lg) = | [£6 — xiv». 


i=l 
See Chapter 10, (10.4.1) and Theorem 10.8.6. 
MPEisensteinLambdas[v] —> L 


v is a list of n — 1 CREs with n > 2 representing complex parameters, 
L is a list of affine expressions in the elements of v representing the functions 
Ai(v). 


Example 

In[10]:= suf[MPEisensteinLambdas[(v[1], v[2], v[3]}]] 
3 1 

Out[10]= {-z +3vit2ve+V3s, - p -Vi 2 Va * Vs, 
1 3 


-V1-2V5-*Va, -vı - 2 v2 - 3 v3} 


2 Lj 


See also: MPEisensteinSeries, MPEisensteinGamma, MPExteriorPower- 
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric- 
PowerGamma. 


B MPkEisensteinSeries (eis) 


This function computes the L-function associated with the minimal parabolic 
Eisenstein series E,(z) as a product of shifted zeta values 


Lz,(s) =| [46 — Ai). 


i=l 
See Chapter 10, (10.4.1) and Theorem 10.8.6. 
MPEisensteinSeries[s,v] —> Z 


s is a CRE representing a complex number, 
v is a list of n — 1 CREs with n > 2 representing complex parameters, 
Z is a product of n values of the Riemann zeta function at shifted arguments. 
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Example 


In[4]:= suf[MPEisensteinSeries[s, (v[1], v[2]}]] 


Out[4J= Zeta[1-«s-2vi1- v2] Zeta[s« vi - V2] Zeta[-1« S«v1-* 2 v2] 


See also: MPEisensteinLambdas, MPEisensteinGamma, MPExteriorPower- 
Gamma, MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetric- 
PowerGamma. 


B MPExteriorPowerGamma (epg) 


This function returns the gamma factors for the kth symmetric L-function asso- 
ciated with a minimal parabolic Eisenstein series. 
See the introduction to Chapter 13. 


MPExteriorPowerGamma[s,v,k] — G 


s is a CRE representing a complex number, 

visalist of n — 1 CREs with n 7 2 representing complex parameters, 
k is a natural number k > 1 representing the order of the exterior power, 
G is the gamma factor for the functional equation of the exterior power. 


Example 

In[9]:= MPExteriorPowerGamma[s, (vl, v2), 2] 
-35s/2 1 

Out[9]2 7 Gamma | > (1«s-v1-2v2)] 


Gamma | > (s-vl +v2) | Gamma | > (-1+s+2vl+v2) | 


See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma, 
MPExteriorPowerLFun, MPSymmetricPowerLFun, MPSymmetricPower- 
Gamma. 


B MPExteriorPowerLFun (epl) 


This function returns the kth exterior power of the L-function of a minimal 
parabolic Eisenstein series as a product of zeta values. 

See the introduction to Chapter 13. 

This function can be used to show that exterior power L-functions satisfy a 
functional equation. 


A.3 Function descriptions and examples 453 


MPExteriorPowerLFun[s,v,k] —> Z 


s is a CRE representing a complex number, 

visalist of n — 1 CREs with n 7 2 representing complex parameters, 
k is a natural number k > 1 representing the order of the exterior power, 
Z is a product of Riemann zeta function values. 


Example 


In[7]:= suf[MPExteriorPowerLFun[s, (v[1], v[2]}, 211] 


Out[7]= Zeta[l +s- vı -2 v2] Zeta[s- vi * V2] Zeta[-1« $«2 v1 * V2] 


See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma, 
MPExteriorPowerGamma, MPSymmetricPowerLFun, MPSymmetricPower- 
Gamma. 


B MPSymmetricPowerLFun (spf) 


This function returns the kth symmetric power of the L-function of a minimal 
parabolic Eisenstein series as a product of zeta values. 

See the introduction to Chapter 13. 

This can be used to show that symmetric power L-functions satisfy a func- 
tional equation. 


MPSymmetricPowerLFun[s,v,k] — Z 


s is a CRE representing a complex number, 

visalist of n — 1 CREs with n > 2 representing complex parameters, 
k is a natural number k > 1 representing the order of the exterior power, 
Z is a product of Riemann zeta function values. 


Example 
In[6]:= suf[MPSymmetricPowerLFun[s, (v[1], v[2]}, 31] 
Out[6]= Zeta[s] Zeta[1«s-3 vi] Zeta[-1-« s «3 vi] Zeta[1*« $- 3 v2] 


zeta[3 +s- 6 vı -3 v2] Zeta[2 +s -3 vı - 3 v2] Zeta[s + 3 vı - 3 v2] 
Zeta[-1+s+3v2] Zeta[-2 +s+ 3 vı +3 v2] Zeta[-3 +s +3 vı +6 v5] 
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See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma, 
MPExteriorPowerGamma, | MPExteriorPowerLFun, MPSymmetricPower- 
Gamma. 


B MPSymmetricPowerGamma (spg) 


This function returns the gamma factors for the kth symmetric L-function asso- 
ciated with a mimimal parabolic Eisenstein series. 
See the introduction to Chapter 13. 


MPSymmetricPowerGamma[s,v,k] — G 


s is a CRE representing a complex number, 

visalist of n — 1 CREs with n 7 2 representing complex parameters, 
k is a natural number k > 1 representing the order of the exterior power, 
G is the gamma factors for the kth symmetric power L-function. 


Example 


In[8]:= suf[MPSymmetricPowerGamma[s, (v[1], v[2]}, 31] 


nc 


out[8]= m?s Gamma|— | Gamma[—> (1«$-3vi)] 
Gamma [> ( (-1+8+3vi)] Gamma[ > (1+s~-3v2)] 
Gamma | > (3«48-6vi-3v;)] Gamma[7- (2«s-3vi -3v2)] 
Gamma | > (s*3vi-3v)] Gamma[> (-1+s+3v2)] 
Gamma [> ( -2«s«3vi«3v;)] Gamma[> (-3+5+3v1+6v2)| 


See also: MPEisensteinLambdas, MPEisensteinSeries, MPEisensteinGamma, 
MPExteriorPowerGamma, MPExteriorPowerLFun, MPSymmetricPowerL- 
Fun. 


B NColumns (ncl) 


This function gives the number of columns of a matrix. 
NColumns[a] — n 


ais a matrix of CREs, 
n is the number of columns of a. 


See also: NRows. 
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B NRows (nro) 


This function gives the number of rows of a matrix. 
NRows[a] — m 


ais a matrix of CREs, 
m is the number of rows of a. 


See also: NColumns. 


E ParabolicQ (paq) 


This function tests a square matrix to see whether it is in a given parabolic 
subgroup as specified by a non-trivial partition of the matrix dimension. 
See Chapter 10, especially Section 10.1. 


ParabolicQ[a, d] — ans 


aisann x n square matrix with entries which are CREs, 
d is list of at most n positive integers with sum n, 
ans is True if a is in the specified subgroup and False otherwise. 


Example 
In[1]:- d= (2, 2}; a= ((1, 2, 3, 4), (5, 6, 7, 8), (0, 0, 1, 2}, (0, 0, 3, 4}} 
Out[1]- ((1, 2, 3, 4}, (5, 6, 7, 8}, (0, 0, 1, 2), (0, 0, 3, 4j] 


In[2]:= MatrixForm[a] 


Out[2]//MatrixForm- 
12 3 4 


oou 
oog 
wre 
eNO 


In[3]:= ParabolicQ[a, d] 


Out[3]- True 


In[57]:- a2- ((1, 2, 3, 4}, (5, 6, 7, 8), (0, 0, 1, 2), (x, 0, 3, 4}} 


Out[57]= ((, 2, 3, 4j, (5, 6, 7, 8}, {0, 0, 1, 2}, (x, 0, 3, 4}} 


In[58]:= ParabolicQ[al, d] 


Out[58]= False 


See also: LanglandsForm, LanglandsIFun. 
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B PluckerCoordinates (plc) 


This function takes an n x n square matrix and returns a list of lists of the so- 
called Plücker coordinates, namely the values of all of the bottom j x j minors 
with 1 « j x n — 1. 

See Chapter 11, Section 11.3, Theorem 11.3.1. 


PluckerCoordinates[a] — value 


aisann x n matrix of CREs, 

value is a list of lists being the values of all of the j x j minor determinants with 
1 < j < n—1 based on the bottom row and taking elements from the bot- 
tom j rows. The jth sublist has the j x j minors in lexical order of the column 
indices. 

Example 


In[31]:» PluckerCoordinates[{{1, 2), (4x, 5y}}] 


Out[31]= {{4x, 5y}} 


In[32]:= suf[PluckerCoordinates[MakeMatrix["x", 3, 3]]] 


Out[32]= {{X3,1, X3,2, Xs,3] ; 
{-X2,2 X3,1 + X2,1 X3,2, -X2,3 X3,1 + X2,1 Xa,3; -X2,3 X3,2 + X2,2 X3,3}} 


In[33]:- m= ((12, 3, 4, -1, 7}, (3, 0, 2, 1, 0}, (4, 5, 6, 7, 0}, 
{0, 2, 19, 3, 1}, (1, 2, 3, 4, 5}}; MatrixForm[m] 


Out[33]//MatrixForm= 


12 3 4 -1 7 

3 02 I © 

4 56 7 0 

0 2 19 3 4 

1 2 3 4 55 
In[34]:= plc[m] 


Oub[S4]e X401, 2, 3, 4, Sik, [-2,-19; «3, <1, «32, 2, 8, 57, 92. 111, 
(-45, 9, 37, 153, 374, 51, 99, 412, -1, -578), 
(360, 1310, 34, -1462, 414}} 


See also: PluckerRelations, PluckerInverse, KloostermanSum. 


B PluckerInverse (pli) 


This function takes a list of lists of integers, which could be the Plücker 
coordinates arising from a square matrix, and returns such a matrix having 
determinant 1. The matrix is not unique but PluckerInverse followed by 
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PluckerCoordinates gives the identity, provided the list of lists of integers 
is compatible, i.e. arises from some matrix. 
See Section 11.3. 


PluckerInverse[Ms] — a 


Ms is a list of n — 1 sublists of integers Ms = {{My,..., Mn}, IMp, ...) ...], 
representing the Pliicker coordinates of a matrix in lexical order, 

a is an integer matrix having those Pliicker coordinates or False in case they 
are incompatible. 


Example 

In[2162]:= 
g = ModularGenerators[4]; a=g[[1]]; b=g9[[2]]; 
m-a.a.a.b.b.b.b.a.b.b.b.a.b.b.a.a.a.b.a.a.a.b.b.b.a.a.b.a.a.a.a.a.a.b; 
MatrixForm[m] 


Out[2163]//MatrixForm= 
0 -1 -4 -10) 
0.0 -1 -3 
0 0 0 -1 
1 8 16 40] 


In[2164]:- 

Ms - plc[m] 
Out[2164]- 

((1, 8, 16, 40}, (0, 0, 1, 0, 8, 16}, (0, 0, 1, 8}} 
In[2165]:- 

a-pli[Ms]; MatrixForm[a] 


Out[2165]//MatrixForm= 
0 -1 0 0) 
0.0 -1 0 
0 0 0 -1 
1 8 16 40] 


In[2166]:= 
plc[a] 


Out[2166]- 
{{1, 8, 16, 40}, (0, 0, 1, 0, 8, 16}, (0, 0, 1, 8}} 


See also: PluckerCoordinates, PluckerRelations, KloostermanSum, Klooster- 
manCompatibility. 


E PluckerRelations (plr) 


This function computes all the known quadratic relationships between the 
minors of a generic square n x n matrix known as the Plücker coordinates. 
See Chapter 11. 
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In the case that n = 2 there are none and for n — 3 one. For n > 3 the 
number grows dramatically. No claim is made that this function returns, for 
any given n, a complete set of independent relationships. By “complete” 
is meant sufficient to guarantee the coordinates arise from a member of 
SL(n, Z). 


PluckerRelations[n, v] —» relations 


n is a positive integer with n > 2, 
v is a symbol representing the generic name used for the Plücker coordi- 


nates so v[(ij, ..., ij}] is the matrix minor based on the last j rows and 
the columns indexed by iy, ..., ij with these indices in strictly increasing 
order, 





relations is a list of quadratic expressions with coefficients +1 in the v[{- - -}]s, 
which vanish whenever the values of the v[(- - -)]s come from the minors 
of an n x n matrix. 


Example 


In[1]:= PluckerRelations[3, v] 


out[i] {v[{3}] v[(1, 2}] -v[{2}] vi{1, 33] +v[{1}] v[ (2, 331) 


In[2]:= PluckerRelations[4, v] 


Out(2J= {v[{3}] v[(1, 2}] - v[(2)] v[(1, 3}] * v[(1)] v[(2, 3}], 
{4}] v[(1, 2}] -v[{2}] v[{1, 43] +v[{1}] v[(2, 43], 
{4}] v[{1, 3}] -v[{3}] v[{1, 4}] +v[{1}] v[{3, 4}], 
v 
vl 





























{4}] v[{2, 3}] - vI(33] v[{2, 43] +v[{2} {3, 4}], 
(1, 43] v[{2, 3}] - v[(1, 3}] vi{2, 43] * v[t1, 21] v[(3, 43], 
(1, 4}] v[{1, 2, 3}] - v[(1, 3}] v[(1, 2, 4}] + 

v[t1, 22] v[{1, 3, 43], v[(43] v[(1, 2, 3}] - v[I(3)] v[ (1, 2, 43] + 
v[{2}] v[t1, 3, 43] - v[(1J] v[(2, 3, 43], v[(2, 43] v[ (1, 2, 3}] - 
v[t2, 331] v[{l, 2, 43] « v[(1, 2}] v[(2, 3, 43], 

v[{3, 43] v[t1, 2, 33] -v[{2, 33] v[(1, 3, 43] + 

v[t1, 33] v[{2, 3, 43], v[(3, 41] v[{1, 2, 43] - 

v[(2, 43] v[{1, 3, 43] * v[(1, 43] v[(2, 3, 4}]} 











4444 &4 


In[3]:= Map[Function[n, Length[PluckerRelations[n, v]]], 
(2,3, 4, 5, 6, 1j] 


Out[3]- 10, 1, 10, 47, 160, 458} 


See also: PluckerCoordinates, PluckerInverse, KloostermanSum. 
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B RamanujanSum (rsm) 


This function computes the Ramanujan sum s(n, c) for explicit natural number 
values of n, c, namely 


s(n,c) = SS eito, 
r=1,(7,c)=1 
See Definition 3.1.4 and Proposition 3.1.7. 
RamanujanSum[n,c] — s 


n is a strictly positive integer, c is a strictly positive integer, 
s is an integer being the Ramanujan sum. 


Example 
In[27]:= Table[RamanujanSum[n, 1] - MoebiusMu[n], (n, 1, 10}] 


Out[27]= (0, 0, 0, 0, 0, 0, 0, 0, 0, 0) 


In[31]:= Table[RamanujanSum[n, 23 n] / EulerPhi[n], (n, 1, 20}] 


Giersi]s" Pig Le ie Ir ie la de Dede De 2 17,1.1; 3; T; D; L| 1; Di 


B RemoveMatrixColumn (rmc) 


A given row is removed from a matrix, creating a new matrix and leaving the 
original unchanged. 


RemoveMatrixColumn[a, j] — b 


ais a matrix of CREs, 
j is a valid column index of a, 
b is a matrix with all columns identical to a except the jth which is missing. 


See also: RemoveMatrixRow. 


B RemoveMatrixRow (rmr) 
A given row is removed from a matrix, leaving the original unchanged. 
RemoveMatrixRow[a, i] — b 


ais a matrix of CREs, 
i is a valid row index of a, 
b is a matrix with all rows identical to a except the ith which is missing. 


See also: RemoveMatrixColumn. 


460 Appendix The GL(n)pack Manual 


B SchurPolynomial (spl) 


This function computes the Schur polynomial in n variables x1, ..., x, with 
n — | exponents kı, ..., k, 1, that is to say the ratio of the determinant of a 
matrix with (i, j)th element 1 fori = n and irs forl<i<n-l1, 
to the determinant of the matrix which is 1 fori = n and rd forl<i<n-1l1. 
See Section 7.4. 


SchurPolynomial[x, k] —> S,(X1, ..., Xn) 


x is list of n CREs, 
k is a list of n — 1 CREs, 





Sx(X1, ..., Xn) is the Schur polynomial. 

Example 

In[4]:= SchurPolynomial[{x, y, z}, {a, b}] 

— x2tarb (yl+a _ gl+a) , yle8 zlta (yleb | gl+b) , xlea (_y2+arb , g2«a«b) 
(x-y) (x-z) (y-z) 

In[5]:= SchurPolynomial[(1, x, x^2, x^3), (2,2, 2)] 

Out[5]= xê (1-x«x?)? (1« x « x2)? (14 x? « x9) 

In[6]:= SchurPolynomial[{1, x^2, x, x*3}, (1,2, 3}] 

Out[6]= x? (1+x+x?) 


(142x4+4x74+7x?4+10x44+13x%°+17%° +19 x7 «21x? «22x? + 
21x" 4.19 x 17 x 4 13 at 10 x Tx 4d xl 4 Det? (x1?) 


See also: HeckeMultiplicativeSplit. 


B SmithElementaryDivisors (sed) 

This function computes the elementary divisors of a non-singular n x n integer 
matrix a, i.e. for each j with 1 < j < n, the gcd d;(a) of all of the j x j 
minor determinants. If s; is the jth diagonal entry of the Smith form then 
Sj = d;(a)/dj-1(@). 

SmithElementaryDivisors[a] — 1 


ais a non-singular n x n integer matrix, 
l is a list of the n Smith form elementary divisors of a in the order 


(di(3), ..., dn(a)}. 


See also: SmithForm, SmithInvariantFactors, HermiteFormUpper, Hermite- 
FormLower. 
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B SmithForm (smf) 


This function returns the Smith form diagonal matrix d of a square non-singular 

matrix a with integer entries. This matrix d satisfies 0 < d; and di; | di+1,i+1 

for all i < n — 1. It also returns unimodular matrixes /, r such that a = l.d.r. 
See Theorem 3.11.2. 

SmithForm[a] — (1, d, r} 


a is non-singular integer matrix, 
lis a unimodular matrix, 
d is a diagonal matrix, being the Smith Form of a, r is a unimodular matrix. 
Example 
The Smith form of a 4 by 4 matrix is computed and the result checked. 
In[4]:- m4- ((5, 2, -4, 7), (1, 6,0, -3}, (1, 2, -2, 4), (7, 1, 5, 6)) ; 
(1, s, r) = SmithForm[m4] 


{{{5, -4, 186, -23], (1, 0, 0, 0}, (1, -2, 89, -11}, (7, 5, -178, 22}}, 
((1, 0, 0, 0}, (0, 1, 0, 0}, (0, 0, 1, 0}, (0, 0, 0, 964}}, 
((1, 6, 0, -3}, (0, -49, 1, 41}, (0, 118, 0, 1}, (0, 1, 0, 0}}} 


Map[MatrixForm, $] 


5 -4 186 -23 1l 0 D 4 1 6 0 -3 
1 0 0 0 010 0 0 -49 1 41 
tly ey ss ul lona o | 539 arl) 
T 5 -178 22 0 0 0 964) 0 1 0 0 

l.s.r-m4 


((0, 0, 0, 0}, (0, 0, 0, 0}, (0, 0, 0, 0), (0, 0, 0, 0}} 


See also: SmithElementaryDivisors, SmithInvariantFactors, HermiteForm- 
Lower, HermiteFormUpper. 


B SmithInvariantFactors (sif) 


This function computes the invariant factors of the Smith form of a non-singular 
integer matrix a. These are all of the prime powers which appear in the diagonal 
entries of the Smith form of a. 


SmithInvariantFactors[a] —> 1 


ais ann x n non-singular integer matrix, 
lis a list of prime powers. 


See also: SmithForm, SmithElementaryDivisors, HermiteFormUpper, 
HermiteFormLower. 
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E SpecialWeylGroup (swg) 


This function, for each natural number n, returns the group of n x n matrices 
with each entry being 0 or +1, and having determinant 1. There are 2" ^! 5! such 
matrices. 

See Sections 6.3 and 6.5. 





SpecialWeylGroup[n] — g 


n is a natural number representing the matrix dimension, 
g is a list of n x n matrices representing the Weyl group. 


Example 


In[3]:= w= SpecialWeylGroup[3]; 
































In[4]:= Map[MatrixForm, w] 
100 i 0 oO 1 0 0 10 0 
owt[4]- {|O 1 1 F ü 3X LOS = 8 |, |: 0 -1|, 
0 0 1 0 -1 0 ~ w -1 01 0 
01 05 0 10) 0 10 0 1 0 
10 0 | | 9 €|;[|-4 0€ GO|, | Q9 € -& ly 
6 Ur i 0 6 0 0 1 -10 0 
0 0 1 0 0 1 o Uo 0 0 1 
1 0 1 0 i ü|,l|ler a ol, | eX dr. 
010 -1 0 0 0 -1 p 1 0 0 
-1 0 0 -1 0 0 -1 0 0 i 0 90 
or op[voi o aofo o a], 
0 0 -í 0 4 0 0 0 1 0 -1 0 
6 -1 0 © eT ü 0 Xx 0 0-2 0 
1 0 1 o d. Dy fee 3. Ole tite ($$ ml 
0 0 1 ef D Dp 0 oO < 1 0 0 
0 0 -1 00 -4 6 0 -4 0 6 -i 
i 0 © |: r 1 0]|,|-10 0]|, 0 -i © |} 
0 -i 6 10 0 0 1 0 -1 0 0 




















In[5]:= Map[Det, w] 
Owe[Sy= {ly ly 1, 1l, Iy l, l, 1, 1, l, Iy ly l, d, Ly l, lj 1l, l, Iy Ty Ly 14 1j 
In[7]:= Length[SpecialWeylGroup[5]] - 2^45! 


Out[7]= 0 


See also: WeylGroup, WMatrix, WeylGenerator, ModularGenerators, Long- 
Element. 
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E SubscriptedForm (suf) 


This function takes a Mathematica expression and prints it out in such a way that 
subexpressions of the form x[n;, nz, ..., nj], where the nj are explicit integers, 
are printed in the style 


Xni, n... nj- 


The value of this function is for improving the look of expressions for inspec- 
tion and should not be used otherwise. Compare the Mathematica function 
MatrixForm. Not all expressions can be subscripted using this function. 


SubscriptedForm[e] — f 


e is a Mathematica expression, 
f is a subscripted rendition of the same expression. 


Example 


In[2395]:- 
a-MakeMatrix["x", 4, 4] 


0ut[2395]- 
{{x[1, 1], x[1, 2], x[1, 3], x[1, 4]}, {x[2, 1], x[2, 2], x[2, 3], x[2, 41); 
(x[3, 1], x[3, 2], x[3, 3], x[3, 4]}, (x[4, 1], x[4, 2], x[4, 3], x[4, 4]}} 


In[2396]:= 
SubscriptedForm[a] 


0ut[2396]- 
{{X1,17 X1,2; %1,3, X1,4] , (32,15 32,25; 32,35 X2,4] ; 


{X3,1, X3,27 X3,35 %3,4}, (Xa,15 %4,27 Xa,31 X4,4}} 


In[2397]:= 
MatrixForm[$] 


Out[2397]//MatrixForm= 


Xii Xi2 Xi, Xi,4 
X2, X2,2 X2,3 X2,4 
X3,1 X3,2 X3,3 %3,4 
%4,1 X4,2 Xa4,3 %4,4 


In[2398]:- 

b - x[0, 2, -4] + £[y[1] -3*y[2]] / (x[1, 2, 3] +y[3]); 
In[2399]:- 

SubscriptedForm[b] 


0ut[2399]- 
fly: - 3 Y2] 


X0,2,-4 + 
Y3 + Xi,2,3 


B SwapMatrixColumns (smc) 


Two columns of a matrix are exchanged creating a new matrix and leaving the 
original unchanged. 
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SwapMatrixColumns[a, i, j] — b 


ais a matrix of CREs, 

i is a valid column index for a, 

j is a valid column index for a, 

b is a matrix equal to a except the ith and jth columns have been exchanged. 


See also: SwapMatrixRows, ElementaryMatrix. 


B SwapMatrixRows (smr) 


Two rows of a matrix are exchanged creating a new matrix and leaving the 
original unchanged. 


SwapMatrixRows[a, i, j] — b 


ais a matrix of CREs, 

iis a valid row index for a, 

j is a valid row index for a, 

b is a matrix equal to a except the ith and jth rows have been exchanged. 


See also: SwapMatrixColumns, Elementary Matrix. 


B TailingMatrixBlock (tmb) 


This function returns a tailing matrix block of specified dimensions leaving the 
original matrix unchanged. 


TailingMatrixBlock[a, i, j] — b 


ais a matrix of CREs, 

iis a positive integer less than the number of rows of a, 

j 1s a positive integer less than the number of columns of a, 
b is the tailing block of a with i rows and j columns. 


See also: LeadingMatrixBlock, BlockMatrix. 


B UpperTriangleToMatrix (utm) 


This function takes a list of lists of strictly decreasing length and forms a matrix 
with zeros in the lower triangle and with the given lists constituting the rows of 
the upper triangle. The length of the matrix is the length of the first sublist. The 
last sublist has length 1 and each successive sublist has length one less than the 
preceding sublist. 


UpperTriangleToMatrix[u] —> a 


u is a list of lists of CREs of decreasing length representing the elements of an 
upper triangular submatrix including the diagonal, 
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a is a full matrix with 0 in each lower-triangular position. 


See also: MatrixUpperTriangle, LowerTriangleToMatrix. 


B VolumeBall (vbl) 


This function computes the volume of an n-dimensional ball with given radius. 
VolumeBall[r, n] — Vol 


r is a CRE representing the radius of the ball, 
n is a positive integer, being the dimension of the ball, 
Vol is the n-dimensional volume of the ball. 


Example 


In[342]:- {VolumeSphere[r, 3], VolumeSphere[r, 5]) 





2 +4 
out[342]- [4xr?, UE } 


In[343]:= (VolumeBall[r, 3], VolumeBall[r, 5]) 


Anr? gers 


out [343]= | x TE } 








See also: VolumeSphere, VolumeHn. 


B VolumeFormDiagonal (vfd) 


This function computes the differential volume form for the set of diagonal 
matrices 


n 
A dai, 
i=l 


where the product is the wedge product. 
See Sections 1.4 and 1.5. 


VolumeFormDiagonal[“a’’, n] — Form 


“a” is a string which will be the name of a one-dimensional array symbol, 
N is a positive integer representing the dimension of the form, 
Form is the diagonal volume form based on the variables a[i]. 


See also: VolumeFormGln, VolumeFormHn, VolumeFormUnimodular. 
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B VolumeFormGln (vfg) 


This function computes the differential volume form for the matrix group 
G L(n, IR) using the wedge product. 
See Sections 1.4 and 1.5 and Proposition 1.4.3. 


VolumeFormGln[*g", n] — Form 


“g” is a string which will be the name of a two-dimensional array symbol, 
n is a positive integer representing the dimension of the matrices, 
Form is the diagonal volume form based on the variables g[i, j]. 


Example 
In[62]:- VolumeFormGln[g, 2] 


d[g[1, 1]] ^ d[g[1, 2]] ^ d[g[2, 11] ^d[g[2, 21] 
(-g[1, 2] g[2, 1] * g[1, 1] g[2, 2])? 
See also: VolumeFormHn, VolumeFormDiagonal, VolumeFormUnimodular. 


Out[62]- 





B VolumeFormHn (vfh) 


This function computes the differential volume form for the generalized upper 
half-plane. 
See Definition 1.2.3 and Proposition 1.5.3. 


VolumeFormHn[*x", “y”, n] — Form 


“x” is a string which will be the name of a two-dimensional array symbol, 

“y” is a string which will be used as the name of a one-dimensional array 
symbol, 

n is a positive integer representing the dimension of the matrices which appear 
in the Iwasawa decomposition, 

Form is the volume form based on the variables x[i, j], y[j]. 


Example 
In[60]:= VolumeFormHn["x", "y", 3] 


d[x[1, 2]] ^d[x[1, 3]] ^d[x[2, 3]] ^d[y[1]] ^d[y[2]]) 


Out [60] = 3 : 
yI1] y[2] 


See also: VolumeFormGln, VolumeFormDiagonal, VolumeFormUnimodular. 


B VolumeFormUnimodular (vfu) 


This function computes the differential volume form for the group of unimod- 
ular matrices, i.e. real upper-triangular with 1s along the leading diagonal. 
See Sections 1.4 and 1.5. 
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VolumeFormHn[“x”, n] — Form 


“x” is a string being the name of an array symbol, 
n is a positive integer representing the dimension of the matrices, 
Form is the volume form based on the variables x[i, j]. 


Example 

In[57]:= VolumeFormUnimodular[x, 3] 

out[57]- d[x[1, 2]] ^d[x[1, 3]] ^ d[x[2, 3]] 

See also: VolumeFormHn, VolumeFormDiagonal, VolumeFormGln. 
B VolumeHn (vhn) 


This function computes the volume of the generalized upper half-plane using 
the volume element VolumeFormHn. 
See Example 1.5.2 and Proposition 1.5.3. 


VolumeHn[n] — Vol 


n is an integer with n > 2 representing the order of the upper half-plane, being 
the size of the matrices appearing in the Iwasawa form, 
Vol is a real number. 


See also: VolumeBall, VolumeSphere. 


B VolumeSphere (vsp) 
This function computes the n-dimensional volume of the sphere $” in IR^*!, 
VolumeSphere[r, n] — Vol 


r is a CRE being the radius of the sphere, 

n is the dimension of the sphere, 

Vol is the volume of the sphere computed using n-dimensional Lebesgue 
measure. 


See also: VolumeBall, VolumeHn. 


B Wedge, 


This function computes the Wedge product of any finite number of functions or 
differential forms in an arbitrary number of dimensions. It works with the dif- 
ferential form operator d. Note that these functions have a different construction 
from others in GL(n)pack , and have limited error control. An alternative to the 
function Wedge is the infix operator which may be entered into Mathematica 
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by typing a backslash, and open square bracket, the word “Wedge” and then a 
closing square bracket. It prints like circumflex, but is not the same. Note that 
wedge products of vectors are not currently supported. 

See Sections 1.4, 1.5, 5.6, 5.7 and 5.8. 


Wedgel[fi, f2, ..., fa] — value 


f; is an expression or a form, 
value is the wedge product of the functions or forms fj. 


Example 


In this example the function Wedge is used in conjunction with the differential 
form generator function d. Note that symbols, such as a, can be declared to be 
constant explicitly by setting, d[a] — 0. 


In[64]:= Wedge[ad[x]+bd[y], ud[x] +vd[y]] 
Out [64J= -bud[x]^d[y] +avd[x] ^d[y] 
In[65]:= d[a] =0; d[b] 2 0; d[c] =0; 
In[68]:= (ad[x] +bd[y]) ^ (Exp[a x] d[y]) 
out [68]= ae?* d[x] ^ d[y] 

In[69]:- d[$] 

Out [69]= 0 

In[71]:= d[ay d[x] +bd[y] + exd[z]] 
Out [71]= -ad[x]^d[y] +cd[x] ^d[z] 
In[72]:= d[x^4] 

Out [72]= 4x? d[x] 


See also: VolumeFormGln, VolumeFormHn. 


B WeylGenerator (wge) 


This function returns a set of matrix generators for the Weyl subgroup of the 
group of integer matrices with determiant +1, which consists of all matrices 
with exactly one +1 in each row and column. A single call returns a single 








generator. 


A.3 Function descriptions and examples 469 


See Chapter 6. 
Also see the manual entry for SpecialWeylGroup. 


WeylGenerator[n,i,j] — g 


n is a positive integer with n > 2, 

i is a positive integer with i < n, 

j is a positive integer with i Z j < n, 

g a matrix with 1s along the leading diagonal and zeros elsewhere, except in the 
(i, th position where the value is -1 and (j, i)th position where the value 
is 1 and where the corresponding (i, i)th and (j, j)th diagonal elements are 
0. 


Example 


In[168]:- MatrixForm[WeylGenerator[5, 2, 3]] 


Out[168]//MatrixForm- 


10000 
0 0 -1 0 0 
01 0 0 0 
00 0 1 0 
0. 9- Wu. 01 


See also: ModularGenerators, LongElement. 


B WeylGroup (wer) 


This function returns, for each whole number z, a list of all of the Weyl group 
of n by n permutation matrices. 
See the proof of Proposition 1.5.3. 


WeylGroup[n] — {m;, m3, ..., Mk} 


n is a positive integer with n > 1, 
mj is a matrix with a single 1 in each row and column. 





Example 
In[5]:= Map[MatrixForm, WeylGroup[3]] 
1 0 0 10 0X f0 1 0j [0 10 00 1 00 1 
ossi [o aol fo oaf [ree [ooa] [ao elei oh 
00 1 010 001] (100 010 100 
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See also: WeylGenerators, Special WeylGroup, LongElement. 


B Whittaker (wit) 


This function computes a symbolic interated integral representatin of the gen- 
eralized Jacquet Whittaker function Wyacquet (also written Wz) of order n, 
for n > 2, as defined by Equation (5.5.1). See Proposition 3.4.6, Section 3.4, 
Equation (5.5.1) and Equation (5.5.5). The algorithm uses the recursive rep- 
resentation of the Whittaker function defined by Stade (1990, Theorem 2.1) 
related to that used in the book as follows. Let Ws and W¢ be Stade’s Whittaker 
and Whittaker starred functions respectively and let I’ represent the gamma 
factors for either form. Then 


Q-Wizr-W,2Wj-Ws 


where 


Whittaker[z, v, m, u] —> {coef, char, gam, value} 


zis ann x n non-singular CRE matrix, 

vis a list of n— 1 CREs, 

m is a list of n—1 CREs (m; representing a character 
Vm(X) = ei sima MAX, i41)) 

u is a symbol which will be used to form the dummy variables in the iterated 
integral, 

coef is the coefficient c, m defined in Proposition 5.5.2, 

char is the value of the character Wm(x) for z = x.y the Iwasawa form, 

gam is a product of terms as returned by WhittakerGamma, 

value is a symbolic expression being the value of the Whittaker function at My 
where z = x.y with parameters v and character ¥1,1,1,..1. In this expres- 
sion the K-Bessel function at a complex argument and parameter K, (2), is 
represented by the noun function K[v, z]. 
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Example 

In[3]:= Whittaker[{{y, 0}, (0, 1)), (v), (m), w] 

Out[3]- {mAbs[m] "Y, 1, m” Gamma[v] , Baa PESE RC INE DU | ] 
In[1]:» Whittaker[IdentityMatrix[6], (1, 1,1, 1, 1), (1, 1, 1, 1, 1), uj] 


4998263614010039534235859662310294189453125 
8192 792 T 





out[1]- (1, 1, 


besessus a 


SOS SUS 


nes Bea) aji j 
10' u[2] u[5] 


1+ 9 
AA Aus 
































JET u[4] 10’ 
2n4 (0 *u[1]?) (2+ xh) ut4l 
u[5] ] 
V14 2 
Kiz, ao "S 2[5] | | au[21 au[1] [= 
1 25 5 1 
27 Ley rl en aen ) [1+ ait) 





25 1 3 
K[ 7. an | asut) (im) ] 
25 1 
K[ 7. ZERO [em] 
«(> anaf1+u[6l? | du[6] du[5] du[4] du[3] 


4998263614010039534235859662310294189453125} 





/ 





See also: WhittakerGamma. 


B WhittakerGamma (wig) 


This function returns the gamma factors for the generalized Jacquet Whittaker 
function. See Definition 5.9.2. Note that although this definition differs from 
that in (Stade, 1990), the gamma factor that it represents is the same. 


WhittakerGamma[v] — value 


v is a list of n — 1 CREs which, if any are numerical, satisfy Rv; > 1/n, 
value is an expression, being the product of the gamma factors for the Whittaker 
function of order n. 


See also: Whittaker. 
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B WMatrix (wmx) 


This function returns the so-called w-matrix, with (—1)/! in the (1, n)th 
position and 1 in every other reversed diagonal position, a member of SL(n, Z). 
See Section 5.5. 


WMatrix[n] — w 


n is a strictly positive integer with n > 2, 
wis ann by n matrix with each element 0, except the (1, n)th which is (—1)!/! 
and every (i, n — i+ Dth which is 1 for 2 < i < n. 








Example 
In[2]:= Map[MatrixForm, Map[WMatrix, {2, 3, 4, 5, 6}]] 
ais a ie ae 0 0 0 0 O -i 
0001 00001 0 
-1) 0 0 O0 1 0 
Ts Te m 0 0010 oo 1 OD 00010 0 } 
dy 0.4 1 0 ejg X 0 U|^ Bo $5 098 ‘ict 0 X O0 0 6 
100 0) i 8 m 0 D 01000 0 
10000 0 


See also: LongElement. 


BB ZeroMatrix (zmx) 
This function returns a zero matrix of given dimensions. 
ZeroMatrix[m,n] — Z 


m is a strictly positive integer representing the number of matrix rows, 
n is a strictly positive integer representing the number of matrix columns, 
Z is a zero matrix with m rows and n columns. 


See also: ConstantMatrix. 
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